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Givena probability space (2 ,

F
,
D) which produces wrandom object were,α

wewre looking for quantities Mlw) which have a stochasticonalgue of the
propert of conservation of energy in physics
Moreover

,
we expect : decay of entropy -> convergence

and concentration of Mr
-

~ theory of marking des.

Chapter# Martingales
1

. Definitions and examples.

We fix a probability space (22 ,

F
,
) and a filtration (Fulne :

F.G F C F2 ...
{F

.

S
... SF

with the Fr o-subolgebras.

Intuitively : En = [events whose redisation can be decided by observations
up

to time m }
example (Xu) new sequence of random variables (2

,

F) - (7
,
9)

En
= o(Xo

,
X, ...,

X2)
. canonical filtration attached to

a random process.

Definitionn A sequence of real random variables (X)nziw defined on

(22
.

F
,

P) is a martingule with respect to aftration (Fu)ne 7:

1) The process isadapted : UnfIN
,
X is Fn-measurable

2) The variables are integrable : NEN
,
X &7Cr2

,
F

,

B) .

3) characteristic property :

An = 0
,
[[X1 /F

.
]

= Xm.



If 3) is replaced by $[Xn+/F] > Xm c . s
.,

one has a

submartingsta.
by #[X+ ,

/ Fr) = X
,

2 . s
,

one bas a supermartingale .

remarks : by successive conditioning , if CAne is a martingcle,
then

#[Xam/Fn] = Xe .

2) also
,
[CX

.
] = ECE[X

.
1 F.]] = ALX] is a constant

and we have similar statementsfor sub-and supermarting des.
3) CXanfi is a submartingule if (-Xnf is a supermartingle
A motingale is a random process

which is ofthesome time asub.

and a supermartingale
examples : - ([)= = family of independent andam variables with [C] :0.

E--oCf,..., [) .
^

* Ex
_.

The
random walk with steps 3 .

Then (X
.
)ne is a mating le wirt . /Flne

particular case : In = Bernoulli 11 with probability λ이a , independent .

->symmatria simple random walla.

9 .nz, family of positive independent random variceles、with Fdpn] =
1

;
Fn = aCp1,. -

., pr).
Xe =Th The

Them
,
(X.new

is a martingale wirt . (Fulne .

particular case : In =
Bernoulli 11 with PCF = 1] = p , independent.-

PCE .. , 8} , 6 p.



↑ = (1p) .

The Xn = (1)
****

is a matingle.
·) xE [Cr2 ,

FP) .Ene some filtration .

\ '

(X.
)
.a defined by

X = KEXIF).
-> closed markingde.

4) Branching process and associated matingles.The Ham - Harris infinite tree is 5=
o

N*
. (setof all finiteSequences

Conside a subset TCW with the following properties :

-) &E T (the roat)
.

2) if v = (v, ..., v)&T with -> 1
,
then its ascendant(v, ...,

v1)
also belongs toT.

3) conversely , if ve (1, ...,
of &T

,

then there exists k/v)=
such that we (v1, ...,

vr
, j) =T <= 1sjsk(r) . 급

number of children
Then Tis acanonically labelled) rooted tree .

branching process : some random rooted tree +CW
.

We fix a probability measure p onA and consider a family (k(r) vew

o independent varicles with lw ↑, MI defined on (2
.

F, P)
↑ = {VEW/ v = (,, ..., v) wit ro > kC¢)

V2 ≤ KCr∞ )
µ
3 5 k[uy

,
wa)

:

rs kCusin vra .) } .

=> random roated tree
, branching process with
reproductio law N .



etc.

121 122 123 311 82((11)=
0, k(12) =

3, k(31) =2
⑦ ∞ ∞ ②

11 o a 12
∞

3스 k(1) =
2, k (2) =

0, k(3) = 1

α 3

k (¢) = 3

a C

F = o(k(r)
,

Ivkn) gives the
structure ofTup to depth m.

= = card(GrET Iv1 = 2g).
- Zu is Fr-measurable : In = [ *

SskC4)
...,

in skSus,..., ve)
N EIN u

←
E-measurable .

"

Br
.

2) Z. is integrable if phas a first moment. .

Obviously ,

each Bris integrable. Let us compute KdBv/Fr-] :

EEB
。

1F
。J . ECBC

.
. …

,Un .
.

