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1 Machine Learning Paradigms

How come a dog is able to catch a frisbee in mid-air? How come a batsman can instinc-
tively predict the flight of a cricket ball, moving at over 100km /h, sufficiently accurately
and quickly to hit it when there is not even time to consciously make a prediction?
Clearly, neither can be based on a deep explicit knowledge of the laws of physics or some
hard-coded model for the movement of objects; we are not even born with the knowledge
that unsupported objects will fall down [2]. The only reasonable explanation for these
abilities is that the batsmen and the dog have learned from experience. We do not have all
the knowledge we require to survive from birth, but we are born with the ability to learn
and adapt, making observations about the world around us and using these to refine our
cognitive models for everything from the laws of physics to social interaction. Classically
the scientific method has relied on human interpretation of the world to formulate explicit
models to explain our internal intuitions, which we then test through experimentation.
However, even as a whole scientific society, our models are often terribly inferior to the
subconscious models of animals and children, such as for most tasks revolving around
social interaction. This leads one to ask, is there something fundamentally wrong with
this hand-crafted modelling approach? Is there another approach that better mimics the
way humans themselves learn?

Machine learning is an appealing alternative, and often complementary, approach
that focuses on constructing algorithms and systems that can adapt, or learn, from data
in order to make predictions that have not been explicitly programmed. This is exciting
not only because of the potential it brings to automate and improve a wide array of
computational tasks, but because it allows us to design systems capable of going be-
yond the boundaries of human understanding, reasoning about and making predictions
for tasks we cannot solve directly ourselves. As a field, machine learning is very wide
ranging, straddling computer science, statistics, engineering, and beyond. It is perhaps
most closely related to the field of computational statistics, differing predominantly in its
emphasis on prediction rather than understanding. Despite the current hype around the
field, most of the core ideas have existed for some time, often under the guise of pattern
recognition, artificial intelligence, or computational statistics. Nonetheless, the explosion
in the availability of data and in computational processing power in recent years has led
to a surge of interest in machine learning by academia and industry alike, particularly in
its application to real world problems. This interest alone is enough to forgive the hype,
as the spotlight is not only driving the machine learning community itself forward, but
helping identify huge numbers of applications where existing techniques can be trans-
ferred to fantastic effect. From autonomous vehicles [31], to speech recognition [25], and
designing new drugs [10], machine learning is rapidly becoming a crucial component in
many technological and scientific advancements.



1 Machine Learning Paradigms

1.1 Learning From Data

Machine learning is all about learning from data. In particular, we typically want to
use the data to learn something that will allow us to make predictions at unseen data-
points. This emphasis on prediction is what separates machine learning from the field
of computational statistics, where the aim is typically more to learn about parameters of
interest. Inevitably though, the line between these two is often blurry. Like with most
fields, the term machine learning does not have a precise infallible definition, it is more
a continuum of ideas spanning a wide area of statistics, computer science, engineering,
applications, and beyond.

With some notable exceptions that we will discuss later, the starting point for most
machine learning algorithms is a dataset, D. Most machine learning methods can be
delineated based on the type of dataset they work with, and so we will first introduce
some of the most common types of categorization. Note that these are not exhaustive.

1.1.1 Supervised Learning

In supervised learning, we have access to a labelled dataset that is comprised of a
set of input—output pairs: D = {x;,y;};, where each z; represents an input and y; its
corresponding output. Our aim is typically to learn a predictive model f that takes
an input « € X and aims to predict its corresponding output y € y.ﬂ This is achieved
by using the example pairs in our dataset to “teach” f to make predictions.

The two most common types of supervised learning are regression and classification.
In regression, the outputs we are trying to predict are numerical, such that ) C R (or,
in the case of multi-variate regression, ) C R? for some d € N*). Common examples of
regression problems include curve fitting and many empirical scientific prediction models.
In classification, the outputs are categorical variables, such that ) is some discrete (and
typically non-ordinal) set of possible output values. Common example classification
problems include image classification and medical diagnosis. Note that many supervised
machine learning methods, like deep learning, are capable of handling both regression
and classification.

1.1.2 Unsupervised Learning

Unsupervised learning categorized by the data having no clear output variable that
we are attempting to predict, such that we just have a collection of example datapoints
rather than explicit input—output pairs, i.e. D = {z;}7_ ;. This is sometimes referred to
as unlabelled data.

In general, unsupervised learning methods look to exact salient features for the dataset,
such as underlying structure, patterns, or characteristics. They are also sometimes used
to simplify or characterise datasets, so that they can be more easily interacted with by

'Note that, formally speaking, supervised learning refers to the type of data we have, not the task
we are learning. As such, there are some occurrences of supervised learning that are not based on a
predictive model (e.g. labels are sometimes used when learning representations or generative models),
but we will not cover these in this course.
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humans or other algorithms. Common types of unsupervised learning include clustering,
feature extraction, density estimation, representation learning, data visualization, data
mining, data compression, and some model learning. A host of different methods are
used to accomplish these tasks, with approaches that leverage deep learning becoming
increasingly prominent.

1.1.3 Semi—Supervised Learning [Not Examinable]

As the name suggests, semi—supervised learning is somewhere in—between supervised
and unsupervised learning. It is generally characterized by the presence of a dataset where
not all the inputs variables have corresponding output; i.e. only some of a datapoints are
labelled. In particular, many semi-supervised approaches focus on cases where there is a
large amount of unlabelled data available, but only a small amount of labelled data.

The aim of semi—supervised learning can depend on the context. Most commonly, the
aim is to use the unlabelled data to assist in learning a predictive model, e.g. through
uncovering structure or patterns that aid in training the model or help to better gener-
alize to unseen inputs. However, there are also some cases where the labels are instead
used to try and help with more unsupervised-learning—orientated tasks, such as learning
features with strong predictive power, or performing representation learning in a manner
that emphasizes structure associated with the output labels. We will not directly cover
approaches for semi—supervised learning in this course, but some of the methods we will
cover, like variational auto-encoders, can be used for semi-supervised learning.

1.1.4 Notable Exceptions [Not Examinable]

There are also a number of interesting machine learning settings where one does not
start with a dataset, but must either gather the data during the learning process, or even
simulate our own pseudo data.

Perhaps the most prominent example of this is reinforcement learning. In rein-
forcement learning, one must “learn on the fly:” there is an agent which must attempt
an action or series of actions before receiving a reward for those choices. The agent then
learns from these rewards to improve its actions over time, with the ultimate aim being
to maximize the long-term reward (which can be either cumulative or instantaneous).
Reinforcement learning still uses data through its updating based on previous rewards,
but it must also learn how to collect that data as well, leading to quite distinct algo-
rithms. It is often used in settings where an agent must interact with the physical world
(e.g. self-driving cars) or a simulator (e.g. training Als for games).

Other examples of machine learning frameworks that do not fit well into any of the
aforementioned categories include experimental design, active learning, meta-learning,
and collaborative filtering.
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1.2 Discriminative Machine Learning

In some machine learning applications, huge quantities of data are available that dwarf
the information that can be provided from human expertise. In such situations, the main
challenge is in processing and extracting all the desired information from the data to form
a useful characterization, typically an artefact providing accurate predictions at previous
unseen inputs. Such problems are typically suited to discriminative machine learning
approaches [8, 50], such as neural networks, support vector machines, and decision tree
ensembles.

Discriminative machine learning approaches are predominantly (albeit not exclusively)
used for supervised learning tasks. They focus on directly learning a predictive model:
given training data D = {x;,y;};,, they learn a mapping fp from the inputs x € X to the
outputs y € Y that can be used directly to make predictions for new inputs x ¢ {xn}gzl.
Training uses the data D to estimate optimal values of the parameters 6*. Prediction at
a new input x involves applying the mapping with an estimate of the optimal parameters
6 giving an estimate for the output § = f;(x). Some methods may also return additional
prediction information instead of just the output itself. For example, in a classification
task, we might predict the probability of each class, rather than just the class.

Perhaps the simplest example of discriminative learning is linear regression: one finds
the hyperplane that best represents the data and then uses this hyperplane to interpolate
or extrapolate to previously unseen points. As a more advanced example, in a neural
network one uses training to learn the weights of the network, after which prediction can
be done by running the network forwards.

There are many intuitive reasons to take a discriminative machine learning approach.
Perhaps the most compelling is the idea that if our objective is prediction, then it is sim-
plest to solve that problem directly, rather than try and solve some more general problem
such as learning an underlying generative process [8, 50]. Furthermore, if sufficient data is
provided, discriminant approaches can be spectacularly successful in terms of predictive
performance. Many discriminative methods are highly flexible and can capture intricate
structure in the data that would be hard, or even impossible, to establish manually.
Many approaches can also be run with little or no input on behalf of the user, delivering
state-of-the-art performance when used “out-of-the-box” with default parameters.

However, this black-box nature is also often their downfall. Discriminative methods
sometimes make such weak assumptions about the underlying process that is difficult to
impart prior knowledge or domain-specific expertise. This can be disastrous if insufficient
data is available, as the data alone is unlikely to possess the required information to make
adequate predictions. Even when substantial data is available, there may be significant
prior information available that needs to be exploited for effective performance. For
example, in time series modelling the sequential nature of the data is critically important
information.

2Note that the notion of the parameters 0 here can be quite abstract: for so-called non-parametric
approaches, 6 can be infinite dimensional, grow with the size of the data, or even directly include the
training data itself. In fact, many non-parametric approaches permit all of these ostensibly distinct
formulations as valid alternative viewpoints.
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The difficultly in incorporating assumptions about the underlying process varies be-
tween different discriminative approaches. Much of the success of neural networks (i.e. deep
learning) stems from the fact that they still provide a relatively large amount of flexibility
to adapt the framework to a particular task, e.g. through the choice of architecture. At
the other extreme, random forest approaches provide very little flexibility to adjust the
approach to a particular task, but are still often the best performing approaches when
we require a fully black-box algorithm that requires no human tuning to the specific
task [40].

Not only does the black-box nature of many discriminative methods restrict the level of
human input that can be imparted on the system, it often restricts the amount of insight
and information that can be extracted from the system once trained. The parameters in
most discriminative algorithms do not have physical meaning that can be queried by a
user, making their operation difficult to interpret and hampering the process of improv-
ing the system through manual revision of the algorithm. Furthermore, this typically
makes them inappropriate for more statistics orientated tasks, where it is the parameters
themselves which are of interest, rather than the ability for the system itself to make
predictions. For example, the parameters may have real-world physical interpretations
which we wish to learn about.

Most discriminative methods also do not naturally provide realistic uncertainty esti-
mates. Though many methods can produce uncertainty estimates either as a by-product
or from a post-processing step, these are typically heuristic based, rather than stemming
naturally from a statistically principled estimate of the target uncertainty distribution.
A Tack of reliable uncertainty estimates can lead to overconfidence and can make certain
discriminative methods inappropriate in many scenarios, e.g. for any application where
there are safety concerns. It can also reduce the composability of a methods within larger
systems, as information is lost when only providing a point estimate.

1.3 Generative Machine Learning

These shortfalls with discriminative machine learning approaches mean that many tasks
instead call for a generative machine learning approach [3, [I7, 34]. Rather than
directly learning a predictor, generative methods look to explain the observed data using
a probabilistic model, sometimes known as a generative model. Whereas discriminative
approaches aim only to make predictions, generative approaches model how the data is
actually generated: they model the joint probability Pxy of the inputs X and outputs Y.
By comparison, we can think of discriminative approaches as only modeling the outputs
given the inputs Y'|X. For this reason, most techniques for unsupervised learning are
based on a generative approach, as here we have no explicit outputs.

Because they construct a joint probability model, generative approaches generally
make stronger modeling assumptions about the problem than discriminative approaches.
Though this can be problematic when the model assumptions are wrong and is often
unnecessary in the limit of large data, it is essential for combining prior information with
data and therefore for constructing systems that exploit application-specific expertise.
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In the eternal words of George Box [6],
All models are wrong, but some are useful.

In a way, this is a self-fulfilling statement: a model for any real phenomena is, by defini-
tion, an approximation and so is never exactly correct, no matter how powerful. However,
it is still an essential point that is all too often forgotten, particularly by academics trying
to convince the world that only their approach is correct. Only in artificial situations
can we construct exact models and so we must remember, particularly in generative
machine learning, that the first, and often largest, error is in our original mathematical
abstraction of the problem. On the other hand, real situations have access to finite and
often highly restricted data, so it is equally preposterous to suggest that a method is
superior simply due to better asymptotic behavior in the limit of large data, or that if
our approach does not work then the solution always just to get more dataﬁ As such,
the ease of which domain-specific expertise can be included in generative approaches is
often essential to achieving effective performance on real-world tasks.

The freedom to choose the form of the generative model is both a blessing and a curse
of the generative approach: it allows us to impart our own knowledge about the problem
on the model, but we may be forced to make assumptions without proper justification in
the interest of tractability, for convenience, in error, or simply because it is challenging
to specify a sufficiently general purpose model that can cover all possible cases. Further,
even after the form of the generative model has been defined, there are still decisions to
be made: do we take a Bayesian or frequentist approach for making predictions? What
is the best way to calculate the information required to make predictions? We will go
into these questions in more depth later in the course.

As we have shown, generative approaches are inherently probabilistic. This is highly
convenient when it comes to calculating uncertainty estimates or gaining insight from
our trained model. They are generally more intuitive than discriminative methods, as,
in essence, they constitute an explanation for how the data is generated. As such, the
parameters tend to have physical interpretation in the generative process and therefore
provide not only prediction, but also insight. Generative approaches will not always be
preferable, particularly when there is an abundance of data available, but they provide
a very powerful framework that is essential in many scenarios.

31t should, of course, be noted that the availability of data is typically the biggest bottleneck in machine
learning: performance between machine learning approaches is often, if not usually, dominated by
variations in the inherently difficulty of the problem, which is itself not usually known up front, rather
than differences between approaches.

10



2 Empirical Risk Minimisation

In most supervised learning settings, we are trying to learn a function f : X — )
from an input space X into an output space ) based on a set of paired examples
(x1,91), ... (xn,yn) and a given loss function L. It is typically assumed that exam-
ples (z1,41), ... (Tn,yn) are i.i.d. samples from an unknown joint probability distribution
Pxy on & x Y. Our goal is now to find the function f which minimizes the expectation
of the loss over Px y, which is called the risk. In machine learning, if the output space is
discrete, this is called classification, while regression refers to the case where the output
space is continuous.

A loss function is any function
L:YxYxX—R. (2.1)

The loss L(y;, f(x;),x;) measure the discrepancy between predicted output values f(x;)
and the true output values y; at the inputs z;.
The risk of a function f: X — ) is the expected loss:

R(f) = ExyL(Y, f(X), X). (2.2)

For a given dataset (z1,y1),...(Zn,yn), the empirical risk of f is given by
N 1<
R(f) = ﬁZL(yiaf(wi)awi)- (2.3)
i=1

The empirical risk minimisation (ERM) problem aims to find the function with
minimum risk:

[ =argmingcqy R(f), (2.4)

where H is a given class of functions (called the hypothesis class).

Remark 1. The ultimate goal of learning is to minimise the true risk - not the empirical
risk, which is only an estimate of the true risk. But the true risk of any given function
is unknown because the distribution Py y is unknown.

Remark 2. Loss functions typically depend on the input x only through f(zx), so that
with some abuse of notation we often write L(y, f(x)) instead of L(y, f(z),x). L(y, f(x))
is usually some notion of distance between the true output y and the predicted output

().

11



2 Empirical Risk Minimisation

Examples of hypothesis classes.

Hypothesis classes can be very simple, e.g. for X = RP, we can consider all linear
functions f(z) = w'x + b, parametrized by w € RP and b € R, or we could consider
a specific nonlinear feature expansion ¢ : X — R, and a model linear in those
features: f(x) = w'o(z) + b, but nonlinear in the original inputs X', parametrized by
w € RP and b € R. For example, starting with X = R?, we can consider ¢ <[i’1}) =
i2
[.I'il,l'iQ,.Z'?l, \/ﬁmﬂmig,xé]T, such that the resulting function can depend on quadratic
and interaction terms as well. An important type of hypothesis class we will consider in
this course are Reproducing Kernel Hilbert Spaces (RKHS), which are also linear in certain

feature expansions but those feature expansions could potentially be infinite-dimensional;
see Chapter

Examples of loss functions.

Loss functions come in many different forms. One of the main considerations for selecting
loss functions is the type of outputs we are trying to predict, i.e., whether it is real-valued
or discrete/categorical. Note that even if outputs are discrete, the function f(x) we are
trying to learn is typically real-valued. For example, in binary classification, the common
convention is that the two classes are denoted by —1 and +1. One associates predictions
of these classes with sign(f(z)), whereas the magnitude of f(z) can be thought of as
the confidence in those predictions (not necessarily in a probabilistic sense). The loss
can penalize misclassification (wrong sign) as well as the overconfident misclassification
(wrong sign and large magnitude) and even underconfident correct classification (correct
sign but small magnitude). Thus, the loss functions can often be expressed as a function
of yf(z).

Below are some loss functions commonly used in binary classification and regression.

e Binary classification:

— 0/1loss: L(y, f(x)) = {yf(z) <0},
(also called misclassification loss. The optimal solution is called the Bayes
classifier and is given by f(x) = argmaxycyo 13 P(Y = k[ X = 7)),

— hinge loss: L(y, f(z)) = (1 — yf(z))+
(used in support vector machines - leads to sparse solutions),

— exponential loss: L(y, f(z)) = eyl (@)
(used in boosting algorithms, e.g. Adaboost),

— logistic loss: L(y, f(x)) = log (1 + e—yf(w))
(used in logistic regression, and associated with a linear log-odds probabilistic
model).

e Regression:

~ squared loss: L(y, /() = (y — f(x))’
(least squares regression: optimal f is the conditional mean E[Y'|X = z]),

12
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Figure 2.1: Loss functions for binary classification
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Figure 2.2: Loss functions for regression
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— absolute loss: L(y, f(z)) = |y — f(x)]
(least absolute deviations regression, which is less sensitive to outliers:
optimal f is the conditional median med[Y|X = z]),

— 7-pinball loss: L(y, f(z)) = 2max{7(y — f(x)), (7t — 1)(y — f(z))} for 7 €
(0,1)
(quantile regression: optimal f is the 7-quantile of p(y|X = z)),

0, if [y — f(z)| <,
ly — f(z)] — €, otherwise.
(support vector regression, which leads to sparse solutions).