)Ainske
、 …

、
no) 1

召.J
; σ

Fn-1 measurable independentfrom Fn-1
t∞

= Bay
,..., vn-1)
Ʃ pCk) .

「

k
- Un

Therefore, K[Br] = [[EdBr1Fn-1]]

- p(Kv, +0B) E[BCr
,...,

vn- = 1]
.

-

(induction)T. p(KVj,+oB) .

By taking the sume over vEIN
1

#[En] = [ ESBi] - [AdBw] [pIKK ,
+04)

~ EN - WENU- 1 ↓
= 1



- ATZ
..
1 EpCkk -> mats

n
-> As

3) Thesameompotatia
CE.1w 。3

.
ƩYeCBr 1。 3

Ivlz m

=Ʃ Bu [Pp(KK ,
+D) =mButlwtnat

-

m Zn-1.

So
, if mcx0

,
then (Xn= ) is a martingale wirt (Fe

NEIN

2. Transformations
Lemma : if (X)nei

is a markingale wi r . t. (E)
na ;

then

& : R -> R is a convexfunction
#[IT(X1) 1] <+ o fr

N *

((X) nein is a submartingle .

&

of : We have(x) = sup (ax + b). 9

st+bsH)

aXn+1 + b / Fn]Therefore, Id[/Xn+1) /F2) = K[SU EC)

#CoXntx + b1Fn] = · Xn +b =(X)
.

? Stibs∞(o) suPatobsolt) □

More importantly ,

consider a matingale (X)ne w . r .
t

. (Elnain
and a locally bounded predictable process (Ann>1 :

1) llas <+ & Un = 1 and An is Fr-1 measurable .



Define the discrete stochastic integral :

CA. XIn = [n? Ak(Xk-Xk-2) =

*

)"AzodXx
*

ㅇ

Theorem
: The rundame process

(CA .
X)

.
/nein is

again
a martingale .

←

Moreover
, if An?, then sub-andsupermartingales are also

preserved.

toof : (A . X)
,

= < (re
,
Fr

,

P) is easy

·
Then

,
H[CA . X(n+ 1

/F
.
J

=
(A . x)

,
+ [dAn+ 1 (Xn+1-Xn) / Fi]

C &-X)
. s Prt .CECxaaIT.] . Xn )
←

= O fara martingale.
#Ant12 O

,
the same computation applies to sub-and supermartingales.□

application : X-Xn-1 =
random result of a game

at time m.

∆

Ar-predictablechoiceofonamountof money

gen
.

1

(A
.X) = total win ar loss ct time n. .

If the game
is bulanced : [[X--Xn-1] = O

,

then
my predictable

strategy yields :

¢[(1 . X)
.
] [[(A. X) .] -

0.

Emartingste)
Definition A stopping time for the filtration SFulne is a random variable

T

. ~ -> NN{ + OG such that :

FneN
, {T= mG E Fr

.

example : (X) new adapted tonew
,

with volves in (E
,

E).
AEE

# = infCEuENIXEAGS ( + O if XnEAtnEN).
This isa stopping time w . r .

t . (Fr)
ne



Indeed, [TA = vG = {Xo KA ,
XAA, ...,

X-1 KA
, XEAY

↳ intersection of events inIn
.

Theorem Ifleisamarting de wrt to (e),ee

=[T defines a ratingle .

Idem with sub

↳
and supermartinges .

- martingale stopped oftime
T

.

>vmIm Yu0T

Prof We can assume without loss ofegenerality that Xo =
0. 2 . s.

/replaca Xn by Xn-Xo).
Then

,

Xe - [v X-X-1 .

Xro+= Ev
,

Aks +
(Xu-X2-1) -

(A
.
X)

,

with Al =*K+= 1-1Tak Fl-1 measurable
□

important remark.

Therefore , ifone is a martingale ,
we have[Xno+] = #[X] fr .

If THA e . s
.,
then lim Xx+= Xx Polmast surely .

n -> + a

But we need additional assumptions to ensur #[X
+
] = $[X] !

e.

g
. dominated

convergence , uniform integrability ,

etc.



ex :siioBernalis 8 , PCE." 6 J .
是.

Xn = [-[et ...+ Fn. T= inf(GnENNIXm = 13).
Wottne is a martingale .

We have&TC+GC [limsupXn =+o

¢this belongs to the toil or-yyebra !
L us prove that P[limsup Xn = + ] =

1
.

Note that since Xn Sm
,
limsupXn =+<> supXn =+ 0 .

Then
,
IPI
? Xn # +6] =

limY P[UEN
,

Xn = R]
K- > + as

=> lim IP [Xnp = R]
K- > + a

for my sequence (UK)KSIN .

With
up =

R3
, bythe central limittheorem

,

P[Xr [ K] = IP[NCO
,
1) =+ 1] -

8
.

So IPClimsup X = + 8] =&, pTTC +0] = 1

.

B the stopping time theorem ,
$[Xmx +
] =

0 FrEIN.
B8t X

+ =
1, so #5X

+] = 1 70 .

: In the some setting ,

set T = T2-2
, by

with a
,

b>
1

.

↑+ 2 . s. (becauselimit ^∆

InxT

(rs+(new is
dominated inubsolete

' volue

- 7 = So ECX+] =in[Xnn+] - .

0 = P[X
+= -

a] G0) + (1-IP[Xx= - 2])b.



SO IPCXX - a] . 最b
.

3. Doob inequalities.
Given a sequence

(x
.
/ neiw & R

*
and = > b

,

the numberof upcrossings
of the sequence between the levelsa and b and before time n is :

Mn(x., 2, b) = sup{kEN/7Ossstcsect... SkcthsnG
with Xs; 58

,
x4,b

α

∅ ⑨

∅

∅

ㄣ

∅

∅
∅ 숲

←

:
ex. M

.
(x., 2, b) = 2. Ʃ

Theorem : If (X.)nei
is a supermarking cle ,

then
Ms neggativen .Ba.[M

.
(x

.,
2

,

b)] #[N-w)
-

b- a

froof : In order to compute the number of uprossings ,
we can use optimal

times Si andTi :

T-1 = 0.

Sk = inf/Qu> Th-1 : Xn [29) ( stopping times w. r.

t.
. (F)ne

Tk = inf(G n > Sk : Xn = by) .
Then

,
Mr(X

,
2

,
b) = [2 *Tksm is a In measurable randem

variablee.



Consider An- AsucnTh =
↑
(wewrewlong unupcossing) .

This isa predictable process
,

because

ASkcn
= Tk =
*
SkIn-1 C1-4Tkxn-1)
ー
#1-measurable .

Therefore ,
(CA

.X
.
)

new
is a submatingle ,

and ACCA .X)] = #[CA .X)) -
0

.

What is (A . X) .? There are two cases :

& n > Sm+ + ,
m = Mr CX

,
2

,
b) (thek+ 1-th rise has not started).

Mn SX
,

2, b)
The

,

(A
. x]. =[ *Tk-XSG ? (b-2) M. (x ,

2
,b)

K= 스

& Smxx < n <TmxA .

M.(x, 2
, 6)
Xic-Xsk + Xo-XSmtAThen

,

(A. X)
r

= [mz
,

-> (b-2) Mn (X, 2, b) = (X8m
+
1-Xn)

8o
, #[10/Xsmz-Xn)] = (b-2) A[M

.
(X

,

2
,
b)].

(1-2)= mex (0
,
2-Xn) = -Xn = XSmx-Xm □

。

Another important inequality due to Doob is :

Theorem : If (Xonein is a submarkingsle ,
then for any -> O

,

P[
.PkznXk > 2] = #[(XnD

+]
~ (maximal inequality).



Proof Let T
=
T

[2
,

+ 6) .

We have :

#[(X
.
17 = Admax (0

,
Xn)7 < [[max (0

,
X) 12n)]

≥ E[X
. (tsn)}

md ④CX
. Dtan, ] .

Σ

'GCX .e. u)] .臨④CG[Xn 1πN
'ut

k. o

- [n.. [[XuACT= K)7.

≥ . Eu .PCTSKJ - 2 PEX
,
YZ 0J

where Xr* = sup Xr
刀

Osk In

intuitively: the maximum of a (sub)-matingale of time n is controlled by Xn
-

Carollary (Doob 4 inequality). Given a nonnegutive submartingde
CXn)

.e
and

p
&(1

,+c)
, if the X belong to LPCR ,

F
,

P)
,

then

¢C (x
.