— e-insensitive loss or Vapnik loss: L(y, f(z)) = {

In binary classification, 0/1 is an idealised version of loss which penalizes misclassification
regardless of the magnitude of f(z). However, ERM under the 0/1 loss is NP hard][T]
Therefore, we typically use convex upper bound surrogate losses (hinge, exponential,
logistic) E] What is the importance of the convexity of loss as a function of yf(x) as
shown in Fig. .7 Consider the hypothesis class f(z) = w'¢(x), with w € RP (we
ignore the intercept to simplify notation) and assume that L(y, f(x)) = p (yf(z)) for a
convex differentiable function p. Then the empirical risk and its gradient are given by

= iz":p (yin90($¢)> ’ g]j = :LGzﬂl (yz‘wTSO(xi)> yip(wi).
i=1 i=1

Furthermore, the Hessian matrix of the empirical risk is given by
awawT - ZPN (wwTe@) plap() (2.5)

using yf = 1. This Hessian is now a positive semidefinite matrix which can be seen from
p" (t) > 0Vt and

TR o ;gp (50" plw) (a7 (@) 20,

for any @ € RP. Thus, the empirical risk here is a convex function of w and thus
has a unique minimum. Typically, there is no closed form solution for w and iterative
optimisation techniques like gradient ascent or Newton-Raphson algorithm are used.

2.1 Regularisation

Recall that we are not ultimately interested in the exact minimizer of the empirical risk
but in that of the true risk. ERM thus risks overfitting: when the hypothesis class is

Tt is NP-hard to even approximately minimize the ERM under 0/1 loss - i.e. there is no known
polynomial-time algorithm to obtain a solution which is a small constant worse than the optimum.
>To make it into an upper bound on 0/1, divide the logistic loss by log(2) - rescaling of the loss does

not change the ERM problem

14
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complex, one can easily find a function that matches the observed examples exactly but
does not generalise to other examples drawn from Py y.

The idea behind regularisation is to limit the flexibility of the hypothesis class in
order to prevent overfitting. For example, for the hypothesis space H = {fy : 6 € RP}
consisting of functions parameterised by a vector @, this can be achieved by adding a
term which penalises large values for the parameters 6 to the ERM criterion:

. 1
min R(fo) + |05 = min -~ Z L(yi, fo(xi)) + Al0]15
=1

where p > 1, and ||6]|, = ( 1?:1 0;1°)}/# is the L, norm of 6 (also of interest when
p € [0,1), but this is no longer a norm). These methods are also known as shrinkage
methods since their effect is to shrink parameter estimates towards 0. Note that we have
an additional tuning parameter (or hyperparameter) \ which controls the amount
of regularisation, and, as a result, also controls the complexity of the model.

The most common forms of regularisation include ridge regression / Tikhonov
regularization: p = 2, LASSO penalty: p = 1, and elastic net regularization with a
mixed Lq/Ly penalty:

min ™ Ly, fo(e:)) + A [(1 = )01+ all0]1]
i=1

In some hypothesis classes, it is possible to directly penalise some notion of smoothness
of the function f we are trying to learn, e.g. for X = R, the regularisation term can
consist of the Sobolev norm

“+o0o +00
nm%=/ ﬂwm+/ f(x)dz, (2.6)

which penalises functions with large derivative values.

2.2 Examples of ERM

Regularised Least Squares / Ridge Regression

This corresponds to the squared loss L(y, f(z)) = (y — f(x))?. For linear functions
f(z) =w'z + b, we have

minlzn:(y—me—b)Q%—inHQ (2.7)

w,b N =1 ! ! n 2z '
Note the rescaling of the regularisation term and that the bias term b is not included in
the regularisation. This is important as otherwise the predictions would depend on the
origin for the response variables y (i.e. adding a constant ¢ to each target would result
in different predictions from simply shifting the original predictions by ¢). Fortunately,

15



2 Empirical Risk Minimisation

when using centred inputs, i.e., Y ;- ; 2; = 0, b can be estimated by § = % Yoy Yi, SO we
can also assume that the responses are centred and remove the intercept from the model.
We obtain the problem

min [y — Xw|[3 + Alfwl|3. (2.8)

Differentiating and setting to zero gives the closed form solution

w = (XTX + M)fl XTy. (2.9)

Logistic Regression

Despite the name, logistic regression is a method for classification. It uses the logistic
loss L(y, f(z)) = log (1 + e_yf(”)). Hence, again for a linear classifier f(z) = w 'z + b,

1 — T A
in 3 log (14 e # =) 4 S 2.10
min ; og (1+e + w3 (2.10)
Logistic regression can also be associated to a probabilistic model. Namely, assume that

the function of interest f(z) = w 'z + b models the log-odds ratio:

1o p(yi = Jrl’wvb? xl)

T
=w'x; +0b. 2.11
p(yi = _vab’xi) ( )

Then the conditional distribution of Y| X is given by

1
p(yi = +1l|w, b, z;) = T o ot =o(w'z; +b), (2.12)
1 T
plyi = —1hw,b,i) = Ty = o(-w @i = b), (2.13)

where we denoted by o(t) = 1/(1+ e~ ) the logistic function (aka sigmoid function)
which maps the real line to the (0,1) interval. Note that the logistic function satisfies

o(—t) = 1—o(t). Thus, we can write (2.12) and [2.13) as p(yi|w, b, z;) = o(y;(w ' z;+b))

and the conditional log-likelihood of the outputs given the inputs is

log p(y|w, b, X) = logHa (ys(w " z; 4 b)) Zlog( + e vilw wﬁb))
=1

Thus finding the parameters w and b that maximise the conditional log-likelihood is
equivalent to minimising the empirical risk corresponding to the logistic loss, which is
the negative log-likelihood of the linear log-odds model. Moreover, the regularisation
term can be interpreted as a normal prior on w in Bayesian logistic regression. Again,
there is no closed form solution for logistic regression, but the objective is convex and
differentiable and the numerical optimisation via gradient ascent or Newton-Raphson
algorithm can be used.

16



2 Empirical Risk Minimisation

The connection between maximisation of the log-likelihood and minimisation of the
empirical risk extends beyond logistic regression. Indeed, in the context of classification,
whenever p(y;|x;,0) is a log-concave function of y;fg(x;), we can define a convex loss
p(yfo(x)) = —logp(yilzi, 0). But the converse is not true, e.g. hinge loss used in the
SVMs below does not correspond to a negative log-likelihood in any probabilistic model
(unless additional artificial classes are introduced).

Support Vector Machines

Support Vector Machines (SVMs) for classification use hinge loss, L(y, f(z)) = max{0, 1—
yf(x)}. Thus, for a linear classifier f(z) = w'z + b, we obtain
i LS max(0,1 - gl ey + 0} + 2l (214
min — max —yi(w ' x; —||wl]5. :
w,b n P 9 yl (3 n 2
This does not have a closed form solution and requires numerical optimisation.
Eq. (2.14) is not how you would typically see an SVM written in the literature,
though. In the next chapter, we will make a deep dive into SVMs, introducing it from
the perspective of mazimum margin classification.

17



3 Support Vector Machines

Support vector machines (SVMS)EI are a popular class of linear discriminative machine
learning methods. They are used predominantly for classification and this will be our
focus for the course. Their underlying principle is to a find a hyperplane that maximizes
the margin of separation between points of different classes, while minimizing the number
of points misclassified. When formalized, this idea leads to a convex optimization problem
that can be straightforwardly solved to train the SVM. While their linear nature means
that they are quite limited when applied directly in the original space of the data, it
also means that they can be kernelized—as discussed in the next chapter—to produce
powerful, non-linear, classifiers called kernel-SVMs.

3.1 Duality in Convex Optimization

Before covering SVMs themselves, we will first need some basic results from duality in
convex optimization. For a more comprehensive introduction to this topic, please see
[7, Sections 5.1-5.5].

3.1.1 The Lagrangian

Consider a constrained optimization problem of an objective function fo: R” — R,
with m inequality and 7 equality constraints:

minimize fo(x)
subject to  fi(z) <0 i=1,....m (3.1)
hj($):0 jZl,. r

We will refer to as the primal problem and denote by p* = fy (2*) its optimal
value. Any point which satisfies the constraint—i.e. any « such that f;(z) <0, hj(z) =0,
Vi, j—is called a primal feasible point.

The Lagrangian L : R" x R™ x R" — R associated with problem is given by

L(x,)\ﬂj = fg Z)\ fz Zthj (l“)
j=1

The vectors A € R™ and v € R are called Lagrange multipliers or dual variables.

!The note in this chapter are a revised version of lecture notes from the UCL course “Reproducing
Kernel Hilbert Spaces in Machine Learning” [18], reproduced here by courtesy of Arthur Gretton.
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3 Support Vector Machines
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Figure 3.1: Lower bounds on I_(f;j(z)) (left) and Io(h;(z)) (right). The true respective
indicator functions are shown in red and go off the infinity (note this happens
as soon as h;(x) # 0 for the right plot). Each blue line represents a different
value of \; (left) and v; (right), such that the plots provide a visual demon-
stration that I_(f;(z)) > Aifi(z), Vfi(x) and for any A; such that A; > 0
and Io(hj(x)) > vjhj(x), Yfi(x) and any v; # 0. Note here the importance
of requiring A to be positive: without this we would not have a valid bound.

Provided that A > OE] the Lagrangian can be interpreted as a lower bound on the
original optimization problem. To see this, note that we can express the original problem
as an unconstrained problem by infinitely penalising the target function whenever
the constraints are violated. Namely, we can consider minimizing

F@) = fole) + SO L (fi(@) + 3 Io (hy(a))
. 2

where

L@Q:{O u<0 Lm0={0 u=0

oo u >0, oo u#0.

Instead of these including these infinite penalties (which undermine our ability to do the
required optimization), the Lagrangian is replacing the hard constraints with a set of
soft linear constraints, as shown in Fig. 3.1} We recover I_(f;(x)) and Io(h;(x)) if we
optimize with respect to the Lagrange multipliers for any given value of f;(x) and h;(x)
respectively, that is

)\is;g+ Aifi(z) { . fi@) >0 I_(fi(z))
() — 0, hj(z)=0 _ (o
E£W%U_{ ,@@%o_h%(»

2By this, we mean that each \; > 0.
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3 Support Vector Machines

From this we see that optimizing the Lagrangian with respect to its Lagrange multipliers
exactly recovers the original problem:

fla) = folw)+ ) sup Nifi(x)+ ) Slél%’/jhj(fﬁ)
j=1"7

i=1 NERT
m T
= s fol@)+ Do Nfile)+ Y vihy(@)
XNERT, v;€R, Vi j i=1 Jj=1

= sup L(z,\,v).
A-0,v

As such, we can view our original primal problem can be solved using the unconstrained
minimax problem

ir;f f(z) = inf sup L(z,\,v). (3.2)

T A=0,v

3.1.2 The dual problem

The minimax problem of (3.2)) is not typically directly solvable in practice. However, for
many problems switching the order of these optimizations to

sup inf L(z, A\, v), (3.3)
A-0v %

gives a maximin problem that is often solvable. This is know as the dual form of the
problem. Note here that we have

Va, A\, v, inf L(z, \,v) < L(z,\,v)
= Vz,\v inf L(z,\,v) < sup L(z,\,V)
T )\/to,lj,
= sup inf L(z, A\,v) < inf sup L(z,\,v). (3.4)
A0 % T \>=0,v

which is a realisation of the max-min inequality.
To introduce the dual problem more formally, we first define the Lagrange dual
function (or just “dual function”) as

g\, v) =inf L(z, \,v).

The dual function is a pointwise infimum of aﬂineﬁ] functions of (A, v), hence it is concave
in (A\,v) [7, p. 83]. A dual feasible pair (\,v) is a pair for which A = 0 and g(\,v) >
—00.

The dual problem attempts to find the best lower bound g(A, v) on the optimal solution
p* of (3.1). This results in the dual problem

maximize g\, v)
subject to A= 0. (3.5)

3A function f : R™ — R™ is affine if it takes the form f(z) = Az + b.
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3 Support Vector Machines

v

Figure 3.2: Dual function for Lagrangian with one inequality constraint, L(z,\) =
fo(z) + Afi(x), where z take only take one of four values for ease of illustra-
tion. For each possible value of z, L(x, \) corresponds to an affine function
over X\ as shown in blue. The dual function is then the infinum over these
affine functions, which produces a concave function A. This concavity still
holds even when x i continuous, such that the dual function is infinum over
an infinitum of affine functions.

Note that (3.5]) is always a convex optimization problem, since the function being max-
imized is concave and the constraint set is convex, see Figure for intuition. The
property of weak duality is immediate from (3.4)):

d* := sup g(\,v) <p*.
A=0,v

The difference p* — d* is called the optimal duality gap. If the duality gap is zero,
then strong duality holds:

dr=p*.
Conditions under which strong duality holds are called constraint qualifications. As

an important case: strong duality holds if both a) the primal problem is convexE] i.e. of
the form

minimize fo(x)
subject to  fi(x) <0 i=1,...,n (3.6)
Ar =b

“Strong duality can also hold for non-convex problems: see e.g. [, p. 229].
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3 Support Vector Machines

for convex fo,..., fm, and b) something called Slater’s condition holds. Slater’s condi-
tion is that a strictly feasible input exists: that is an input which satisfies all the equality
constraints and which is not on the boundary of the inequality constraints,

Jz: folx) <oo; filz)<O0Vi=1,...,m; hjlx)=0Vj=1,...,r
Note that these conditions are sufficient but not necessary (e.g. if the inequality con-
straints are affine, then we not longer require a strictly feasible input).
3.1.3 Optimality conditions

When strong duality holds, we can make some interesting observations about the con-
straints. Denote by x* the optimum solution of the original problem, and by (A*, v*) the
solutions to the dual. Then strong duality implies

fola™) = g(\"v")

inf ( fol@) + ) Affile) +> y;‘hi(x)>
=1 =1

Fola™) + Y N fi(a®) + ) vihi(x®)
i=1 i=1
< fo(z"),

where in (a) we use the definition of g, in (b) we use that inf, of the expression in the
parentheses is necessarily no greater than its value at x*, and the last line we use that
at (z*, \*,v*) we have \* = 0, f;(z*) <0, and h;(z*) = 0. From this chain of reasoning,
it follows that

—
o
N

ZIA

m
> Nzt =0, (3.7)
i=1

which is the condition of complementary slackness. This means

A >0 = fi(a") =0,
filz") <0 = A7 =0.

Consider now the case where the functions f;, h; are differentiable, and the duality gap
is zero. Since z* minimizes L(z, A*,v*), the derivative at =* should be zero,

Vi) + Y NV fi(a*) + > v Vhi(z*) =0.
=1 =1
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3 Support Vector Machines

Figure 3.3: The linearly separable case. There are many linear separating hyperplanes,
but only one maximum margin separating hyperplane.

We now gather the various conditions for optimality we have discussed. The KKT
conditions for the primal and dual variables (z, A, v) are

fZ(x> = 07 1= 17 , M,

hi(z) = 0,i=1,...,r

A2 0,1=1, ,m,

Aifilx) = 0,i=1,...,m,
= 0.

VfQ(IE) + Z )\ZVfl(:E) + Z V1Vhl(l‘)
=1 =1

If a convex optimization problem with differentiable objective and constraint functions
satisfies Slater’s conditions, then the KKT conditions are necessary and sufficient for
global optimality.

3.2 Support Vector Classification

3.2.1 The linearly separable case

To introduce the SVM approach itself, we first consider the problem of classifying two
clouds of points, where there exists hyperplanes which linearly separates one cloud from
the other without error. This is illustrated in Figure [3.3]for a 2-dimensional classification
problem. As can be seen, there are infinitely many possible hyperplanes that solve this
problem: the question is then: which one to choose? The principle behind support vector
machines is that we choose the one which has the largest margin, which is defined as
twice the smallest distance from each class to the separating hyperplane.
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3 Support Vector Machines

Proposition 3. The mazimum margin problem max,,; (margin) can be expressed as:

() .

min (wai + b) =1 1y =41,

o (3.9)

subject to
J {max (wT:UZ' + b) =-1 iy

Proof. Consider two hypothetical points x4 and z_ exactly opposite each other and
located on the margins (these need not be actual points in the dataset), such that =, —
x_ = Pw for some scalar 8 (where we recall w is orthogonal to the decision boundary,
hence aligned with =y — z_). Then the distance between them (which is the width of
the margin) is

)TM — (24 — wﬁ)Tﬂ (3.10)

|z — 2| = (x4 —z- =
lzy — ]|

Now by our constraints in (3.9 and the definitions of z4 and z_,
w'zy +b=1 and w'z_+b=—1 (3.11)

Subtracting these two equations from each other, we get

w (zy —x_)=2.

Substituting this into (3.10) gives that the margin is 2/||w|| under these constraints. [

The resulting classifier is
o T
y = sign(w 'z + b),

where sign takes value +1 for a positive argument, and —1 for a negative argument
(its value at zero is not important, since for non-pathological cases we will not need to
evaluate it there).

We can further rewrite the optimization in the following quadratic program form

1
mianwH2

wb 2 (3.12)
subject to  yi(w @ +b) > 1.

by noting that maximizing 2/||w|| is equivalent to minimizing (1/2)|w||?> (where the
factor of 1/2 is just and arbitrary scaling so simplify things later), while we can relax
our previous equality constraints in to an inequality constraint by noting that the
inequality constraint in (3.12]) must be active at the optimum.
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Figure 3.4: The hinge loss is an upper bound on the 0/1 loss for misclassifications. Note
it that is not an upper bound on the 0/1 loss for the margin errors were we
are instead considering I(a < 1).

3.2.2 When no linear separator exists (or we want a larger margin)

If the classes are not linearly separable, we need to allow errors in the classifier (points
within the margin, or even on the wrong side of the decision boundary). We therefore
want to trade off such margin errors vs maximising the margin.

A (-1 loss would be inappropriate here, both because of the training issues discussed
in earlier, and also because we generally want to penalize misclassified points more for
being further away from the boundary. We instead use the hinge loss (see Figure [3.4)):

l—-a 1—a>0
M) = {1 ~a) {O otherwise.
Obviously other choices are possible as well, but we will find that the hinge loss provides
a number of favorable properties and it is the overwhelmingly dominant choice made for
SVM classification.
To simultaneously maximize the margin and minimize the loss from margin errors, we
setup our objective to be the following linear combination of terms

mip <;Hw[2—|—cgh<yi (waH—b))), (3.13)

)

where C'is a scaling factor to allow the trade-off between the terms to be tuned. Though
this actually an unconstrained optimization problem, it generally won’t be convex. Using
the substitutions & = h (yl (wai + b)), we can though reformulate it into the following
convex constrained optimization problem:

(1, -
min <2le| +CZ&>

i=1 (3.14)

subject to &E >0 Yi (wTa:i + b) >1-¢.
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Figure 3.5: Depiction of terms in the C-SVM. Note the red point which is a distance
&i/||w|| the wrong side of the margin. The C-SVM fomulation now tries to
both maximizing the margin 2/||w|| (by minimizing (1/2)|lw||?) and minimize
the scaled size of the margin errors &;.

To see the validity of this reformulation, consider first that for each datapoint we must
have either & = 0 or & > 0. For the former, we have that y; (wT:vi + b) > 1 and
thus h (yi (le’i + b)) = 0, so these terms are unchanged in the objective. If & > 0,
then our desire to minimize the &; in will mean that we must use the minimum
possible & at the optimum that does not break the constraints. Thus we have that
L =1—y (wT.TZ' + b) =h (y, (wTaji + b)) at the optimum for any & > 0, such that
these terms are again equal. As each terms in the sums of (3.13) and (3.14) are equal at
the optimum, we thus see that the two formulations give the same solution for w and b.