* ]0 ] ÷(∴
) "¢ Cx. ) ]

ProofThe trick is to rewrite :

¢CCXn* ] 0] ;p[ 。
×* aP

<
da]

=> p9#[#2 = X,
aP-1] du

∞

=>pap-e #2X * x>2] da

by the proof of themaximal inequality.
=
p
#[X

. (
* 2P-2 da]

5 . .4 [
X .

[

X .Jt ]



->(Hölder) o= +¢X(
° ] * K[CXP(P)*

□

Carollary If(nei
is a martingale in LP(m

,

F
,
P)

,

then

# C$p IXal) P] < ()"ESIX.
11].

4. Convergence of martingales.
· Almost sure convergencee.

Theorem Let (XnInzi be a supermartingale with
sup ECIXel] = Kc + c.

n E⑫

There exists x & (J M2
.

F
,

P) such that X
2

.
5

.

X

This is in particular true if CXInziw is nonnegative ,
since in this case

#¢X 1] = E[X
.
] s[[X] = K <+00.

Proof For
any
acb rational numbers

ㅣ

ECMaCx
,

2
,
b) ]: liCMCX,2 .

b
)

]sa
<

tos

so Mo(X
,

2
,
b) <+ 0 2 . 5 .

If Xn does not converge a . s
.,
then liminf Xx < limsup Xe

,

so one can

fied two rational numbers in between such that Ma (X
,

2
,
b) = + o

=> P[liminf Xn = linsupX] = P[X.
(w) has a limit X(w)E]
=

Denote X = limXm 2 . s . By Fatou's lenma,

#dIX1) - #Climinf IXn1] = liming #[1X11] = Kc + a

soX& L
* Cinparticular, X&R 2.s. D.



example : Consider an urn which contains of time n = 0 1 redball
↑ white ball .

At each time n> 0
,

there are n+2 balls inthe urm : n +2 = Rn + Ŵ
One chooses a random ball in the urn and replaces it by two bulls with
the same color. Concretely :

(> sequenceof independent random variables with U. ~ Unif (Co,)
If Un=

g

: Russ = Rn + 1
,
Wate =

Wm
.

Otherwise : Rn
+ 1 = Rn

,

Wh+ 1 = W + 1
.

Fn = o (R1, ..., Rn) = a (V
, ...,

Un).

Set Xm= ECO
,

17
= proportion of red balls.

Then : (Xilnei is a martingale w . r . t. (Fulne
Indeed

,
Xn & L C22

,
Fr

,

P) is obvious
,

and :

4[X
0.

1万 . 5 . 品ECRnxo1

: ECR
×品 )

。
“品 )

品「]= Xor .

So
,
X

-

2.5.
X limiting proportion. What is the law of X?

Note that for my k> 1
,
(X) "E50

,
1]

,
so by dominated convergence,

E[X"] -
lim F[ X.)

]
.

n -stos

Set Y., k =

R
.
(Rn + 1) ... (Rutk-1)

←

R
.

Th

(n+2) (n+ 3)... (n+ k+ 1) (n+231h
E/0

,

17.



Then
,
(Y

,
4) E is a martingale .

Indeed,
4CYuos

,

k
I T

. J :
IC Rnosth II

. ]
(n+3)

ik

- Ru (Rn+ 1)
* k

x (D
.Re)Riiheion#2 (n +3) ik

-R in
(Rntk + MatK)

n+2+ k

-

>
Rnik

- Yo
,

k .

C2)ik

So
, far my

ke 1
,
Ye,k 55 Yo

,
6 with[Yo

,

2) = #[Yok7=xP
dominated convergence

However
,
Yn

,
k = (1 +O(i) (cx)" + OC) with deterministic OC)

.

So
,

H[XK] =
lim #[(X

.)
*] =

lim #[Yr
,
k] = 2F1

n- > +c n->+es

For
m polynomial function f , $9f(x)] = (

*

f(x) dx -

By Stone Weierstress
,
this extends to continuous functions mx X-Unif (20 ,

13)
.

·
L
convergence .

Conside w'martingale (Xnne which is bounded in L(r2
,

F
,

P)
.
In

general,( X = lim Xn 2. 5.

n- > tas

GCX
,
] .

E[X
0
J#[X] I lim

x +o

Theorem : The following are equivalent :

)X .*
X .

2 (X.
nein

is Ui

3) There exists ZEL (-2
,

F
,

D) such that $[ZIF
.
]

= X 2 . s.



#ftheyaresatisfied,the anconassume
me wirt. . Jaw

Proof : &@ is the general result on convergence
in L and uniform

integrability.
·=> . If X = #[21F]

,

then we have :

#[IXml #11 M] < #[ECIZIlE] #IX1sM]
×
Fr-measurable

≤ ECIZI AIXnI > MT .

On the other hand
,
PLIX 1> M]<T

=
ESIECEIF31]

M M .

≤ FCIZ13

So ingSp #[IX1AIkM] "Iim EdIZI#]-0. .
EsO

IP [A) < S

*=> .
Set Y = E[X1Fn]

,

where XxlimX a.sandin I

Wehave : 4CYn-Xr] = R[1#[X-Xmm / Fr] 1]
=>*[ E[IX-Xmtn) (Fn]]

& E[I-Xmn] Vm O

So
,

m -> + 0 : ECIV-X1] = 0
,
Y = Yn 2 . 5.

For the last statement
,

X For measurable can be ensured byreplacingX by $[X1F0] ,

and then
,

are can prove forFo measurable varistles
,

x = 2 => NnEIN
,
ECXIF] = E[YIF.]. A



Unfortunately, it is very difficult to check that a sequence is Ui
,

unless :

if (X)naix
bounded in L*, then CXunz is Ui

.

ECIA
xoby

? ← gr . ECMulp ] .

· L*convergence.
Theorem If (X)new

is a martingale bounded in LC2
,

F
,

P) with
ps1 ,

then there exists XELP(12
,

F
,
P) s .

t
. X

.
-> X

.

D. S.

L+ LP
1

Proof We already know that X
=.5.

X
,

and by Fotor's Lemma
,
Xx LP .

By Doob's inequality ,

GC supI 4 ,( ] ≤(‰ )

P④
EIX

. P} sKits
nein

-

so one can use dominated
convergence

to show that ISIX-XIP]-> O
Hence

,
Xn
=>
X, andwe have o fartiai Xn -> X

.

L으

↓te : one son give a simpler proof if p =2
.

Indeed
,

note that the increments of aL2 marting ule are arthogonal :

*[CXn-Xn-1)(Xm-Xm
-.
)] = A[(ESX. /Fn-]-Xn-.

)(Xm-Xm
-
)]

n>m - O .

Therefore ,
(X)

new
bounded in La

>Sup #[CX-X)2] <+

=>sup [n. F[(Xx-XK . 1)
?] <+ o

~ E IN

=> the series [k
>,

#C(XK-Xk
- 1)] converges

=>[nzx (X2-Xk..) converges in LC22
,
F

,
P)



=> Xn converges in L"(_2
,

F
,

P)
.

example Asymptotics of bronching processes-

↑ reproduction law with fixed moment. Fr = o (k(2)
,
Ivkn)

∞

= - [Br ; Xn = En is amartinge (m = [kp(k).Ivl = e

Itis convenient to introduce the generating series G(s)= psk)s, wel

defined at leastfor se 20
,
17 .

¢C .

E
∞1

不 ]④

C
品“

u
0

):j 1π]。
: ECMn $

B) KC0)
,r}

- 区[* s

k10)
/Fr] = (G(s)En

.

Ivl - r

Br = 1

Consequently ,
A[sZn] = GoGo .... G(s) (otimes)

.

One of the main question is : what is P[extinction]
= P[7nz1

,
Zn =0] = lim 4 I[Zn = 0] ?

↑-> +Cx

A nswer : this is lim 6
°

"CO) ! N

M -> +o

Pstcose
"ebathutomt.

ssubariticdososl
,

6 istmexit
.Then

, Pext = 1
.



N

2nd case : m =
1 critical case

Then
,

unless
p = 31 and GCs)

= 5
, f‰

Pext =
1

.

3rd case : m> A supercritical case.

There exists a unique other fixed point g ECO
,
1) with Si

G(g) = 9, 2nd pext = 9. p
G

…
Whathappens if In +> 0 ? This has probability 1-9 .

Suppose that [k"plu) <+ c Set o - variance - [hip(k) - ([mph)?