This formulation is known as the C-SVM.. A visual depiction of the terms involved is
shown in Figure Note also the comparison between and (3.12)). The former
forms a relaxation of the latter where we allow the hard constrains of to be violated
(by having £ > 0), but must pay the price in our objective of C times the size of this
violation.

We can further write down the C-SVM objective in the standard constrained opti-
mization primal problem form (where we have no equality constraints for this particular
problem)

1 n
minimize fo(w,b,§) := §HwH2 + CZ&
i=1

. (3.15)
subject to  fi(w, b, &) :=1— & — y; <w xH—b) <0,i=1,...,n

Sagi(w,b,8) ==& <0,i=1,...,n.

From this it is straightforward to see that the problem is convex and satisfies strong
duality (Slater’s condition trivially holds and is not actually needed anyway because the
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3 Support Vector Machines

inequality constraints are affine).

We can therefore solve this problem by formulating and then maximizing the dual
function. For this, it will be convenient to introduce separate notion for the Lagrange
multipliers for the first and second sets of inequality constraints: we will use «; and \;
respectively. As always, we start by writing down the Lagrangian:

L(w,b,€, 0, \) = %||wH2+CZ§i+Zai (1-wi (wTai+0) - &) +Z)\ (3.16)
=1 1=1

with dual variable constraints
a; > 0, Ai > 0.

It will be convenient in what follows to now slightly rewrite the Lagrangian as follows
using standard algebraic manipulations:

L(w,b, & a,\) = ||wH2+ZaZ 1—y;b) TZalym—FZﬁl Ai — ;). (3.17)

To calculate the dual function, we need minimize the Lagrangian wrt the primal vari-
ables w, b, and £. To do this, we will first find zeros of its derivatives as follows.
Derivative wrt w:

L n n
gw =w— ;aiyiwi =0 w= ;aiyixi. (3.18)
Derivative wrt b: oL
Derivative wrt &;:
oL _ o N=0 C- (3.20)
a9 — 0 - — A= a; =0 — A, :
9&i

which as A; > 0 itself implies
(67 S C.

Remember that the dual function is given by g(a, A) = infy, ¢ L(w, b, &, a, A). While ([3.18))
directly gives us the value of w needed for calculating the dual function, and
are functions only of the dual variables themselves. They correspond to constraints re-
quired for g(a, A) > —oo. For example, if a; > C' — \; for any i, then the optimal &; will
be oo, yielding g(a, \) = —oo. We can therefore assume that these equations hold when
deriving the form for the dual function, before adding them back in as constraints when
defining the dual function itself.

We can thus write the dual function by substituting equations , , and

into , as follows
gla,\) = 1nf f||w\|2 +CZ£Z —|—Za2 (1 —y; <w x5 +b) ) +Z)‘i(_
i=1

i=1 i=1
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substituting in w = 2?21 oy and A, = C — qy yields

1 m m m m m m
90 DTS IRNES ST 50 YT ) o
i=1j=1 i=1 i=1 j=1 i=1

0
m m m
+Y iy ek — Y (C— )
i=1 i=1 i=1
m 1 m m
- ZO‘Z ) Z QiOGYiYT; T
=1 =1 j:l

Noting that this is independent of A, we can simply solve for « and later calculate A from
a (using \; = C' — «;) if needed. Our goal is to solve the following problem which takes
the form of a quadratic program

n n n
§ : 1 § : § : T

mgx o — 5 oziajyiiji l‘j,
=1 =1 j=1

n
subject to 0<a; <C, Zyiai =0,
i=1

We can then derive the variables for our hyperplane by taking

n
. } : _ T
w = alylea b - yimargin —w ximargin
=1

where imagin is any index of a margin SV, i.e. any i : 0 < o; < C (they will all give the
same b). We can also take an average over multiple margin SVs for numerical stability.
To finish, we look at what these conditions imply about the scalars «; that define the
solution due to complementary slackness.
Non-margin SVs: a; = C > 0:

1. We immediately have 1 — &; = y; (waZ- + b).

2. Also, from condition o; = C' — )\;, we have \; = 0, hence & > 0.
Margin SVs: 0 < a; < C:

1. We again have 1 — & = y; (wTa:i + b)

2. This time, from o; = C' — \;, we have \; > 0, hence & = 0.
Non-SVs: a; =0

1. This time we have: y; (sz:i + b) >1-¢

2. From a; = C — \;, we have A; > 0, hence & = 0.
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This means that the solution is sparse: all the points which are not either on the margin,
or “margin errors”, contribute nothing to the solution. In other words, only those points
on the decision boundary, or which are margin errors, contribute. Furthermore, the
influence of the non-margin SVs is bounded, since their weight cannot exceed C: thus,
severe outliers will not overwhelm the solution.
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4 Kernel Methods

4.1 Feature Maps and Feature Spaces

Kernel methods are a versatile algorithmic framework which allows construction of non-
linear machine learning algorithms (for a variety of both supervised and unsupervised
learning tasks: clustering, dimensionality reduction, classification, regression) by em-
ploying linear tools in a nonlinearly transformed feature space. Let us first recall the
definition of an abstract inner product, which is central to kernel methods.

Definition 4. Let H be a vector space over R. A function (-,-);, : H x H — R is said
to be an inner product on H if

L (a1 fi +azf2,9)y = a1 (f1,9)y + a2 (f2, )4 (linear),
2. (f,9u=19 f>H (symmetric),

3. (f. N)u

4, f>H_01fand only if f = 0.

We can define a norm using the inner product as || f||l3 := \/(f, f)»- A Hilbert space
is a vector space on which an inner product is defined, along with an additional technical
conditionf_-] We are now ready to define the notion of a kernel.

Definition 5. Let X’ be a non-empty set. A function k : X x X — R is called a kernel
if there exists a Hilbert space H and a map ¢ : X — H such that Vz,2’' € X,

k(x,w') = <g0(x),<p(x/)>7_[ .

We will call the Hilbert space associated with kernel k a feature space and the map
o will be called a feature map. Note that we imposed almost no conditions on X: in
particular, we do not require there to be an inner product defined on the elements of X.
The case of text documents is an instructive example: one cannot take an inner product
between two books, but can take an inner product between vector-valued features of the
text in those books.

Clearly, a single kernel can correspond to multiple pairs of underlying feature maps
and feature spaces. For a simple example, consider X := RP:

T
T Tp T1 Tp

4,01(513)21’ and (702(1'): ﬁ’.“’ﬁ’ﬁ"“’ﬁ

!Specifically, a Hilbert space must be complete, i.e. it must contain the limits of all Cauchy sequences
with respect to the norm defined by its inner product.

30



4 Kernel Methods

Both ¢1 and 9 are valid feature maps (with feature spaces H; = RP and Hy = ]R2p) of
kernel k(z,2') =z /.

It turns out that all kernel functions (defined as inner products between some features)
are positive definite.

Definition 6. A symmetric function £ : X x X — R is positive definite if Vn >
1, Y(a1,...a,) € R" Y(z1,...,2,) € X",

n o n
ZZaiajk(xi,xj) Z 0.
=1 j=1

The function k(-, -) is strictly positive definite if for mutually distinct z;, the equality
holds only when all the a; are zero

Every inner product is a positive definite function, and so is every inner product
between feature maps.

Lemma 7. Let ‘H be any Hilbert space, X a non-empty set, and ¢ : X — H. Then
k(z,x") .= (p(x), p(x)), is a positive definite function.

Proof.

D waik(wiz) =3y (aip(i), a;p(w)))y =

i=1 j=1 i=1 j=1

2
> 0.
H

> aip(as)
=1

4.2 Reproducing Kernel Hilbert Spaces

We have introduced the notation of feature spaces, and kernels on these feature spaces.
What’s more, we’ve determined that these kernels are positive definite. In this section,
we use these kernels to define functions on X. The space of such functions is known as
a reproducing kernel Hilbert space (RKHS) defined as follows. We note that this
definition is rather strange and will likely be quite difficult to appreciate how a Hilbert
space might satisfy the required conditions; for now the important thing is to simply
appreciate that RKHSs and reproducing kernels exist.

Definition 8. Let H be a Hilbert space of functions f: X — R defined on a non-empty
set X. A function k: X x X — R is called a reproducing kernel of 7 if it satisfies

o Vr e X, ky:=k(,x)€H,
o Vx e X,VfeH, (fk(-,2))y = f(x) (the reproducing property).

If ‘H has a reproducing kernel, it is called a reproducing kernel Hilbert space (RKHS).

2The corresponding terminology used for matrices is “positive semi-definite” vs “positive definite”.
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Note that a reproducing kernel is also a conventional kernel with feature map ¢: x —
k(-,z), known as the canonical feature map. We can show this by following the
reproducing property backwards with f =k (-, 2/):

k(max,) = f(x> - <f7k (733))7'1 = <k (‘7'%/) ok ('7x)>7'l - <(p<l’/), (,D(CU)>7-,5,

such that we see that k(z,2’) can be expressed as an inner product between features with
a feature space H. Note that these features are not specified explicitly in a vector form,
but rather as functions on X.

Perhaps the most mind-bending part of kernels methods is now that it turns out that
every positive definite function k : X x X — R is also a reproducing kernel with a unique
corresponding RKHS! That is, not only does k being a positive definite function imply
that it is also a kernel that can be written as an inner product (such that Lemma
effectively also holds in reverse), it can specifically be written as an inner product in a
RKHS such that the reproducing property holds. This is know as the Mloore- Aronszajn
theorem [4]. Though a full formal proof of this theorem is beyond the scope of this
coursef’j we can still gain substantial insight into kernels, and in particular RKHSs, by
deriving the RKHS for an arbitrary positive definite k as follows.

4.2.1 Deriving the RKHS for an Arbitrary Positive Definite Function

Our starting point is simply to define k : X x X — R to be an arbitrary symmetric
positive definite function (note that we are not a priori assuming that this is a valid
kernel). In what follows, we will show that k is a reproducing kernel and derive its
corresponding RKIS.

Consider functions of the form f = >""_, a;k (-, ;) and define Hy to be the set of all
such possible functions, that is

Ho = {Zaik(.,xi)} (4.1)
=1

relN,€R,z;,€X

such that Ho represents the vector space span{k(-,z): x € X}. Note here that r is
unbounded so that f may be formed of an infinite sum. Note also that we trivially have
k(-,z) € Ho and so the first condition of our RKHS definition will be trivially satisfied
provided that H is a subset of the RKHS we form.

Next, we define a functional h: (X +— R)x (X +— R) — R that acts on pairs of k (-, z):

h (k: (), k (-,x')) = k(z,2').

This is a slightly unusual functional, but on close examination we see that it is unam-
biguous and well-defined, even if it is somewhat unclear how we would actually perform
the required calculations in practice. Namely, because k (-, ) uniquely defines k(x,z")
for all possible ' and k (-, 2’) uniquely defines k(z,z") for all possible x, there is only

3See http://www.stats.ox.ac.uk/~sejdinov/teaching/atml14/Theory_2014.pdf if you would like
the whole shebang.
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one possible k(z, z') that is compatible with both k (-, ) and k (-, 2’), from which we can
conclude that h is a well-defined functional.

Using h, we will now define an inner product for Ho, (-,-)5, : Ho x Ho — R. Here
it is essential to realize that we are constructing/defining this inner product ourselves:
it is not already implied by and we are making deliberate choices to ensure it
gives us the properties we want (namely that the reproducing property will hold). In
particular, our use of h (which was again our own construction) is not dictated by the
space defined in , but by deliberate choice to induce desired properties in our inner
product. As such, there are (at least in principle) alternative inner products we could
have defined instead, but these would have implied different Hilbert spaces, remembering
that a Hilbert space definition is based on both its vector space and its inner product.

To construct this definition of (:,-),,, we consider an arbitrary pair f,g € Ho, where
without loss of generality we can denote f(-) = >/ aik (-, ;) and g(-) = >77_, Bk(-, 2%),
and then define

<fag>7-[ :Zzalﬁjh (k (7xz)ak(7$;)) (42)

i=1 j=1

=Y > aibjk (wi,a}),

i=1 j=1

where the second line simply involves substituting in the definition of h. Given this
definition, we can define our RKHS, H, by completing Hy with respect to the norm
defined by our inner product, || - ||3. Informally, this means that we “plug all the gaps”
in Hg to produce a complete metric space; e.g. a necessary step in completing the set of
rational numbers is to plug the gaps formed by the irrational numbers. More formally, it
is done by adding to Hg the limits of all Cauchy sequences on Hy with respect to || - ||%.

Now we have defined H and (-,-),,, we need to check the latter is indeed a valid inner
product. This is an exercise of proving each of the four conditions of Definition 4l To
prove the first condition (linearity), we first note

71 T2
afi +bfa=a)  irk(win) +bD aigk(-,2i2)

i=1 i=1
+ _ '

= HE? a;k(-, ;) where = H(l < ri)aog + H(Z > 71)bi—r, 2
i=1 i =10 < r)xgg + 1060 > r)zi—r 2

Therefore,
ri+re s
(afi + bf279>7.[ = Z Zaiﬁjk(:vi,m;.)
i=1 j=1

S 1 T2
= Z Bj (a Z ai,lkz(:cm, $;) + b Z Oé@gk(l‘ig, x;))
7j=1 =1 =1
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T1 S T2 S
=a Z Z Oé@lﬁjk? (137;71, ZU;) + b Z Z Oli,25jk7 (13@',27 55;)

i=1 j=1 i=1 j=1
=a <f17g>’}-[ + b<f27g>’}-[

as required and we see that the conditional holds regardless of k.

The symmetry condition, that (f,g);, = (g, f),, similarly follows trivially for all k
from the symmetric nature of our definitions for (-,-),, and h.

The third condition, (f, f),, > 0, turns out to be equivalent to our initial assumption
that k is positive definite, as

<ff7{_zzaza] ‘T’L?x_]

=1 j=1

> 0 Vf if and only if k is positive definite (remembering that f is defined through the o;
and x; so this holding for all f is equivalent to this holding for all «; and x;).

The final condition, that (f, f),, = 0 if and only if f = 0, requires us to first consider
what the statement f = 0 actually means. Importantly, this statement is not equivalent
to saying that a; = 0 Vi. Instead, we might naturally say that f =0 < f(z) =0Vx € X,
i.e. that f = 0 means the function evaluates to zero for all possible inputs. From this
definition we can immediately show that f = 0 implies (f, f),, = 0 by noting that

£, = Fo Py =D ey ajk(as,ay) = > aif (w:)
i=1  j=1 i=1

= 0if f(x) = 0, V. Proving that (f, f),, = 0 implies f = 0 is a little trickierﬂ and is
covered in the examples sheet, but ultimately does also turn out to be true.

Putting these together, we see that our initial assumption that k was positive definite
will guarantee that (-, -),, is a valid inner product. We have thus derived a valid Hilbert
space. Moreover, we have that k (-, z) € H and

<k (7$) ) k ('7x,)>7-l = k(xax/)7

such that we have proven that k is a valid kernel with the canonical feature map ¢: z —
k(- z).

We can now prove that k is a reproducing kernel and the derived H is an RKHS by
showing that the reproducing property must hold given our earlier definitions. This is
straightforwardly done as follows

<f7 H—<ZO¢1 2 7 ,J})>
H

*Note that we cannot just prove this with the Cauchy-Schwarz inequality (or similar) in the manner
one might naturally try to do, as this requires (-,-),, to be a valid inner product in the first place.
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= Z aik(x, x;)
i=1
= f(z) by definition.

Taking stock, we have shown that any positive definite k is a reproducing kernel with
a corresponding RKHS whose feature maps correspond to ¢(x) = k(-,x). We have
also shown that reproducing kernels are kernels in the sense of being expressible as
inner products between features, and that kernels expressed as inner products between
features are positive definite. We have thus come full circle and can conclude that all
three notions—i.e. (1) a reproducing kernel, (2) a kernel as an inner product between
features, and (3) a positive definite function—are equivalent.

We can further straightforwardly prove that any RKHS has a unique reproducing
kernel by contradiction. Namely, assume that H has two distinct reproducing kernels k;
and ko. We then have, by linearity and the reproducing property, Vf € H,x € X:

(fik1 (o) = ko (5 2))g = (fo ka (@) = (Fr k2 () = f(2) = f(2) = 0.

In particular, this holds for f = ki (-,2) — k2 (-, ), which yields ||k (-,z) — k2 (-, z) |3, =
0, Vx € X, which implies k1 = ko and we have our desired contradiction.

The inverse result also holds: any reproducing kernel (and thus any positive definite
function) has a unique RKHS. This is a little trickier to formalize and prove, but essen-
tially follows from the fact that we could not have constructed the RKHS in a different
way and still ensured the reproducing property holds. We will thus henceforth denote the
RKHS of kernel k by Hy. For example, for the linear kernel k(x,2’) = 22’ considered
earlier, many possible feature representations exist, but the canonical feature represen-
tation that associates to each z the function k(-,z): 2’ — 2’ is unique and is what

determines the structure of its RKHS. In particular, the linear kernel k(z,2’) = =2’

corresponds to the RKHS H; which is the space of all linear functions f(z) = w'z.

4.3 Operations with Kernels

Kernels can be combined and modified to get new kernels. For example,

Lemma 9. [Sums of kernels are kernels| Given o > 0 and k, k1 and kz all kernels on
X, then ak and k1 + ko are kernels on X.

To prove the above, just check positive definiteness. Note that a difference between
two kernels need not be a kernel: if ki(z,x) — ko(z,x) < 0, then condition 3 of inner
product definition f] may be violated.

Lemma 10. [Mf&ppings between spaces/ Let X and X be non-empty sets, and define a
map A : X — X. Define the kernel k on X. Then k(A(zx), A(z')) is a kernel on X.

The proof of this is again straight forward: if k is a kernel then k(A(x), A(z')) =
(p(A(x)), p(A(z")))4, which is a kernel with features p(A(z)). This result is important
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when we want to define kernels on inputs that do not live in the reals (i.e. X € RF): we
can project our inputs into the space of reals and then apply a standard kernel in the
projected space.

Lemma 11. [Products of kernels are kernels| Given k on X and | on Y, then
w((@y), (@) =k (@) (4.9
is a kernel on X x Y. Moreover, if X =), then
K (ac,x’) =k (m,x’) l (x,x')
15 a kernel on X.

Here the general proof would require some technical details about Hilbert space tensor
products, but the main idea can be understood with some simple linear algebra. We
consider the case where H corresponding to k is RM, and G corresponding to [ is RV,
Write k (z,2") = o(z)Tp(2') and 1 (y,9') = ¥(y) "¢(y'). We will use that a notion of
inner product between matrices A € RM*N and B € RM*V is given by

(A, B) = trace(A" B). (4.3)
Then

k(za) U (y,y) = ¢l@) o)) d(y)
= tr(w(y)e(x) o)) ")
= <<p(9«")1/1(y)T, w(m’)w(y’)T> :

thus we can define features A(x,7y) = @(x)¥(y)" of the product kernel.
The sum and product rules allow us to define a huge variety of kernels.

Lemma 12. [polynomial kernel] Let x,2’ € RP for p > 1, and let m > 1 be an integer
and ¢ > 0. Then
k(z,2") = ((z,2") + )"

1s a valid kernel.

To prove: expand out this expression into a sum (with non-negative scalars) of kernels
(x,x') raised to integer powers. These individual terms are valid kernels by the product
rule.

Can we extend this combination of sum and product rule to sums with infinitely
many terms? Consider for example the exponential function applied to an inner product
k(xz,2') = exp ({x,2')). Since addition and multiplication preserve positive definiteness
and since all the coefficients in the Taylor series expansion of the exponential function
are nonnegative, kp(z,2') = >, @T# is a valid kernel Ym € N. Fix some {«;}
and {x;}. Then A,, = Z” ;o jky (xi,25) > 0 VYm since ky, is positive definite. But
Ay — 32 joiajexp ((zi, 7)) as m — 00, 80 3, oyajexp ((x5, 7)) > 0 as well. Thus,
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exp ((z,2')) is also a valid kernel (it is called exponential kernel). We may combine all
the results above (ezercise) to show that the following kernel, in practice widely used and
known under various names: Gaussian kernel, RBF kernel, squared exponential
kernel or exponentiated quadratic kernel, is valid on RP:

k(z,2') = exp (—21’}/2 |z — a:’H2> .

The RKHS of this kernel is infinite-dimensional. Moreover, if the domain & is a compact
subset of RP, its RKHS is dense in the space of all bounded continuous functions with
respect to the uniform norm. Despite that, since all functions in its RKHS are infinitely
differentiable, Gaussian kernel is often considered to be excessively smooth. A less smooth
alternative is the Matérn kernel, given by

1-v v
ko) = 2 (*/jﬂyxx'y\) KV<@yy$fo>, v 0,750,

I'(v) gl

where K, is the modified Bessel function of the second kind of order v. The Matérn
kernels corresponding to the values v = s + % for non-negative integers s take a simpler
form, in particular:

o v=1/2: k(x,2') =exp (—% l|lx — :v’H),
o v=3/2 k(w,a') = (142 o = ] exp (=L || - 2/]),

e v="5/2: k(x,2)

2
(142l =2/ + 25 o — ') ) exp (— L Jlz - o'l ).

For v = s + %, its RKHS consists of s times differentiable functions with square inte-

grable derivatives of order up to s+ 1. Moreover, the RKHS norms directly penalize the
derivatives of f, e.g. for v = 3/2 and in one dimension, it can be shown that

1! 6 ! 9
1F12, o / (o) da+ / FoPde + 2 / f(2)*de.

As v — oo, Matérn kernel converges to the Gaussian RBF, i.e. k(z,z") = exp (—# |z — x’H2>.

Another popular choice is the rational quadratic kernel which arises as a scale
mixture of Gaussian kernels. In particular, consider Gaussian RBF parametrisation

kg(xz,2') = exp (—9 |z — :1:’H2> and a Gamma density placed on 6, i.e.

/BOC
I'(«)

p(0) = 6%~ exp(—f6)

with shape a and rate .

37



4 Kernel Methods

We then define

k(z,2') = /Oookrg(x,x’)p(H)dH

= o ;e (0l )
B ()

M@ (o o>+ 8)"

N AN
g

Rational quadratic RKHSs contain functions which vary smoothly across multiple length-
scales. If we write 3 = 2ay? and let @ — 0o we again recover Gaussian RBF, i.e.

exp (—ﬁ ||z — x’||2).

4.4 Representer Theorem

Now that we have defined an RKHS and have a feel for different reproducing kernels,
we can consider a RKHS as a hypothesis class for empirical risk minimisation (ERM). A
typical and general setup would be that we are looking for the function f* in the RKHS
‘Hj which solves the regularised ERM problem

argmin peqy, R(f) +Q (Hink) )

for empirical risk R(f) = X oy L(yi, f(xi), ), aloss function L: Y x Y x X — Ry

T n
and any non-decreasing function 2.

Theorem 13. There is always a solution to

argmin ey, R(f)+ 2 (1715, (4.4)
that takes the form
fr= Zaik(‘, i), a; €R (4.5)
i=1

where x; are our input datapoints. If Q) is strictly increasing, all solutions have this form.

Proof. Let f be any minimiser of (4.4). Denote by fs the projection of f onto the
subspace
span{k(-,z;): i=1,...,n}

such that
f = fs + va
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where fo = > " | a;k(-,z;) and f is orthogonal to the subspace span {k(-,z;) : i =1,...,n}.

Since
2 2 2 2
1 £ll7g, = [1fsll3, + 1 fL 5, > 1 fsll7, -

we have
2 2
0 (118, ) = 2 (1105, -
On the other hand, the individual terms f(x;) in the loss are given by

J@i) = (kG @) gy, = (fs + L k(s @i)) g, = (fsr B( @)y, = Fo(@i),

S0
L(ys, f(xi),25) = L(ys, fs(xi), @) Vi=1,...,n.

and thus empirical risks must be the same: R(f) = R(f,). Thus f is also a minimiser
of (4.4) and if Q is strictly increasing, it must be that f; = 0. O

We see that the key parts of the theorem are the fact that the empirical risk only
depends on the components of f lying in the subspace spanned by the canonical features
and that the regulariser Q(-) is minimised when f = f; (adding additional orthogonal
components to the function makes it more complex but does not change the empirical
risk). Moreover, if § is strictly increasing, then || f1|ly, = 0 is required at the minimum.

4.5 Kernel SVM

We can straightforwardly define a maximum margin classifier, i.e. a Support Vector Ma-
chine (SVM) in the RKHS. We write the original hinge loss formulation of the regularized
empirical risk minimization (ignoring the offset b here for simplicityﬂ):

N T .
ﬁg(Qme+c;;u—ymmkm@»Hu>
for the RKHS H with kernel k(z,2’). This kernel SVM satisfies the assumption of the
representer theorem, so we are looking for the solutions of the form

w=Y_ Bik(zi,-). (4.6)
i—1

In this case, maximizing the margin in the RKHS is equivalent to minimizing ||w]|3,: as
we have seen, for many RKHSs (e.g. the RKHS corresponding to a Gaussian kernel),
this corresponds to enforcing smoothness of the learned functions.

Substituting and introducing the &; variables as before, we get

min (;Wm + ci:g,) (A7)

Note that it suffices to add a constant feature or equivalently use the kernel k(z, z’) + ¢ for constant c.
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n
subject to & >0 Yi Zﬁjk(mi,xj) >1-¢
j=1
where the Gram matrix K has i, jth entry K;; = k(x;, ;). Thus, the primal variables w
are replaced with coeflicients 5. Note that the problem remains convex since matrix K
is positive definite. With an easy calculation (left for exercise), we can verify that the
dual takes the form

n n n
1
gla) =) o — 3 Y cviagyiysk(a, ),
i=1 i=1 j=1
subject to the constraints
0 S Q; S Cv

and the decision function takes the form
n
w = Zyiaik(xi, ).
i=1

This is analogous to the original dual SVM, with inner products replaced with the kernel
k.

4.6 Representation of probabilities in RKHS

We have seen that kernel methods effectively work on implicit representations of indi-
vidual data points, via the canonical feature map ¢: x — k (-, x), such that every data
point is represented as a point in the RKHS Hjy. One can similarly represent probability
distributions P in the RKHSs by considering the kernel mean embedding

P py (P) = Ex pk (-, X) € H.

This is a potentially infinite-dimensional representation of P akin to a characteristic
function of a probability distribution.

The kernel mean embedding converts functions f € Hj to their mean with respect to
P when we take the inner product, that is:

(ke (P), fay, = Ex~rk (X)), flgy, = Ex~p k(- X), [y, = Ex~pf(X), VfE€H;.

It thus exists whenever f — Ex.pf(X) is a bounded functional. Note that this is always
true if the kernel function itself is bounded, i.e. k(z,2') < M < oo Vz,2’. Namely, by
Cauchy-Schwarz

Ex~pf(X) = Exp (fik (X)) < 1 fllgg, Exmr [k (X3, < VM| fllay,

Of particular note is the case where f is itself a kernel mean embedding: inner products
between kernel mean embeddings can be computed as

(e (P) s 1 (@), = Ex~pPEyqk(X,Y).
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Figure 4.1: Witness function for a difference between two univariate densities

4.6.1 Maximum mean discrepancy

We can easily estimate the (squared) distances between probability measures induced by
this RKHS representation since they correspond to simple expectations. Such distances
are called the maximum mean discrepancy (MMD):

MMDE (P,Q) =l (P) = i (Q)llz,, (48)

E (X, X")+E (V,Y') = 2Ex~py~qk(X,Y),

X,X'iﬁpk Y,Y/iﬁQk

where X and X’ are independent random samples from P, and similarly Y and Y’ are
independent samples from Q).

The name MMD comes from the following interpretation: it can also be written as the
largest discrepancy between expectations of the unit norm RKHS functions with respect
to two distributions (problem sheet):

MMDy, (P, Q) = sup [Ex~pf(X)—Eyqf(Y)|.
fetis flly, <1

As a consequence, the function f where the supremum is attained, which can be shown
to be proportional to the difference between embeddings: g (P) — ux (@) is known as
the witness function for the difference between distributions P and Q. An example
of such a witness function is shown in green in Fig. where P and @) correspond to
distributions on the real line whose densities are drawn in blue and red, respectively.
We can see that the witness function is large in amplitude where the difference between
two densities is large and it can thus be used to discover regions in the space where two
distributions disagree.

For a large class of kernels, including Gaussian, Matern family and rational quadratic,
MMD is a proper metric on probability distributions, in the sense that M M Dy, (P, Q) =0
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implies P = (). Such kernels are called characteristic. MMD is a popular probability
metric, used for nonparametric hypothesis testing [19] and in various machine learning
applications, e.g. training deep generative models [15]. Given two samples {x;}*, ~ P
and {y;}.*, ~ Q, a simple unbiased estimator of the squared MMD in is given by

— 1 1
MMD} (P, Q) = ————— > k(@i 2)) + ———— >k (4i,y;)
Ny (Ngy — 1) &~ ny (ny — 1) <~
i#j i#j
2 xT
- k iy Y75)
nxny ZZ (w yj)

i=1 j=1

which can be interpreted as the difference between within-sample average similarity (self-
similarity excluded) and the between-sample average similarity.

4.6.2 Hilbert-Schmidt independence criterion

Another use of kernel embeddings is in measuring dependence between random variables
taking values in some generic domains (e.g. random vectors, strings, or graphs). Recall
that for any kernels kx and ky on the respective domains X and ), we can define
k= kyx ® ky, given by

k ((:U,y) , (:E’,y')) = kx(x, m’)k:y(y, y) (4.10)

which is a valid kernel on the product domain X x ) by Lemma[II} The tensor notation
signifies that the canonical feature map of k is (z,y) — kx(,z) ® ky(-,y). Here the
feature of pair (z,v), ¢(z,y) = kx(-,x) ® ky(-,y) is understood as a function on X x ),
ie. (p(x,y)(@,y) = kx (2, 2)ky(y',y). We are now ready to define an RKHS-based
measure of dependence between random variables X and Y.

Definition 14. Let X and Y be random variables on domains X and ) (non-empty
topological spaces). Let kx and ky be kernels on X and ) respectively. The Hilbert-
Schmidt independence criterion (HSIC) Z, 1, (X,Y) of X and Y is the squared
MMD between the joint measure Pyxy and the product of marginals Py Py, computed
with the product kernel & = kx ® ky, i.e.,

By (X,Y) = |l (Pxy) — pr (PxPy)|13,,
= |Exy[kx(,X)®ky(.,Y)] = Exkx (., X) ® Eyky(, V)|, .

A sufficient condition for the HSIC to be well defined is that both kernels ky and
ky are bounded. The larger it is, the more dependent the variables X and Y are. It is
straightforward to see that Zj, 1,,(X,Y) = 0if X and Y are independent of one another,
while for many common choices of kernel the inverse result also holds (i.e. Zgy 1y, (X,Y) =
0 implies independence).

We can garner some intuition about the HSIC by noting that it is analogous to the
squared Frobenius norm (i.e. the sum of the squares of all the individual elements) of the
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cross—covariance matrix between (finite feature mappings of) X and Y. That is, its finite
dimensional equivalent would be to a) map X and Y to new feature vectors ¢ (X) and
ey(Y), b) calculate the pairwise covariances between each element of ¢ (X) and each
element of px(X), and ¢) take sum of the squares of all of these pairwise covariances.

Estimating the HSIC can be achieved via the following process (the derivation of this
will follow next):

1. Draw m independent samples {(x;, y;)}/*, from the joint distribution Pxy;
2. Construct the kernel matrices K;; = kx (x5, z;) and Li; = ky(vi, yj);

3. Centre the kernel matrices by computing K = HKH and L = HLH where H =
I—2L11 (e Hjj=1>i=j)— L)

m

4. Construct the estimate (noting K and L are symmetric)
. 1 o 1
Sty (X.Y) = 5t (KL) = — > Y Kyl (4.11)
i=1 j=1

Estimating the HSIC

To obtain an estimator of the HSIC, we first express it in terms of the expectations of
kernels. Starting from the definition, and expanding the Hilbert space norm into inner
products:

Ekx by (X, Y) = [Exy (ka (- X) ® ky (1Y)
—Ex (k (-, X)) @By (k(-,Y)) |13,
= (Exy (kx (-, X) ®@ky (.Y)) , Exy (kx (. X) @ ky (-,Y))) 2,
+ (Ex By (kx (-, X) @ ky (1Y), Ex By (kx (-, X) @ ky (- Y))))n,
—2(Exy (kx (- X) @ ky (Y)), Ex (Ey (kx (. X) ® ky (.Y)))3,
=Exy (Exryr ((kx (. X) @ ky (nY) kv (- X') @ ky (- Y7))2,))
+Exx: (Byyr ((kx (-, X) @ ky (Y) kx (- X') @ ky (- Y"))2,))
—2Exy (Exs (Bys ((kx (. X) @ ky (V) ka (- X') @ ky (Y))n,)))
=Exy (Exys (kx (X, X") ky (Y,Y")))
+Exx (kx (X, X')) Eyys (ky (Y,Y')) (4.12)
— 2Bxy (Ex (kx (X, X)) By (ky (Y,Y")))

Here the first expectation is taken over two independent copies (X,Y), (X', Y’) ~ Pxy,
the second over two independent X, X’ ~ Px and two independent Y,Y’ ~ Py and
the third over a pair (X,Y) ~ Pxy sampled from the joint and an independent pair
X' ~ Px, Y" ~ Py. Now, given a sample Z = {z;}, = {(xi,v;)}",, where each
(x4,9;) € X x Y, we can derive an estimator of the HSIC by estimating each of the three
terms in the expansion.
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4 Kernel Methods

Denote for convenience k;j = kx (z;,z;) and l;; = ky (vi,y;) for 4,5 € {1,2,...,m}
and define the kernel matrices K = (ki;);;_, and L = (I;;);",_, (recall that they are
symmetric and positive-definite). Following, we estimate:

ﬁrst term = Z Z kijli; = mi r(KL)

i=1 j=1

— 1 [ -\
second term = oo Z Z kij Z Z lij

i=1 j=1 i=1 j=1
1
=— (UL K1y) (1L L1,,)
third term = — Z Z > kijlig = ﬁlflKle
- T
= SILLKLy

Here 1,, is the vector with m entries equal to 1. Therefore an estimator for the HSIC
can be written as:

— 1 2 1
Sk hy (X, Y) = — <tr (KL) — ElﬁKmm +— (LK 1,) (1§L1m)>
1 1 T 1 T
= — | (KL) - —tr (L1, KL) — —tr (K1p1,,L)

1
+—gtr (1m1§K1m1§L)>

1 1 1
1

= —tr(KHLH).
ot )

Here we used that tr (AB) = tr (BA), tr (A) = tr (A”) and that any real number is equal
to its own trace. We also defined

1
H:=1- ELnlﬁ

which is the centering matrix. Namely, if A is any m x m-matrix, AH centers the rows
of A and HA centers the columns of A. Note also that H is symmetric and idempotent,
i.e. H? = H. Hence, tr(HKH)(HLH))) = tr(H(KHLH)) = tr(KHLHH) =
tr (KHLH).

Recall that the kernel is an inner product between features of the inputs and that inner
products are bilinear. Therefore, the matrices K =HKH and L = HLH are the kernel
matrices for the variables centered in feature space. We therefore arrive at the expression
for the estimator:

— 1 e
Sty (XY) = —tr <KL> , (4.13)
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4 Kernel Methods

which has an intuitive explanation of how it measures the dependence between X and Y.
Namely, the function (A, B) — tr (ATB) is an inner product on the vector space of real
m x m matrices. Therefore, our estimate measures the similarity between the (centered)
kernel matrices, which in turn measure the “similarity patterns” between the individual
observations. If there is some dependence between the X and Y, we also expect that the
kernel matrices will have a similar structure and hence the inner product between them
(and hence our HSIC estimator in (4.13))), will be larger.

Operator view of the HSIC (not examinable)

The name of HSIC comes from the operator view of the RKHS Hj, gk, . Namely, by
repeated use of the reproducing property, it can be verified (see the 2020 SC4 exam)
that the difference between embeddings uy (Pxy) — pr (Px Py) can be identified with
the cross-covariance operator Cxy : Hiy — Hix for which

(f, Oxy 9, = Cov [F(X)g(¥)], Vf € Hiyog € M.

Note that this is analogous to the finite-dimensional property f' Cxyg = Cov [fTX, gTY} )
where X and Y are random vectors and Cxy is their cross-covariance matrix, i.e.
[Cxvy];; = Cov [(X®@ y@]. HSIC is then simply the squared Hilbert-Schmidt norm

|Cxy||%g of this operator.
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5 Bayesian Machine Learning

5.1 The Bayesian Paradigm

At its core, the Bayesian paradigm is simple, intuitive, and compelling: for any task
involving learning from data, we start with some prior knowledge and then update that
knowledge to incorporate information from the data. This process is known as Bayesian
inference. To give an example, consider the process of interviewing candidates for a job.
Before we interview each candidate, we have some intuitions about how successful they
will be in the advertised role, e.g. from their application form. During the interview we
receive more information about their potential competency and we combine this with
our existing intuitions to get an updated belief of how successful they will be.