Thee
,
(Xn)nz is bounded in (2 :

4CEn1a}, Σ ECB ωBw. l不]
1 Wl= /w'l = n+ A

Ʃ Br By . [[[Aks)= h
* 4(u)= k']

lullrilan k, k'= 1

- [ BrBv [[k/o) h(o)]]
lulilon

- m2 if 5fr-
and m2 + 02 f=w

- m2 [ BrBr + 02 [Br
lullr'ter 10-m

- me Zr? + oZm.
=>#[(Zn+1)"] = m[En)2] + om2

.

¢CCX
.)=] ④CCXnP}×

and E[(X
.
)) Se + 1 <+ 0.

soXn -> X e. s ,
L4, 22 ; [[x] = E[X

.
]= 1
.



Therefore ,
IP[K0] > 0. Let us prove

that P[X >0] = 19.
This will imply the alternative : (Zn = 8) or (Zn- >+ & otspeedm"

P :

9 IP - 8 -

9 .

We compute P[X = 0) by conditioning according to the number of children of
theroot.

. Note that :

Ex-oyand [k() = ky = <x
*

-0 , ...,
x -04 and [kc) = b)

where X" -its)i Bu)
P = i

subexponential growth of+

p = PCX = 0) -208uca)-hand x* 0, ...,
X"O)

-

[? P[k(4) = h] p" = GCp).
As pc1 , p = 9 ㅱ

remark : we onl need [[X] = 1
,

which is true if X -> X

Δ

= CXnnei
Kesten-Stygrm : this is true iff
[ blogkp(k) <+0.

K

5. Backward martingales.
We consider afiltration labelled by negative integers :



CFn)nso with F=
F

.
)F1) ...

>F
.
) ...

Definition A backward markingale is a family (X)nso of varichles in
^

↓ C-2
,

5,) with Xn measurable w . r . t . En faralins&

and &CX
. /Fn-1] = X-1 Nnx0 .

Theorem Given a backward martingse (XInso ,

X. Xasn->-
,

with X = [[X1Fs]
,

Fo
=3.

Fr

Proof : (Xiluso is Vi and therefore bounded in L
,

because

Xn =[[Xo1Fn] Unx0.
Moreover

,

the inequality an uprossings is
true (same proof) :

#[Man
,

03
(X

,

2
,
b)] =[(Xo-w)-]

b- a.

So X
. .

X
as n- > -0

,

XEL by Fotou
,
X is Ex measurable

By uniform integrability ,

X
-

-> X.
의

Finally ,
KEXnIEs] = #[ECXIE] /Fa] = ECX1Fo]

Soloking the limit ,
X = $[X1F0] = E[Xo (F.] □

example : ([n)n> = sequence of ii D random variables in L(v2
,

F
.

P).
X-n = [ + 9+...-{n. Fn = oXn

, 7+1
, Furz,... ).

n

We hav indeed F-(n
+1) ? Fon because

X .( nx 8 ) ≤"品 。
X
-

nt
(X

.) ns-
,

is a backward martingule.
*[X-n1 Fn-1] = [[(n+ 1)X

_ (n+ 1) - [n+11 En-1]
R

-* X
_ Cr+1) - 1 F[IntAl Fn-1] .



lemma : let Gandt be O-djebras ; G' = o(G ,

5).
Xintegrabdle

We assume that It is independent from o (o(x)
,

G) .
Then, wehove E[X16']=¢[X16].

troof : Let is prove that for any
event VEG',

*x Av7 = K2#[XIG]Av] .

By density of step functions in L8Cr2
,
G'

,

IP)
,
this suffices -

·
The set of events V with this property is a monatone class.

· It contains allthe intersections AMB with AES
,
BET) :

、#EX1AnB] = EAendentfrom+
B3

= F[ XHAJ PCBJ
- ④[ 4[X 19 ] %]IPCB]

- [A[X1G] 1 #3].
乃

.

.

X = 51 + 1

Here
,
with G = o(X-n-1) and Jt = o 5x2 ...

)
,

we get :

#[Ge / F-n-i] = E[[r+= 1X-n-1] = (exchangeability)i .
=>(XnIns- backward martingale , converge2

. s .
and L to >Fo measurable

variable
,

which is constant by the Kolmogorov 0-1 law .

-> new proof of the lawoflanumbers