To be more precise, imagine we are trying to reason about some variables or parameters
f. We can encode our initial belief as probabilities for different possible instances of 6,
this is known as a prior p(@)ﬂ Given observed data D, we can characterize how likely
different values of 6 are to have given rise to that data using a likelihood function
p(D|0). These can then be combined to give a posterior, p(0|D), that represents our
updated belief about 6 once the information from the data has been incorporated by
using Bayes’ rule:

p(D0)p(6)  _ p(D|6)p(6)
Jo p(D[0)p(6)do p(D)

Here the denominator, p(D), is a normalization constant known as the marginal like-
lihood or model evidence and is necessary to ensure p(f|D) is a valid probability
distribution (or probability density for continuous problems). One can, therefore, think
of Bayes’ rule in the even simpler form of the posterior being proportional to the prior
times the likelihood:

p(0|D) = (5.1)

p(0|D) o< p(D|0)p(0). (5.2)

For such a fundamental theorem, Bayes’ rule has a remarkably simple derivation, follow-
ing directly from the product rule of probability.

Another way of thinking about the Bayesian paradigm is in terms of constructing
a generative model corresponding to the joint distribution on parameters and possible
data p(0, D), then conditioning that model by fixing D to the data we actually observe.

ITo avoid getting bogged down with tangential technicalities, we will be deliberately a little sloppy
about distinguishing between probabilities and probability densities when dealing with Bayesian
contexts.
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This provides an updated distribution on the parameters p(6|D) that incorporates the
information from the data.

A key feature of Bayes’ rule is that it can be used in a self-similar fashion where the
posterior from one task becomes the prior when the model is updated with more data,
ie.

p(6Dr, D) = p(D2|8, D1)p(0|D1) _ p(P2|0, D1)p(D1|0)p(0) (5.3)
p(D2|Dy) p(D2|D1)p(D1)
As a consequence, there is something quintessentially human about the Bayesian paradigm:
we learn from our experiences by updating our beliefs after making observations.

All the questions about model parameters 6 can be addressed based on the posterior.

We can, for example, consider

@\/IAP

e Posterior mode: = arg maxgece p(0|DP) (maximum a posteriori).

o Posterior mean: 6™ = E [0|D].
e Posterior variance: Var[6|D].

e Posterior expectations of functions of parameters: E[g () |D] for some g : © — R®.

5.1.1 Example: Predicting the Outcome of a Weighted Coin

To give a concrete example of a Bayesian analysis, consider estimating the probability
of getting a heads from a weighted coin. Let’s call this weighting 6 € [0, 1] such that the
probability of getting a heads (H) when flipping the coin is p(y = H|0) = 6 where y is the
outcome of the flip. This will be our likelihood function, corresponding to a Bernoulli
distribution, noting that the probability of getting a tails (T) is p(y = T|0) = 1 — 6.
Before seeing the coin being flipped we have some prior belief about its weighting. We
can, therefore, define a prior p(6), for which we will take the Beta distribution

I'(a+ pB)
L(a)L(B)

where T'(+) is the gamma function and we will set &« = 8 = 2. A plot for this prior is
shown in Figure where we see that under our prior then it is more probable that 6
is close to 0.5 than the extremes 0 and 1.

We now flip the coin and get a tails (T'). We can calculate the posterior using Bayes’
rule

p(0) = BETA (6; , B) = A ) (5.4)

p(0)p(y1 = T|0) (1 —6)°

p(O)p(yr = T10)d6 — [6(1—6)%d6 BETA (6;2,3). (5.5)

p(9|y1 = T) = f

Here we have used the fact that a Beta prior is conjugate to a Bernoulli likelihood to
give an analytic solution. Conjugacy means that the prior-likelihood combination gives
a posterior that is of the same form as the prior distribution. More generally, for a prior
of BETA(0; o, B) then the posterior will be BETA(0; o + 1, 3) if we observe a heads and
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Figure 5.1: Prior and posteriors for coin flip example after different numbers of observa-
tions.

BETA(0; o, S+ 1) if we observe a tails. Figure shows that our posterior incorporates
the information from the prior and the observed data. For example, our observation
means that it becomes more probable that 6 < 0.5. The posterior also reflects the fact
that we are still uncertain about the value of 6, it is not simply the empirical average of
our observations which would give 8 = 0.

If we now flip the coin again, our previous posterior becomes our prior and we
can incorporate the new observations in the same way. Through our previous conjugacy
result, then if we observe ny heads and nyp tails and our prior is BETA(6; «, 3) then our
posterior is BETA(6; a + ng, 8 + ny). If our sequence of new observations is HT'HH H
then our new posterior is

(Y2, - ysl0)p(0yr)
POl = T el B p@ln)

which is shown in Figure [5.1d We see now that our belief for the probability of heads
has shifted higher and that the uncertainty has reduced because of the increased number
of observations. After seeing a total of 1000 observations as shown in Figure 5.1d] we
find that the posterior has predominantly collapsed down to a small range of 6.

5= BETA (0;6,4), (5.6)

We can extend this example to categorical observations, i.e. y; € {1,..., K}, by mod-
elling them with the probability mass function 7 = (71, ..., 7k ) and using a categorical
likelihood

n K
p(D|r) = Hﬂyi = H T
=1 k=1

with n = > I(y; = k) and 7, > 0, Ele 7 = 1. The conjugate prior on 7w is the
Dirichlet distribution Dir(«q,...,ax) with parameters oy > 0, and density

1) — F(Zszl ak) s 7_‘_Ockfl
P = Ta) kr:[ ¢

on the probability simplex {7 : 7 > 0, Zszl 7 = 1}. Since

K
p(xD) o [[mrre,
k=1
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the posterior is also Dirichlet Dir(a; +n1,...,ax +ng). The posterior mean is given by
~mean __ o + N
7Tk. —_— K—.
>0t n

5.2 Using the Posterior

In some cases, the posterior is all we care about. For example, in many statistical
applications 6 is some physical parameter of interest and our core aim is to learn about
it. Often though, the posterior will be a stepping stone to some ultimate task of interest.
One common task is making decisions; the Bayesian paradigm is rooted in decision
theory. It is effectively the language of epistemic uncertainty—that is uncertainty
originating from lack of information. As such, we can use it as a basis for making
decisions in the presence of incomplete information. As we will show later, in a Bayesian
decision framework we first calculate the posterior and then use this to make a decision
by choosing the decision which has the lowest expected loss under this posterior.
Another common task, particularly in the context of Bayesian machine learning, is to
use the posterior to make predictions for unseen data. For this, we use the so-called
posterior predictive distribution. Denoting the new data as D*, this is calculated
by first introducing a predictive model for new data given 0, p(D*]G)E] then taking the
expectation of this over possible parameter values as dictated by posterior as follows

p(D*D) = Epgip) [p(D*[0)] = /p(D*W)p(GID)dﬂ (5.7)

Though the exact form of p(D*|0) can vary depending on the context, it is equivalent
to a likelihood term for the new data: if we were to observe D* rather than predicting
it, this is exactly the likelihood term we would use to update our posterior as per ({5.3).
Note an important assumption this setup is making: that all the information we want to
use for predicting from our model is encapsulated in 6. This can be problematic if 6 is
no sufficiently rich to fully encapsulate the data.

In case of supervised learning, we are interested typically only in the conditional dis-
tribution of outputs given inputs, and not in the marginal distribution over inputs. We
can account for this by using a conditional model p(y|z, ) and then taking the following
posterior predictive distribution

p(y], D) = Epoip oy, 6)] = / p(ylz. 6)p(6]D)db.

Returning to our coin flipping example, we see that we can make predictions using the

In principle, one can include the data directly in this predictive model, i.e. instead define p(D*|, D),
but this is rarely done in practice as it would imply that our model is failing to encapsulate aspects
of the data.
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posterior predictive distribution as follows
pyn+1 = Hlyi.n) = /p(yN+1 = H|0)p(6y1.n)d0

= /9 BETA(O; 0 + ngg, B+ np)dl

o+ ng
a+ng+6+nr

where we have used the known result for the mean of the Beta distribution. The role
of the parameters o and £ in our prior now become apparent — they take on the role
of pseudo-observations. Our prediction is in line with the empirical average from seeing
a+np heads and S+ ny tails. The larger o+ f3 is then the strong our prior compared to
the observations, while we can skew towards heads or tails being more likely by changing
the relative values of « and S.

5.2.1 Example: Bayesian treatment of naive Bayes classifer.

Consider a K-class classification problem with binary input vectors, i.e. D = {(z4,y:) }iq,
x; € {0,1}P and y; € {1,..., K}. A naive Bayes classifier uses the following model:

L) )
plyi = kl0) = m,  plailyi = k,0) = [[ & (1= ory)' "0,
j=1

i.e. it assumes that given the class labels, individual dimensions in input vectors are
independent. The parameters of the model are collated into 6 = ((7), (¢r;)). It is

often used in text classification where data items correspond to documents and xgj )
indicates whether word j from a list of p words has appeared in document 4. Class labels
correspond to e.g. topics of the documents. Despite the name, naive Bayes is often
treated in a frequentist way, i.e. using maximum likelihood estimation of parameters. If
we set ng =y oy =k}, ngy = >0 Ly = k:,asgj) = 1), the MLE can be written as

€)

_ A D iiy—k T Ny

Tk = ) ¢k] — — = —.
n ng ng

But the MLEs can be problematic in some cases. For example, if the ¢-th word did not
appear in any documents labelled as class k (ng; = 0), then qZ?kg = 0. But if we then wish
to compute the predictive probability once for a new document & which contains ¢-th
word, we have:

A LN () . 1—7()
p(y = k|Z with ¢-th entry equal to 1,60) o< 7y H ((;Skj) (1 — qbkj) =0,
j=1

since QASM = 0. This means that we will never attribute a new document containing word
¢ to class k (regardless of what other words in it may be!). Moreover, probability of a
document under all classes can be 0 by the same reasoning.
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Let us consider a Bayesian approach to the same model. We can write the likelihood
as

» I(yi=k)

K _

() )

IT | = [T (- or)t—
7=1

1k=1

::]:

p(D|f) = H (@i, yil0) =
=1

7

I
i ::]N

e TL iy - e

For a conjugate prior, we can use Dir((ak)é(:l) for , and Beta(a, b) for ¢;,; independently.
Now, because the likelihood factorises, the posterior distribution over 7 and (¢z;) also
factorises, and posterior for 7 is Dir((ag+nk)X_,), and for ¢y; is Beta(a+ny;, b+ng—ng;).
If we want to predict a label g for a new document Z, we obtain

p(Z,9 = kD) = p(y = k[D)p(2|y = k, D)

with
- ag +ny
p(§ = k|D) K
Zl:1 (07 +n
7)) =15 = k.D) = a+ ng;

and the predicted class is

- - b
p(y = k|$,D) =

7(9) —z(@
o kT oy + ny ﬁ Catny z <b+nk—nkj 1=z
Zl 1al—|—n 1 a+b+nk a+b+nk '
Compared to the MLE plug-in predictions, pseudocounts help to “regularise” probabilities
away from the extreme values.

5.3 Bayesian Decision Theory

Suppose we have a supervised learning setting with dataset D = {(z;,v;)}]~,. Given
a new input xz, a system is required to make a prediction or take an action, say f(x),
which incurs a loss L(y, f(z),z) if the output is y. Empirical risk minimisation (ERM)
directly parameterises and optimises for fy(x) as a function of x to reduce empirical risk.
Implicitly, this means that we are treating 6 as a deterministic parameter to be optimized,
but we avoid having to assume a form for the distribution Y|X, relying on samples of
this instead by using the dataset. We can also think about D as a random variable here:
we desire to minimize the true risk which is an expectation over D, but by necessity we
only have a single sample of it. Consequently, we directly introduce regularization to the
ERM to try and account for this and prevent overfitting.
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The Bayesian approach to decision theory differs from this approach: it instead treats
the model parameters 6 as a random variable to be marginalized out, but considers the
data D to be deterministic and absolute. As such, there is no concept of hypothetical
alternative data that we could have seen, with regularization instead dealt with implicitly
by the prior. When making predictions, we use our predictive distribution, p(y|z, D) =
E,6p)[p(y|7,0)], to model the distribution of possible outputs given a new input. If
required to make a decision, action, or point estimate prediction f(z), then we pointwise
define f(x) to be whatever prediction/action will minimize the expected loss for this x if
Y ~ p(y|z, D). That is we choose the prediction that minimizes the posterior expected
loss as follows

f(%) = argming} EYNp(y\:p,’D) [L(Y7 ¥, x)] (58)

= argminy // L(y, y,x)p(y|x, 0)p(0|D)dyds. (5.9)

Thus, for example, if the loss is squared loss, |y — §|?, then we have that the optimal
prediction is the predictive mean, f(r) = Ey pyj2,p)[Y], and if the loss is the absolute
loss |y — g|, the optimal prediction is the predictive median. Note though that, in
general, we wish to avoid making such point estimate predictions until we are forced
to: the posterior predictive distribution p(y|z, D) is our primary predictive model in a
supervised Bayesian setting and encapsulates our full set of beliefs of possible outcomes;
it is thus the preferred entity to return from our algorithm whenever possible.

This Bayesian approach to making point predictions, and more generally decisions,
applies equally to unsupervised settings and beyond. If d represents a decision and
L(d,0) a loss function for making decision d with model parameter 6, then the optimal
decision d* optimises the posterior expected loss:

d* := argming B0 [L(d, é)} .

We can further view this a decision function of the data d*(D) by applying this opti-
mization on a pointwise basis.

Bayesian decision theory separates out the process of modelling and inference from the
process of decision making: our treatment of the model parameters 6 has no dependency
on the loss; the loss only influences how we make predictions or decisions given our
model. As such, computational considerations aside, we can first calculate our posterior
without worrying our final predictive/decision making task, safe in the knowledge that
our optimum solution for this task will depend on both the data and our model only
through this posterior.

Advantages of this framework include that: one can ascertain and critique the model’s
fit to data prior to making decisions, one can quantify the model’s uncertainties, one can
propagate all predictive information and uncertainty through the posterior predictive
rather than being forced to return point estimates, and one can use the same posterior
distribution to derive multiple different decisions or predictions. Disadvantages include:
Bayesian inference is typically significantly more computationally expensive and less
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scalable than ERM, and if approximations are required it is unclear how to calibrate the
approximation to the loss at hand. In other words, different approximations emphasise
differ aspects of the posterior, and the choice of approximations should reflect the aspects
of the posterior that are important for the loss function, see for example [29, 38]. This
then breaks the separation between modelling/inference and decision making.

5.4 A Fundamental Assumption

Though not strictly necessary, an assumption made by virtually all Bayesian models
is that datapoints are conditionally independent given the parameter values. In other

words, if our data is given by D = {z,}_;, then the likelihood factorizes as follows

N
p(DI0) = ] p(anl6). (5.10)
n=1

There are two main motivations for the assumption, one practical, the other theoretical.

The practical motivation is that if datapoints are not conditionally independent given
, this indicates our model is ignoring information present in the data. In principle, we
want to choose models where our parameters encapsulate as much information that is
useful for prediction as possible. If our likelihood model directly uses information from
other data, e.g. p(x2]0,x1), this indicates that there was useful predictive information in
x1 that we are not encapsulating through 6. This in turn indicates we could improve our
model by incorporating this information, e.g. by introducing an additional parameter into
0. Assuch, we can argue that if we are always using the best possible model given our our
knowledge of the problem, this model should always satisfy (5.10)). Furthermore, writing
models in a manner that satisfies is often highly convenient when designing models
and conducting inference, particularly if the datapoints are identically distributed.

Note here that there is an important distinction between assuming that our likelihood
model is correct, and assuming that it encapsulates all the information salient for pre-
diction. For example, presume that 6 represent a real-world, but unknown, parameter.
It is perfectly possible (ignoring the fact that models are never perfect) that p(x,|0)
represents the correct conditional distribution of x,, in the frequentist sense that this it is
the distribution created by repeating the experiment with the same value of 8, but that
f also contains very little information about x,,, such that fixing § has little influence on
the produced x,,. Thus it is possible for our model to be well-specified, but also useless.
Similarly, it is possible for a model to not be exactly correct, but still be very useful, a
somewhat important fact given that all models are inevitably wrong anyway.

The theoretical motivation of assuming is based on an important result known
as de Finetti’s Theorem [I3]. Though the precise result is beyond the scope of this
course, the high-level idea of de Finetti’s Theorem is that if we have an infinite sequence
of exchangeable random variables (i.e. their probability density is the same if we permute
their order), then there exists some parameter which all these variables are conditionally
independent with respect to. Informally, the upshot of this result in our context is that
if the order of data does not matter and our data can be assumed to be a finite sample
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from an infinitely long sequence (both of which are often the case), then there is exists
some set of latent variables (i.e. §) for which holds. Note that this not mean
this holds for any particular model, it simply shows that a model exists where it
does hold. Intuitively, this model is also the most powerful possible model as it ensure 6
encapsulates all information relevant to predicting a datapoint that can be provided by
other datapoints. This, in turn, provides a motivation for making the assumption.
Though this assumption is so ingrained in Bayesian modeling that its presence is often
overlooked (one could even make an argument that this assumption is part of the Bayesian
approach itself), it is far from inconsequential. For example, one information—theoretic
consequence is that, because all information for prediction must pass through 6, there is
a finite amount of information that can be stored in the model if 8 is finite dimensional,
thereby placing a limit on it predictive power in the limit of large data (see also the
Bernstein von-Mises Theorem below). To try and cater for this, some non-parametric
models are based around using an infinite dimensional 6 (we will return to this later).
Unfortunately, it is well beyond the scope of this course to fully explore the conse-
quences of this assumption. Our aim has instead been to simply make you aware that
it is an explicit assumption being made by virtually all Bayesian methods, as well as
explaining some of the justifications for why. At the end of the day though, it is im-
portant to remember that all models are inevitably approximations of the truth for any
real-world scenario. As such, it is impossible to avoid making assumptions entirely.

5.5 The Bernstein-Von Mises Theorem [Not Examinable]

One of the important implications of the assumption discussed in the last section is the
Bernstein—von Mises theorem, which explaing the behavior of Bayesian methods in
the limit of large data. Assume, for the sake of argument, that holds and our
likelihood model p(D|#) is correct in the sense that the datapoints x,, are all independent
and identically distributed (i.i.d.) according to p(x,|0*) where 6* are a (finite) set of
“ground truth” parameters and the prior p(f) satisfies p(0*) > 0. Informally speaking,
the Bernstein—von Mises theorem now states that in the limit of large IV, the posterior
distribution p(f|x1.ny) converges to a normal distribution with mean 6* and variance
of order O(1/N) (i.e. it decreases at a rate 1/N) [14] 16]. It further transpires that
when no such 6* exists (i.e. our model is misspecified), the convergence is instead to the
parameters § which minimize the Kullback-Leibler (KL) divergence (see Chapter @) to
the true data generating distribution. See for example [27] and the references therein for
further details.

This is a hugely important result in Bayesian statistics as it demonstrates that, in
the (predominantly hypothetical) scenario that our model assumptions are correct, we
converge to the true parameters. Because of this, it is sometimes referred to as the
consistency of Bayesian methods. It also means that the posterior becomes independent
of the prior when we are provided with sufficient data: the likelihood always dominates
in parametric models if we provide enough data

The Bernstein—von Mises theorem can be both a blessing and a curse. On the one
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hand, it ensures we reach the correct conclusion with enough data and a model that
is powerful enough to encapsulate the true data distribution. On the other hand, it
also means that our uncertainty estimates will collapse to zero given enough data even
if our model is misspecified and the answer we are collapsing is not correct: even if 6
is a real parameter, it is perfectly possible that 6* # 6 if our likelihood model is not
exactly correct. This is closely linked to the fact that Bayesian models fail to capture the
unknown unknowns, such that their uncertainty estimates are usually overconfident:
they fail to account for the fact that the model itself might not be correct. This can
be a serious problem when think about the fact that our model is almost invariably an
approximation of the truth.

5.6 Bayesian Model Selection

Consider a situation where we do not have one Bayesian model but several. Each model
M has a set of parameters 6, likelihood p(D|0 ), and prior distribution p(6¢). Within
each model, the posterior distribution is

(D0, M)p(Ora| M)

p

where the normalising constant is the marginal probability of the data under model M
(Bayesian model evidence):

p(DIM) = /@ P(DIrt, M)p(Ba| M) dB

In Bayesian model selection, one compares models using their Bayes factors zf((gli‘//\\/l/l’))'

Considering Bayesian model evidence can be interpreted as a Bayesian version of Oc-
cam’s Razor: of two explanations adequate to explain the same set of observations, the
simpler should be preferred. Namely, note that the model evidence p(D|M) is the prob-
ability that a set of randomly selected parameter values (under the prior) inside the
model would generate dataset D. In that case, models that are too simple are unlikely
to generate the observed dataset. On the other hand, models that are too complexr can
generate many possible datasets, so again, they are unlikely to generate that particular

dataset at random.

5.7 Approximate Bayesian Inference

In all but the simplest models, the posterior distribution p(6|D) is intractable and must
be estimated. Doing this requires us to perform approximate Bayesian inference.
At first, this may seem like a straightforward problem: by Bayes’ rule we have that
p(0)D) x p(D|0)p(#) and so we already know the relative probability of any one value of
0 compared to another. In practice, this could hardly be further from the truth. Bayesian
inference for the general class of graphical models is, in fact, an NP-hard problem [12].
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5 Bayesian Machine Learning

5.7.1 The Challenge of Bayesian Inference

We can break down Bayesian inference into two key challenges: calculating the normaliza-
tion constant p(D) and providing a useful characterization of the posterior, for example,
a set of approximate samples. Interestingly, each of these constitutes a somewhat distinct
problem and many inference methods focus only on solving the latter problem. However,
this breakdown will still prove useful in illustrating the intuitions about the difficulties
presented by Bayesian inference.

The Normalization Constant

Calculating the normalization constant in Bayesian inference is essentially a problem
of integration. Our target, p(D), is the expectation of the likelihood under the prior,
hence the name marginal likelihood. When p(D) is known, the posterior can be evaluated
exactly at any possible input point using Bayes’ rule directly. When it is unknown, we
lack a scaling in the evaluation of any point and so we have no concept of how relatively
significant that point is relative to the distribution as a whole. For example, for a
discrete problem then if we know the normalization constant, we can evaluate the exact
probability of any particular € by evaluating that point alone. If we do not know the
normalization constant, we do not know if there are other substantially more probable
events that we have thus—far missed, which would, in turn, imply that the queried point
has a negligible chance of occurring.

To give a more explicit example, consider a model where 6 € {1,2,3} with a corre-
sponding uniform prior P(#) = 1/3 for each §. Now presume that for some reason we
are only able to evaluate the likelihood at § = 1 and 6 = 2, giving p(D|§ = 1) =1
and p(D]0 = 2) = 10 respectively. Depending on the marginal likelihood p(D), the
posterior probability of P(f = 2|D) will vary wildly. For example, p(D) = 4 gives
P(0 =2|D) = 5/6, while p(D) = 1000 gives P(# = 2|D) = 1/100.

Though this example may seem far-fetched, this lack of knowledge of the marginal
likelihood is almost always seen in practice for realistic models, at least those with non-
trivial solutions. Typically it is not possible to enumerate all the possible values of 6 in
a reasonable time and we are left wondering: how much probability mass is left that we
have not seen? The problem is even worse in the setting where 6 is continuous, for which
it is naturally impossible to evaluate all possible values for 8. Knowing the posterior only
up to a normalization constant is deceptively unhelpful: we never know how much of the
probability mass we have missed and therefore whether the probability (or probability
density) where we have looked so far is tiny compared to some other dominant region we
are yet to explore. At its heart, the problem of Bayesian inference is a problem of where
to concentrate our finite computational resources so that we can effectively characterize
the posterior. If p(D) is known, then we generally have some idea of whether we are
looking in the right place or whether there are places left to look that we are yet to ﬁndﬁ

3For continuous problems, it might still be difficult to fully calibrate this even when p(D) is known
because we may not know what the effective scaling of the input space is. For example, different
problem parameterizations will lead to different posterior densities.
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5 Bayesian Machine Learning

Characterizing the Posterior

If we have the normalization constant, it might seem that we are done; after all, we now
have the exact form of the posterior (density) using Bayes’ rule. Unfortunately, it tends
to be the case, particularly when 0 is continuous, that this is insufficient to carry out most
tasks that we might want to use our posterior for. In particular, except in special cases,
we cannot directly draw samples from the posterior even if we know its exact density.
As such, knowing p(D) does not allow us to readily calculate expectations with respect
to the posterior or even construct Monte Carlo estimates of such expectations.

In fact, knowing p(D) is often not even necessary for calculating such expectations
and most prominent inference methods, such as MCMC, actually sidestep estimating the
marginal likelihood itself when forming characterizations of the posterior. The problem
that these approaches implicitly effectively focus on is figuring out where the posterior
density is large, remembering that our finite computational resources mean that we
cannot check everywhere. This is a difficult problem as, unlike optimization, inference
requires us to characterize all regions where the posterior density is significant, not just
find a single good solution.

5.7.2 Prominent Classes of Approximate Bayesian Inference Methods

e Markov chain Monte carlo (MCMC): construct a Markov chain (X1, Xa,...)
whose equilibrium distribution can be shown to be the posterior, and where each
Markov kernel X;y1|X; can be efficiently simulated. Simulate the Markov chain
for a large enough number of time steps, and use ergodic averages to approximate
posterior statistics of interest.

e Importance sampling: introduce a tractable proposal ¢(#) and use this to pro-
duce weighted samples from the posterior (see details later).

e Sequential Monte Carlo (SMC): construct a finite sequence of importance sam-
plers targeting a sequence of distributions with the last being the posterior distri-
bution. Use resampling and rejuvenation steps to improve the effective sample size
of each importance sampler.

e Approximate Bayesian computation (ABC): A Monte Carlo approach that
is applicable in cases where the likelihood is intractable or unknown, but can be
simulated. These methods are sometimes also called likelihood-free inference as
they do not assume knowledge of the likelihood function.

e Laplace approximation: Use a local Gaussian approximation constructed at a
maximum a posteriori (MAP) parameter (see details later).

e Variational inference: Frame approximation of the posterior as optimising a
lower bound on the evidence with respect to a variational distribution (will be
covered in depth later in the course).
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5 Bayesian Machine Learning

It is beyond the scope of this course to properly survey this literature (note that there
are two other Statistics Part C courses covering it), but we will briefly go over two of
the simplest and most important approaches—Laplace approximations and important
sampling—as these will be used later. We will also revisit this topic to cover one of the
most common modern approach, variational inference, later in the course.

5.7.3 Laplace Approximation

One of the techniques for approximation of intractable posterior distributions is the
Laplace approximation also known as saddlepoint approximation. The idea is
to simply approximate the posterior distribution p(f|D) with a (multivariate) Gaussian
distribution. Given the ease of manipulating Gaussians, this is a convenient choice, since
the various posterior expectations and predictive distributions can be easier to calculate
when we have Gaussian approximate posteriors.

Consider for simplicity the case where parameter 6 is a scalar and assume that posterior
mode OMAP is available. Often, the posterior mode can be found even if the normalising
constant p(D) is intractable since it suffices to maximise p(6|D) x p(8, D) = p(D|0)p(H)
using a numerical method. Then, we can use a Taylor expansion of log p(6|D) around
the posterior mode OMAP.

logp(8|D) = logp(MAT|D) + Eﬂog‘ge(ﬁﬂ)) 0 — @\/{AP>
9—OMAP
2
2 0 — é\NIAP 3

06?

9—OMAP

By ignoring the third and higher order terms and noticing that the the first derivative
at the mode must be zero, we have an approximation:

2
log p(6|D) ~ log p(6™MAP|D) — % (0 — éMAP) , (5.11)
where we write 7 = —% > 0. But recall that log N (Q]Iu, 02) = log ((27702)_1/2) _

ﬁ (0 — ,u)2, so this second order Taylor approximation has exactly the form of a normal

log-density with mean p = OMAP and variance o2 1

GMAP (_ 9% log p(6|D) ) _1>
9 892 .

This idea easily extends to multivariate densities. In particular, the Laplace approxi-

= 77" 80 we can approximate the

posterior with N <

mation of p(f|D) is a multivariate Gaussian N (é\MAP, E), where the inverse covariance

matriz is given by the negative Hessian of the log-posterior evaluated at the posterior
mode:

_82 log p(0|D)

-1
> N 00007

9—OMAP
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5 Bayesian Machine Learning

Since log p(0|D) agrees with logp(f, D) up to a constant, they have the same deriva-
tives, so often we work with the energy function J(0) = —logp(0,D), which is the
negative logarithm of the unnormalised posterior. Then we can write

82 (6)
90067

9—OMAP

»l =

5.7.4 Importance Sampling

Importance sampling is an fundamental sampling method that is the cornerstone for
many more advanced inference schemes. It relies on drawing samples from a proposal,
6 ~ q(0), and then assigning an importance weight to each sample. These importance
weights act like correction factors to account for the fact that we sampled from ¢(0)
rather than our target p(6|D).

To demonstrate the idea, consider the problem of calculating an expectation E, g p) [f(0)]
and assume for now that we can evaluate the density p(6|D) exactly, but cannot draw
samples from it. Importance sampling rearranges the form of the expectation to generate
a different Monte Carlo estimator which we can evaluate directly as follows

Eyop) [f /f

N

e\p

A

p(6]D)db = /f q(0)do

>

i |))f(én) where 6, ~ ¢(0) (5.12)

uMz

and p(0,|D)/q(8,) =: wy is known as an importance weight. The key trick we have
applied is to multiply the integrand by ¢(#)/q(6), which equals 1 for all points where
q(6) # 0. Thus if ¢(f) # 0 for all € for which p(0|D) # 0 (to avoid infinite importance
weights), this has no effect on the expectation. However, we can view the new formulation
as being the expectation of f(0)p(0|D)/q(f) under the distribution ¢(f) (assuming that
this has the same reference measure as the posterior). We can now construct a Monte
Carlo estimator for this new formulation by choosing ¢(#) to be a distribution we sample
from. Note the critical feature here that we only need to use f(0) lazily, that is we can
construct an empirical measure p(6|D) ~ + Zgzl wndg, (0) using only the model, then
later apply this to estimate the expectation of one or more f.

Importance sampling has a number of desirable properties as an inference method. In
particular, it is both unbiased and consistent (i.e. as N — oo the estimate converges to
the true expectation) subject to some mild assumptions (most notably, that the proposal
has heavier tails than the posterior). The former property means that its efficiency
is entirely dependent on the variance of the estimator, which can straightforwardly be
shown to be equal to Varyg) [p(0|D) f(6)/q(0)], such that the optimal proposal is q(6) o

p(0|D)|f(0)|, producing zero variance (i.e. exact) estimates if the sign of f(0) if constant.
In practice, we often do not know f upfront (or care about multiple different f) such that
we instead look to minimize the variance of the weights themselves. This is achieved when
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q(0) = p(0|D), for which all the weights will be exactly 1 and we have exact posterior
samples.

In practice, of course, we do not generally have access to a normalized version of the
posterior density and instead only the unnormalized density p(6, D) = p(6|D)p(D). Here
we can still generate importance sampling estimates by self-normalizing the impor-
tance weights.

The key idea for self-normalized importance sampling (SNIS) is that the weights
provide an unbiased and consistent estimator of the marginal likelihood

(LA I gl - p(01.D)| _
E an:lwn —N;E[wn}—Eq(él)[ q(él) = p(D).

Now as Egg) [p((f(’?)f(@)} = Ey) {pf(‘(})’)p(p)f(a)} = p(D) Eyp) [f(0)], we can use our
samples to construct Monte Carlo estimators for both p(D) and p(D) Epgp) [f(¢)] and

use the ratio of our estimates to get an estimate for Ey,qp) [f(0)] as follows

1 —N A R

~ . wnf(0, A 0,,D

N 21:”_1]\:1) 1 (0n) where 6, ~q(0), w,= pi( )
N znzl Wn,

This can alternatively be expressed as E,qp) [f(0)] ~ nyzl Wy, f(0,) where @, = T

Epop) [f(0)] ~

are the self-normalized importance weights such that Zivzl Wy, = 1.
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6 Gaussian Processes

6.1 Different views of regression

Regression with least squares loss L(y, f(x)) = (y — f(z))? implies that we are fitting
the conditional mean function f*(x) = E[Y|X = z]. This loss also corresponds to the
probabilistic model where y; is a noisy version of the underlying function f evaluated at
input x;:
il f (i) ~ N'(f(xi),0?), independently for i=1,... n. (6.1)
There are different ways to model the class of functions f.

e [Frequentist Parametric approach: model f as fy for some parameter vector 8. Fit
6 by ML / ERM with squared loss (linear regression).

e Frequentist Nonparametric approach: model f as the unknown parameter taking
values in an infinite-dimensional space of functions (RKHS). Fit f by regularized
ML / ERM with squared loss (kernel ridge regression)

e Bayesian Parametric approach: model f as fy for some parameter vector 6. Put a
prior on # and compute a posterior p(6|D) (Bayesian linear regression).

e Bayesian Nonparametric approach: treat f as the random variable taking values in
an infinite-dimensional space of functions. Put a prior over functions f € F, and
compute a posterior p(f|D) (Gaussian Process regression).

6.2 Gaussian Process Regression

Gaussian processes (GPs) are a widely used class of models that allow us to place a
prior distribution directly on the space of functions rather than on parameters in a par-
ticular family of functions. This prior can then be converted into a posterior distribution
once we have seen some data.

One can think of a Gaussian process as an infinite-dimensional generalisation of a
multivariate normal distribution. Namely, given an indez set X, a collection of random
variables {A;} c is said to be a Gaussian process if and only if for every finite set of
indices x1,..., o, vector [Ag,, ..., Ay ] has a multivariate normal distribution on R™.
Thus, to any Gaussian process, we can associate a random function f: X — R by setting
flx) = A,, for all x € X. Gaussian process is fully specified by its mean function and
covariance function, i.e.
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6 Gaussian Processes

where expectations are taken over f (x and 2’ are fixed elements in the index set X'). This
means that for any finite set x1,..., 2., £ = [f(21),..., f(z,)]" € R” has a distribution
N (m, K), where m; = m(x;) and K is the covariance matrix given by K;; = k(z;, x;).

We will typically assume that the mean function m(z) is zero under the Gaussian
process prior. If we know before seeing any data that the distribution of the function
evaluations should be centered around some other mean, we could easily include that
into the model. Equivalently, we could also subtract that known mean from the data
and just use the zero mean model. If we are looking at the data to estimate the mean
function, then often the zero mean GP suffices — in fact, structural information about
mean functions (constant, linear) can be included into the choice of the covariance func-
tion (exercises). Covariance functions k: X x X — R obviously has to be positive definite
so they are essentially equivalent to the kernel functions we have seen before. In fact,
there is a rich connection between RKHS methods and Gaussian processes, an example
of which we will discuss below.

6.2.1 Gaussian Conditioning and Regression Model

The convenience of manipulating multivariate normal distributions carries over to Gaus-
sian processes. Let us review the rules for Gaussian conditioning, which are key to
Gaussian process regression.

Gaussian Conditioning. Let z ~ N (i, Y) be a multivariate normal random vector
and let us split its dimensions into two parts, i.e.

Z1 i1 Y11 Yo
= ] = g Z = . 62
z [ZJ H [M] [221 Z22} (62)

Note that Y91 = X/, due to symmetry of covariance matrices. Then the conditional
density of zo given z; is also normal and given by

p(z2|z1) = N (22; po + S 217 (21 — 1), Toz — B X7 T1a). (6.3)

For a given set of inputs x = {x;}!" , we denote the vector of evaluations of f by f =
[f(z1),..., f(z,)]" € R™ and the vector of observed outputs by y = [y1,...,yn]" € R".
Note that since we treat f as a random function, f is a random n-dimensional vector.
The Gaussian process regression model, assuming likelihood function in , is then
given by

f ~ N(0,K)
y|f ~ N (£,0°1),

where K is the covariance (kernel) matrix given by K;; = k(z;, ;). But because both
the prior and the likelihood are normal this simply means that f and y are jointly normal
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o = ([ o) o

For example, to find the cross-covariance between f and y note that
E [fyT] —E [f(f + aeﬂ ~E [HT} + o [fJ] ~ K, (6.5)

where € ~ N(0,I) is independent of f. Now, we can simply apply the Gaussian condi-
tioning to find the posterior distribution

fly ~ N(K(K +¢*I) 'y, K - K(K + ¢*I) " 'K).

This gives as the posterior distribution of the evaluations of the unknown function at the
set of inputs where we have observed noisy evaluations y.

6.2.2 Posterior Predictive Distribution

But we can continue with this formalism further and construct the posterior predictive
distribution. Suppose x’ = {2/} is a test set. We can extend our model to include
the function values f' = [f(z}),..., f(2},)]T € R™ at the test set. The prior can now
be extended to include f’ (recall that our prior was on the whole function — not on its

values at specific locations!), so that the model reads:

f / 0 Kxx Kxx’
HESE (il viod)
y|f ~ N(f,0°1)

where (Kxx);; = k(zi,75), (Kxwx)i; = k(75,2}), K is an n x m matrix with (i, j)-th

g
entry k(zi, 7)) and Kyx = K , We are now making use of the joint normality of f’ and
f’ 0 Kx’x’ Kx’x
b~ (] [ ) =

and from Gaussian conditioning rules again, we can read off the posterior predictive
distribution as

f'ly ~ N (K (Kxx + 021) 'y, Ko — Ko (Kxx + 0%1) Ky ) - (6.7)

Thus, we also have a closed form expression for the posterior distribution of the eval-
uations of the unknown function at any collection of inputs in X. While this follows
directly from the joint normality and Gaussian conditioning rules, it is instructive to no-
tice that we could have arrived at the posterior predictive by integrating p(f’|f) through
the posterior p(fly), i.e.

p(y) = / p(E'£)p(Ely)d. (6.8)

This follows from [ N(a; Be, D)N (c;e, F)dc = N (a; Be, D+ BF BT) (ewercises). Namely,
even if we no longer have the Gaussian observation model (6.1]) and y and f are no longer
jointly normal, we can still use to reason about the posterior predictive distribution.
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6.2.3 Gaussian Process Conjugacy

A GP prior is conjugate to a Gaussian likelihood so we can think about generalizing f'|y
to fly, yielding a GP posterior as follows:

Gaussian Process Posterior. A GP prior f ~ GP(0, kprior) coupled with a Gaussian
likelihood y|f ~ N (f, 021I) leads to a GP posterior as follows
fly ~ GP(mypost, kpost) where
Mpost () = Kx ()T (Kxx + 02I) "y
Kpost (7, ") = Kprior (7, 27) — K (2) (Kxx + 021) " Kx(2')
Kx(z) = [kprior(x,xl) kprior(ac,mN)]T

(6.9)

Note that this formulations satisfies the consistency of Bayes’ rule under multiple obser-
vations, such that we get the same result from sequentially conditioning on observations
as from conditioning on all observations at once. This is a little ugly to show algebraically
but easily confirmed numerically.

6.2.4 Kernel Ridge Regression vs Gaussian Process Regression

If kernel ridge regression (KRR) uses the same kernel as the covariance function in
Gaussian process regression (GPR) and moreover, if the regularisation parameter \ in
KRR is the same as the noise variance o2 in GPR, KRR estimate of the function coincides
with the GPR posterior mean. Indeed, recall that in KRR we are solving empirical risk

minimisation
n

. 2, 292
min i — SJ(xi))" +o )
poip 3 0 @)+ U1
and are fitting a function of the form f(z) = Y 1" | ik (-, ;). Closed form solution is

given by a = (KxX + 02[)_1 y. But then if we wish to predict function values at a new

!/ __ /im 3
set x' = {2/ }1, of input vectors, we have

f(w;) = Zaik (x;,ml) = [k:(:v;-,xl), .. ,k(x;,xn)] (Kxx + 021) 7y,
i=1

and [k(a:;, r1),. .., k(2] xn)} is the j-th row of K/, so this is the same as the mean in
(6.7). Note that GPR also gives predictive variance, a measure of uncertainty, which can
be important when making predictions far away from the input data. There are other
important differences between the two approaches: KRR is frequentist, while GPR is
Bayesian, and thus the hyperparameters are fitted in different ways. KRR typically uses
cross-validation and grid search, while GPR, as we discuss next, uses maximum marginal
likelihood or a fully Bayesian treatment with hyperparameters integrated out.

64
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6.3 Hyperparameter Selection

Probabilistic model given by Gaussian processes allows principled selection of hyperpa-
rameters in the model (parameters of the kernel function and the noise variance in the
likelihood (6.1))) using mazimum marginal likelihood.

Marginal likelihood of the hyperparameter vector § = (v,02) which would generally
include kernel parameters v as well as the standard deviation o2 of the noise in the
observation model, is given by

p(510) = [ 318 0)p(E0)dE = N (v:0.K, +0°1)

We will introduce the shorthand Ky = K, + o?I. Thus, we can write the marginal
log-likelihood as

1 1 _ n
logp(y|f) = — log[Kos| — 5y " Kply —  log(2m). (6.10)
In general, marginal log-likelihood is a nonconvex function of the parameter vector 6
and it can have multiple maxima - thus we typically resort to numerical optimisation
methods, such as gradient ascent. Using some linear algebra derivative identities that
are beyond the course, we can show that the derivative with respect to 6; has the form

0K 1 0K
-1 0+ Tyr—1 0+ g-—1
<K9Jr 50, ) B K9+ 0, K9+y. (6.11)

0 1
8791- log p(y|0) = —§Tr

Some common kernel choices in this context involve automatic relevance determina-
tion (ARD) kernel

p j 1(5)\2
k(z,2') = 12exp [ — Z M , (6.12)
j=1 ;j

which has a global scale parameter 7 as well as one bandwidth parameter 7; per covariate
dimension j. If in the hyperparameter selection, very large values of n; are selected, this
essentially means that the dimension j is switched off (does not contribute to the kernel
function). This is very useful in applications where it is likely that not all dimensions
will be relevant.

In addition to maximum marginal likelihood, we can also perform full Bayesian in-
ference for hyperparameters. Namely, we could start with a prior p(f) on 6 and draw
samples from the posterior

p(oly) o p(O)p(ylo) = p(0) / p(yIf. O)p(F[6)ds .

This means that we can integrate uncertainty over hyperparameters into predictions as
well, and approximate (integral is typically not available in closed form)

p(f'ly) = /p(f’!y,ﬂ)p(my)d@.
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6.4 Gaussian Processes for Classification

In Bayesian classification problems, we are interested in modelling the posterior proba-
bilities of the categorical response variable given a set of training examples and a new
input vector. These probabilities must lie in the interval (0, 1) while a Gaussian process
models functions that have output on the entire real axis. Thus, it is necessary to adapt
Gaussian processes by transforming their outputs using an appropriate nonlinear acti-
vation/link function. Consider the binary classification model with classes —1 and +1,
using the logistic sigmoid:

1

p(yi = +1[f(2:) = s(f(2i)) = 1T e J@ (6.13)

This non-Gaussian form of the likelihood function, however, renders exact posterior in-
ference intractable and approximate methods are needed. There are a number of approx-
imate schemes that can be used but we will focus here on Laplace approximation. We
know that

log p(f|y) = const + logp (f) + logp (y|f)

LTt -
= const — if K 'f+ ;log s(yif(x;)).

Thus, we can compute the gradient

0l f
Ologpfly) _ g1y g (6.14)
of

where the gradient of the likelihood is g¢ = %ﬁ’\f) with [gf], = %}éym = s(—yif(z:))yi-
The Hessian is given by

0*log p(fly) 1

————=-K"" —-D 1

OfOf T T (6.15)

where Dy = Plogpylf) i the negatlve Hessian of the log-likelihood, which is an n x

n diagonal matrn@awmh )i (f(:vl))s( f(x;)). The overall Hessian of the log-
posterior is negative deﬁmte since K~ is positive definite and (Dy),, > 0. Thus, there
is a unique posterior mode. Note also that Ds depends on f = [f1,..., fn]T but not on
the labels y. We can now employ numerical optimisation (gradient ascent or Newton-
Raphson method) to find the posterior mode fMAP and approximate the posterior p (fly)
with a normal distribution:

5(fly) = N(f’fMAP,(K*1+DfMAP)_1>.

!Note that %”(ym is a diagonal matrix in any GP model regardless of the form of the likelihood

function as long as it factorizes across observations, i.e. p(y|f) = [, »(y:|fi) with (Dy),, =
2
—%W. In addition, if log p(y|f) is concave in f, (Dy),, > 0.

i
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Note that this can be rewritten as
fMAP

F(tly) = N(f‘fMAP,K—K(KJrD‘I >_1K>,

using the Woodbury identit (K '+ D)_l =K-K(K-+ D_l)_l K for invertible
matrices K and D.
We can use the Laplace approximation further to construct an approximation of the

predictive posterior at a test set x" = {2/}, writing
B(Ely) = [ o(E0)5(ely)de. (6.16)

which can now be solved in the closed form since p(f’|f) is also normal,
P (f/’f) = N (f/ ‘ KX’XK;ifa Kx/x/ — KX’XK;inx’) s
giving

~ —1
D (f/|Y) =N <f/ ‘ Kx’xK;ifMAP’ Kyx — Kywx (KXX + Dgh}AP) Kxx/) : (6.17)

6.4.1 Numerically stable implementation

Kernel matrix K can in practice have eigenvalues close to zero and thus be numerically
unstable to invert. Fortunately, the direct inversion of K can be avoided. Consider, for
example, the Newton iteration for finding the MAP given by

. <82 logp(if"!y)>_1 dlogp(fly)
OFOfT of
— f+ (K '+Dy) " (gr—K'f)
— (K '4+Dy) (K4 Dy)f+ (K +Dp) " (gr — K 'f)
— (K '+Dy)"" (Dsf +gr)
- [K-K(K+D;') " K| (Dsf +er).

fnew

where the last step makes use of the Woodbury identity from before. We thus have an
expression involving only the inverse of K + Dy Land not of K, which is typically much
better behaved. Further manipulations are also possible if this still proves problematic,
see e.g. [41) Section 3.4.3].

*Woodbury matrix identity or matrix inversion lemma in its general form is (A +UCV) ' = A~! —
AU (C’f1 + VAflU)f1 VA™! for matrices A,U,C,V of conformable sizes.
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6.5 Large-Scale Kernel Approximations

Gaussian processes and kernel methods require computational cost that scales at least as
O(n?) and often as O(n?®) in the number of observations n (due to the need to compute,
store and invert the n x n kernel matrix K). This is the price we pay for having a non-
parametric model, i.e. for performing the computation in terms of the dual coefficients.
For large datasets (anything above a few thousand datapoints for GPs) this becomes
a prohibitive computational cost and memory requirement. Many methods have been
proposed to deal with this issue, here we will overview the basic approaches based on the
reduced-rank approximation of Kyx - see Chapter 8 of [41I] for an in-depth overview.

6.5.1 Low Rank Matrix Approximations

GP regression and kernel ridge regression both require inversion of the matrix Kyx +021.
Let us assume for the moment that Kxx can be approximated by a rank m matrix, with
m < n, ie. Kyx = QQT, where Q is an n x m matrix. Then we can apply the matrix
inversion lemma and write

(QQT + 021)_1 — 02— 02Q (021 + QTQ>_1 o, (6.18)

such that the inversion of an n X n matrix has been transformed into an inversion of
an m x m matrix. However, in order to derive the optimal reduced-rank approximation
to Kxx, we need to perform the eigendecomposition of Kxx which is itself a costly
operation, requiring O(n?®) computation. Instead, a classic approach is the Nystrém
approximation: )

Kxx = szKz_lezm

where {z; };nzl is a collection of a small number of inputs in X (which could be a subset of
the training set, but could also be some auxiliary pseudo-inputs) called inducing points
or landmark points that need to be learned, and we denoted as usual (Kzz)ij =
k(zi, 2), (sz)ij = k(z;,25) and K,x = KIZ. Now, we can set QQ = KXZKZ_Zl/2 and
apply the formula (6.18:. Note that this is equivalent to using a finite-dimensional

feature map ¢ : x — Ko, /2 [k(z1,2), ..., k(2m, x)fand an approzimate kernel l%(m,x’) =

¢ (2)" ¢ ().

6.5.2 Sparse Gaussian Processes

There are a large variety of alternative approximate methods in the GP literature that
also make use of similar ideas with inducing points to approximate the GP posterior (see
e.g., Chapter 2 of [49)] for a recent review) in different ways. These are known as sparse
Gaussian process approximations.

Many sparse GP approaches operate in a way that avoids implying a finite dimensional
feature map. This is important when it comes to uncertainty prediction as it avoids
collapsing of the uncertainty estimates away from the data points; they maintain the
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non—parametric nature of GPs. By contrast, any approximation that implies a finite—
dimensional feature map will induce a posterior that collapses everywhere given sufficient
training data due to the Bernstein von Mises theorem.

Though it is beyond the scope of the course to cover these sparse GP approximations
properly, or indeed the many interpretations they afford, we note that they can be intu-
itively be thought of as summarizing the data through m inducing points and then using
these inducing points to fit the GP. The inducing points take the form of pseudo data,
with both their input and output values carefully optimized/inferred to achieve the best
possible approximation. As such, they play the role of maximally informative “super”
datapoints, with the intuition being that smoothness of the GP causes substantial re-
dundancy in the information provided by the full dataset (i.e. groups of closely spaced
datapoints can be summarized by a single carefully placed datapoint).

6.5.3 Random Fourier Features

Another popular method are random Fourier features (RFF) [37], used regularly in
the context of frequentist kernel methods (e.g. KRR) due to their strong theoretical
guarantees and asymptotic performance, but less often for GPs due to not maintain-
ing non—parametric uncertainty estimates. The idea behind them is to use something
called Bochner’s Theorem, which gives a representation of translation-invariant or
stationary kernels on RP using a Fourier transform, and then derive more tractable
approximations from this representation.

If our kernel takes the form k(x,2') = k(xz — 2’) such that it only depends on the
difference x — 2/, it turns out that we can represent it as

k(z,2') =2k(0)E [COS(UJTCU + b) cos(w 'z’ + b) (6.19)

where b ~ Uniform(0,27) and w € RP has density given by the normalized Fourier
transform of x, that is{ﬂ

p(w) o</ k() exp(—in(s)ch:/ #(0) cos(w’ 8)ds.
d€RP d€RP

Though the proof is non—trivial, the intuition here is that a Fourier transformation of k
always produces a non—negative measure if k is a valid kernel (Bochner’s Theorem). Thus
by normalizing this measure and considering its inverse mapping back into the original

space we can derive the above result after some algebraic manipulations.
For many common kernels, p(w) is analytically calculable and can be easily sam-
/||2

pled from. For example, if k(z,2’) = Aexp (—# |z —x ) with constants A and

v (i.e. an RBF kernel), then p(w) = N(w;0,7 2I). In such cases, we can derive an

3Note that the imaginary part of p(w) is always zero. This can be shown by combining Euler’s formula,
that is exp(—iw”§) = cos(wTd) — isin(w”'§), with the fact that x(—J) = x(5) because kernels are
symmetric. Thus the imaginary part of the integrand is anti-symmetric and thus integrates to zero
over the real line.

69



6 Gaussian Processes

unbiased m—sample Monte Carlo estimate for k(x,z’) by sampling @; i p(w) and
l;j & Uniform(0, 27) and taking

k:(x,x/) ~ km(‘rvx,) = T J

26(0)
Z cos(d)ij +bj) cos(&] 2’ 4 bj). (6.20)
7j=1
The significance of this approximation is that it can be represented as an explicit inner
product between feature maps ¢,, : R? — R™ as follows

km(z,2") = gom(x)Tgom(x/)
[2 . . . qT
where ¢, (z) = /jio) [cos(d)lTx +b1), cos(@y & + bo), ..., cos(@, x + bm)] .

We can then use this to “undo” the kernel trick and revert back to an explicit transfor-
mation of our input data. That is, we can calculate the resulting feature representation
of the data @, € R™" and then apply the “unkernelized” version of our method. For
example, in kernel PCA or kernel ridge regression we can work with @%@m (which is
m x m) instead of the gram matrix ®,,®. (which is n x n), thereby reducing the cost
from O(n?) to O(m?n).

Though it is somewhat ironic and disappointing to have come full circle such that
we are now essentially not using a kernel method at all but taking a fixed feature map
instead, such approximate kernel methods can still be quite useful in practice. Essentially,
we have shown that feature maps of the form can provide us behavior akin to full
kernel methods and come with strong theoretical motivation in terms of their behavior
in the limits of large m. Nonetheless, we must be careful to justify the use of kernel
methods in cases where we have a large amount of data, with alternative methods that
do not suffer from such issues, such as deep learning approaches, often available.

(6.21)
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7 Bayesian Optimization

Bayesian optimization is a global optimization scheme that requires only that the
target function can be evaluated (noisily) at any given point [33, 24] O] 43]. It does
not require derivativesf_-] naturally incorporates noisy evaluations, and is typically highly
efficient in the number of function evaluations. It is therefore suited to problems where the
target function corresponds to the output of a simulator, estimation scheme, algorithm
performance evaluation, or other cases where the target is not known in closed form and
is expensive to evaluate. It remains a fast growing area of active research and has been
successfully applied to a wide range of problems such as hyperparameter tuning [44],
tuning simulators or physical experiments [48], and even perfecting dessert recipes [28]

7.1 Motivation: tuning hyperparameters as optimizing
“black-box” functions

Through the course we have considered /will consider several families of machine learning
models which have complex inference algorithms and often require tuning of a number
of hyperparameters in order to make them work in practice. These could for example
be kernel parameters, the number of layers and units per layer in a deep neural net-
work, learning rates, regularization parameters, or batch sizes in stochastic optimizers.
Choosing the right hyperparameters can often have massive impact on performance, but
performing the required optimization can be extremely difficult and time consuming as
the algorithm itself needs to be trained for each tested configuration. The classic ap-
proach for doing this is often considered to be “graduate student descent,” that is getting
somebody to manually tune the parameters for you!

BO provides a mechanism to do this in a more principled and automated way, i.e.
without having “human in the loop.” Ideally, we would want a fully automated machine
learning pipeline where (nearly) optimal model configuration is selected with a small
number of algorithm runs.

More broadly, we are interested globally maximizingﬂ some function f(z) within some
domain X,

2" = argmax, ey f(2),
in a setting where evaluations of f(x) are very ezpensive and potentially also noisy.

We will consider f to be a black-box function such that we can only make pointwise
evaluations for selected inputs z;, yielding y; = f(x;) + €;, where €; represents any

!Nonetheless, derivative measurements, if available, can still often be exploited to improve the BO
procedure. See, for example, [35] Section 4.7].
*For minimization, we can simply consider maximizing — f(z) instead.
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potential noise in this evaluation. Each such evaluation is expected to incur a substantial
(computational) cost, e.g. corresponding to training a large machine learning model or
running a physical experiment, such that we need to be very careful in choosing the
best possible inputs to evaluate; we will often have a strict budget on the number of
evaluations we can afford. We will also generally assume that X is a bounded domain
such that X C R, but note that there are also strategies for running BO in unbounded
domains or where inputs are not real valued, see e.g. [39].

7.2 Optimization Through a Surrogate Model

The key idea of BO is to place a surrogate model on f, most commonly a GP (we
will assume this is the case from here on), that allows us to reason about its values at
points we have not directly evaluated. In particular, it allows estimation of the expected
value and uncertainty in f (z) for all x € X'. As new evaluations are made, the resultant
information is incorporated into the model so that our surrogate becomes more accurate
with time, with the aim being to achieve an accurate representation in region around the
true optimum. Under the standard assumption of a GP prior and a Gaussian likelihood
(i.e. assuming that our noise terms ¢; are i.i.d. Gaussian), the information contained by
our surrogate is contained within the GP posterior mean, which we will denote p(x), and
its marginal posterior standard deviation, which we will denote o(x) := \/kpost (2, ).

Because BO employs only point-wise function evaluations, there are only two things
we need to control (assuming that we have a fixed budget of function evaluations)

1. Where we evaluate the function;
2. Where we predict the optimum to be given our evaluations.

Both of these can be controlled using our GP surrogate.

Given a set of evaluations {;,vy;}}_;, the second of these is straightforward: we use
the tested input which has the highest posterior mean under our input, that is x;« where
i* = argmax;cqy, . ny #(7;), as our prediction. If our evaluations are noiseless this will
coincide with largest of our evaluations (presuming the GP is setup appropriately), but it
allows for marginalizing out this noisy in the more general case. There are of course also
some variations on this. For example, in some rare cases we might instead allow return
of a point that is not actually in our set of evaluations at all by finding and returning
argmax,c y ((x). Alternatively, we might more conservatively choose the evaluated point
with the best lower bound on the function by considering p(z) — fo(z), for some 5 > 0,
instead of u(x).

The first problem, of where to evaluate the function, is the real challenge of optimiza-
tion. It constitutes a (Bayesian) sequential experimental design problem: at each
iteration of our optimization algorithm we want to choose to evaluate the point that will
result in the most information being gained about the location of the optimum.

To encapsulate this, we specify a so-called acquisition function ( : X — R that
encodes the relative utility of evaluating a new point. The optimum of this acquisition
function is then the optimal point to evaluate at the next iteration. At a high level,
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(a) 10 evaluations (b) 11 evaluations (¢) 20 evaluations

Figure 7.1: Tllustration of using Bayesian optimization to optimize the toy one dimen-
sional problem given in . Red dots show the function evaluations, the
dotted red line shows the true function, the solid blue line is the GP mean,
the shaded region is the GP mean £2 standard deviations, the green line
is the acquisition function, and the dotted purple line is the location of the
maximum of the acquisition function. Note that the scales for the acquisition
functions are different for the different iterations. See main text for further
description.

the utility of a point is based on a trade-off between exploration, namely the desire to
evaluate points where our uncertainty is high to reduce the uncertainty in those regions,
and exploitation, namely the desire to evaluate points where the expected function value
is high so that we get a good characterization of the function in promising regions. For
example we want to refine our estimates of promising local optima, while also investi-
gating places that may contain peaks we have missed thus far. We will return to discuss
specific acquisition functions in depth in the next section, noting only for now that good
acquisition functions should balance this exploration—exploitation trade—off.

When direct evaluation of f is expensive, the acquisition function constitutes a cheaper—
to—evaluate substitute, which is optimized to ascertain the next point at which the target
function should be evaluated in a sequential fashion. By interleaving optimization of the
acquisition function, evaluating f at the suggested point, and updating the surrogate
(and thus also the acquisition function), BO forms a global optimization algorithm that
is typically very efficient in the required number of function evaluations, whilst naturally
dealing with noise in the outputs.

Figure [7.1] shows an example of BO being used to maximize the following simple one-
dimensional function

flz)=—=——=— , —5<x<5h (7.1)

with observation noise € ~ A(0,0.012). Consider, for example, the acquisition function
after 10 function evaluations shown in green in Figure [7.1al This is reasonably large
in the two regions of highest uncertainty, but it is highest in the region near the true
global optima where both the expected value and uncertainty are high. At the next
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iteration (Figure , on the other hand, the uncertainty in this region has dropped
dramatically and the point with the highest uncertainty now has the largest value for
the acquisition function and so this is the point that will be evaluated next. Overall,
we see that BO works by interleaving regressing a GP to the evaluations, optimizing the
acquisition function to find the next point to evaluate, evaluating the target function at
that point, and the updating the GP regression again.

By the time we have made 20 evaluations (Figure [7.1c]), we have a very accurate char-
acterization of the true function in the region of its true optimum, and therefore a highly
accurate optimization. The characterization is less accurate elsewhere, highlighting the
sample efficiency of BO as it shows how computational resources are focused on where
they are required: we do not need to the function’s exact value at points we are highly
confident are not the global optimum.

At first, it might seem strange to replace our original optimization problem with an-
other in the form of optimizing the acquisition function to choose the point to evaluate
next. This new optimization problem is itself a global optimization of a typically highly
multi-modal function and we need to carry it out at each iteration of the BO algorithm.
Indeed if the target function f is cheap to evaluate, taking such an approach would be
rather foolish. The key difference is that the surrogate optimization problem can bhe
solved without the need to evaluate the original target function. Therefore, if f is ex-
pensive to evaluate, this additional computation can be justified if it keeps the number
of required evaluations of f to a minimum.

There are also a number of other features that mean the problem of optimizing the
acquisition function is typically much easier than the original target — it can be evaluated
exactly, derivatives are often available, and provided an appropriate kernel is used, then
it is guaranteed to be smooth. It is also not typically necessary to ensure that the
acquisition function is optimized exactly, as evaluating a point that is sub-optimal under
the acquisition function simply means that a point which we expected to be marginal
less helpful is evaluated at the next iteration; it does not undermine the optimization of
f(x) itself in anyway. This can be useful when the time for a BO iteration is comparable
to a function evaluation, as the amount of computational effort undertaken by the BO
can be tuned to the problem at hand.

7.2.1 Choice of Surrogate

We have thus far assumed that a GP is used for the surrogate. Though this is far from
the only possible choice, GPs remain the most common surrogate model used in practice
because of a number of beneficial features. For example, they are very powerful regressors
that can accurately represent the function from relatively few evaluations, especially for
low-dimensional smooth functions. They also naturally produce uncertainty estimates
that are typically more accurate than those produced by alternatives which often have
to resort to post-processing or heuristics to estimate uncertainty. This also leads to
simple and tractable acquisition functions as we will see later. Similarly, their ability to
incorporate noisy observations is often helpful. However, because GP inference is only
analytic for Gaussian likelihoods, it is often impractical to incorporate non-Gaussian
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noise. This problem can be particularly manifest when the observations are bounded,
such as when the target is a probability and thus always positive. A common way of
dealing with this is to optimize a mapping of the original function, for example optimizing
the log evidence in Bayesian model learning problems.

When prior information is known about the function, their flexibility in choosing the
covariance kernel can also be very helpful, for example allowing known smoothness to
be incorporated. However, this can also be a curse as an inappropriate choice of kernel
can severely hamper the performance. In particular, it will typically be necessary to do
inference over, or at least optimize, the GP hyperparameters. Another drawback to using
GPs is poor scaling in the number of iterations. This can be particularly problematic for
BO as we will be training a new GP at each iteration and then also need to evaluate it a
large number of times as Wellﬂ the overall cost of running BO algorithm for n iterations
will be O(n*) which can quickly catch up with the cost of the function evaluations them-
selves. Random forests can be an attractive, far cheaper, alternative in settings where
this becomes problematic [23]. As with all kernel methods, the scaling with the input
dimensionality is also typically poor, with neural network based approaches sometimes
preferable for moderate or high dimensional problems [45].

7.3 Acquisition Functions

We now introduce a number of common acquisition functions when using a GP surro-
gate. The choice of acquisition function can be critical to the performance of Bayesian
optimization and its choice forms a basis for a significant proportion of the Bayesian opti-
mization literature [43]. In particular, some acquisition functions have pathologies which
can severely impede the performance of BO. This has led to the development of some
very powerful, but computationally intensive and algorithmically complicated, acquisi-
tion strategies, such that there is often a speed/simplicity vs per iteration performance
trade-off in their selection.

7.3.1 Probability of Improvement

One of the conceptually simplest acquisition functions is the probability of improve-
ment (PI), namely the probability that the function value at a point is higher than the
current estimated optimum. The probability of improvement has a simple analytic form
because the marginal distributions for function evaluations are Gaussian. Specifically,
let

= max p(x) (7.2)

ie{l,...,n}

denote the point with the highest expected value and define

, (7.3)

*Note that we only need to do the critical O(n?) matrix once, after which prediction at new points can
be done in O(n?).
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where £ > 0 is a user set parameter that represent a threshold of improvement we wish
to pass. The probability of improvement is then defined as the probability of improving
the objective function by at least an amount &

Cp1() : = P(f(z) > p* +¢ID)

o0

= N (f(x); p(x), 0 (x))df ()

pt+€
=@ (v (2))

where @ (-) represents the unit normal cumulative distribution function. Note here that
we are considering the probability of the true function value being larger than our thresh-
old u™ + £, not that a noisy output evaluation will be above the threshold.

It is easy to see that setting & too small will lead to pathologies, with & — 0 poten-
tially causing evaluations only infinitesimally far away from the current best estimate
of the optimum. Note also that & — oo corresponds to pure exploration as this will
corresponding to choosing the point with the largest o(z).

The performance of PI further turns out to be extremely sensitive to the value of &,
with it often needing to be set adaptively over different iterations. It is also easy to see
that it fail to encapsulate the magnitude of any potential gains, such that it fails to use
all the information available. Because of these shortfalls, it is rarely used in practice.

7.3.2 Expected Improvement

A method less sensitive to tuning is the expected improvement (EI). It is conceptually
similar to PI, but incorporates the idea that large improvements are more beneficial than
small improvements. It, therefore, better represents the importance of exploration and is
less prone to over-exploitation. It can also be calculated analytically for a GP by making
use of the following general result for Gaussian random variables.

Lemma 15. Let S ~ N(m,7'2). Denote by ® the cdf of a standard normal random
variable. Then

> 9 m m
E [max (0,S5)] = sN (s;m, 7%) ds = m® (*) + 7N (—;0,1).
0 T T
Now more formally defining the expected improvement, we now have

Guae) 1= [ () = " ONU @) o), o) )

- /ooo SN (s + p* + & (), 0®(«))ds

_ /0 N (s () — 1t — €, 0% (@) ds
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and applying Lemma
= (i) — p* — &) B(1(x)) + 0 (@N (3(2):0,1)
o) (v(w)fb(v(:r)) N0, 1)) |

The parameter ¢ plays a similar role as for the PI, but in this case £ = 0 no longer cor-
responds to pure exploitation and is actually a perfectly valid choice (though sometimes
a little prone to insufficient exploration). More generally, it is usually found that EI is
not overly sensitive to & and that cooling schedules are not usually needed. It is thus
typically fixed to a small, but non—zero, value.

It is worth noting here that, though these presented versions are the most common
forms used for EI and PI, alternative variants can also be calculated that incorporate
uncertainty in the function’s value at our best point. That is, instead of considering the
improvement over ut + &, they consider improvement over f(z*) + & where zT is the
input associated with u™ and f(x™) is now itself considered a random variable. These
variants will be derived in the examples sheet.

7.3.3 Upper Confidence Bounding

Another possible acquisition strategy is to maximize the upper confidence bound
(UCB) for the function value, namely

UCB (z) = p(z) + po (z) (7.4)

where § > 0 is again a parameter that will control the exploration/exploitation trade-off
and is sometimes known as an optimism boost. This bound represents the point at
which the probability the function is less than this value is ®(f).

In general, 8 needs to slightly increase as we take more iterations (though potentially
only at a logarithmic rate) to avoid pathologies where certain regions are never evaluated
no matter how many iterations we take because they have u(z) + 8o () < u™. Note
that the same principle is used extensively in the theory of K-armed bandits which deals
with a similar setup of the optimization of uncertain objectives over a discrete number
of choices (not covered in this course).

7.3.4 Information-Based Policies

At the end of the day, the aim of BO is to find the location of the optimum. The
true utility of evaluating a new point is, therefore, in the information it provides about
the location of the true maximum z* and the assistance it provides in guiding future
evaluations. Though the latter of these is difficult to actively incorporate, the former is
something that can be targeted in a principled manner by considering the distribution
on the location of the maximum p(z*|D) where D is the previous evaluation pairs.

The simplest way this can be done is using Thompson sampling, where instead of
optimizing an acquisition function directly, one looks to sample the next point to evaluate

77



7 Bayesian Optimization

from p(2*|D). In the GP setting, this is equivalent to sampling a particular function
realization f and then taking z,11 as the optimum of this particular realization. This
can prove surprisingly expensive, as sampling a joint realization of a GP at M points is
an O(M?3) operation, but it is still occasionally done in practice.

A more complicated, but theoretically more powerful approach, is to try and directly
optimize for the point that will, in expectation, most reduce the uncertainty about the
location of the maximum. These so-called entropy search (ES) methods |20, 21] use
as an acquisition function the expected gain in Shannon information about the loca-
tion of the optimum, that is the reduction in entropy of the location of the maximum.
Equivalently, this is conditional mutual information between z* and the value of the new
evaluation y,41, given the previously observed data D and point we choose to evaluate
Zn+1. These methods are special instances of the more general concept of sequential
Bayesian experimental design [11].

Unfortunately, this mutual information is not analytically tractable and actually rather
challenging to estimate effectively. One must thus resort to approximation schemes to be
able to use the approach. Despite these approximations, some of the resulting ES schemes
provide excellent empirical performance in terms of the number of function evaluations
and form some of the state-of-the-art acquisition functions for BO.
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Deep learning is a machine learning approach where we construct a parameterized predic-
tive function using a computational graph of simpler differentiable functional blocks, and
then train this on data using some form of gradient-based optimization. Though many
of the key ideas stem back to the 1980s and 90s, and sometime even further, the field has
seen a meteoric rise over the last decade. This is due to a combination of outstanding
empirical successes for large, high-dimensional, datasets (particularly vision and natural
language processing); its flexibility to deal with a wide array of problems that few other
approaches are appropriate for; and the development of highly advanced software and
hardware that the makes developing and deploying models simple, scalable, and efficient.
Though the speed of its rise has often lead to over-hyping and sometimes even down-
right misinformation, it is undeniable that it is an extremely powerful approach that
now forms the basis for a significant proportion of both machine learning research and
its applications, while being at the centre of many major technological advancements.

Note that this is a chapter where the lectures (and slides) contain a particularly large
amount of additional information on top of the content of these notes. In particular,
much of the motivation, high—level intuitions, and examples will only be covered in the
lectures themselves.

8.1 Why Deep Learning

Consider the empirical risk minimisation framework for linear binary classification:

S T - T
Jin <2llw!2 +C Y Liyi,w fci)>

=1

We have seen how we can generalise the linear method to a non-linear one using a kernel.
The resulting ERM objective is:

min (;HwH% +C Ly, (w, k(xi, -)m))

wWEH, =
1=

This implicitly and non-linearly maps inputs x; into an RKHS k(x;, -) element. A choice
for the kernel corresponds effectively to a choice of features to use, and often domain
knowledge is required to make an appropriate choice.

There are a number of problems with this approach:
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1. For many problems it may not be obvious what kernel /features to use to achieve
good performance. In particular, for high—-dimensional problems it may be ex-
tremely difficult to manually construct appropriate measures of similarity or mean-
ingful features.

2. Even if a kernel family can be identified, we still need to optimize the hyperparam-
eters which can be both challenging and computationally expensive.

3. Kernel methods can be computationally slow. Using the Representer Theorem
means that optimisation is based on the Gram matrix which is n? in size, and can
require O(n3) computational cost to optimise. This is infeasible for large n.

From the perspective of ERM, deep learning addresses both the modelling (kernel /feature
choice) and computational issues faced by kernel methods. Important ideas are:

1. Instead of “feature engineering,” we should do feature learning using end-to-
end learning. That is, as much of the system as possible is learnt simultaneously
by minimising the (regularised) empirical risk. This ensures that all parts of the
system are optimised for our overall task.

2. Efficient, automated, approaches for calculating the derivatives coupled with simple
stochastic gradient descent (SGD) optimisation algorithms allows for scalability to
significantly larger datasets and model sizes.

In addition, deep learning has a number of important advantage over traditional ML
frameworks:

1. Domain knowledge can be reflected in the design choices for the neural architecture
and other components of the system (including data pre-processing, regularisation
and optimiser) for good generalisation properties. Such inductive biases are fur-
ther often form much weaker assumptions than fixed generative model approaches
(e.g. traditional Bayesian models); deep learning can sometimes form an effective
middle ground where we can utilize prior expertise without being overly restrictive.

2. Modularity allows for straightforwardly building complex models, known as archi-
tectures, from a large range of simple modules, along with easy reuse and combina-
tion of models.

3. Highly developed software and hardware enables easy and efficient implementation.
In particular,

a) Highly customized differentiable programming frameworks allow for easy con-
struction of models and automated training using SGD approaches.

b) Acceleration using graphics processing units (GPUs) and other customized
hardware, along with distributed computing, provides faster and even more
scalable learning.
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8.2 Basic Deep Learning

The basic idea of deep learning is to construct functions (neural networks) as compo-
sitions of parametrized simpler functions arranged as multiple layersﬂ

=z
= fOmY fore=1,...,m
flz)=h"= f(m) o f(m—l) o... f(2) o f(l)(:p)

Each layer (say £) can be thought of as producing a representation h¢ of the input ,
with the representation of each subsequent layer being more useful for making the final
prediction of the output y. Individual elements (i.e. dimensions) of each h’ are known as
units, A° is known as the input layer, A" is known as the output layer, and other A’
are known as hidden layers. Typically each h’ is high-dimensional, as we want to learn
rich representations of the input x that are useful to modelling complex input-output
relationships.

Each f(g) is a differentiable, and typically simple, function and can have a vector
of learnable parameters 6(© of length p;. The overall function f has parameters =
[0, ... 60™)] of length p = Y reqy pi. We often write fy to make explicit dependence on
the parameters 6. Using a regulariser r, the ERM problem is then,

min R(6) RO)=Xr(0) + > o ) (8.1)

A key assumption of deep learning is that all functions we work with should be differen-
tiable (on sets of non—zero measure), and gradient descent is almost exclusively used for
minimising (8.1). Starting with an initial 6y, one can then take gradient descent steps of
the form

0 = 0,1 — aVeR(0;:_1), (8.2)

where « is a step size and V(;R(Ot_l) represents the gradient of R at 6 = 6;_1.
Letting L; = L(y;, fo(x;)), we straightforwardly have

. 1 &
VoR = A\Vyr(6 — VolL;.
0 9T()+n; 0

Presuming a sensible choice of regulariser, e.g. r(0) = [|0||3, the Vyr(0) term can be
straightforwardly calculated. For VyL;, the gradients can be computed by applying the
chain rule multiple times. Namely, if we let % denote a row vector of the gradients

'Note that not all deep learning models can be written in this form as we will see later. We will refer to
networks that can be written in this form (and which do not share parameters between different f“))
as feed—forward networks, noting though that usage of this term can vary through the literature
(e.g. sometimes people use it specifically to denote the MLP model we introduce later).

81



8 Deep Learning
for parameters in the ¢'! layer and use the shorthand hf for the value of h* when the

network input is z;, then using the recursive definition of our network we have

oL;  OL; Oh™  Oht' ont
000) — Ohm opt Onf 900

(8.3)

where

. g,f;; is a row vector with d,, elements representing the derivative of the loss with

respect to our set of output units h]® = fg(x;) (note that even if our output is
multi-dimensional, our loss is still a scalar)
k
e Each % is a dj, x dy_1 matrix representing the Jacobian of f*) with respect to
the input hf‘l

57 0
. % is a dy X py matrix representing the Jacobian of f() with respect to its pa-

rameters ()

We thus have a row vector times a series of matrix multiplications. There are now two
possible orderings we might process these calculations in:

oL; OL; Ohr ORTL ont o4
000 — \\\orron=1)  onf | 96® (84)

_(oL; [ onr O ont o5
“\one \onpt \ onf 990 (85)

While these two orderings give the same answer, they differ significant in computational
cost. Namely we have that the cost of ({8.4) isﬂ

m
O (dmdm—1 + dm-1dm—2 + -+ + de1de + depe) = O (depe + Zk:éJrl dkdk—l)
while for (8.5)) the cost is
O (dgs1depe + dgsoder1pe + -+ - + ddm—1pe + dimpe) = O (dmpe + Zk:EJrl dkdk—lpe) .

We thus see that is roughly p; times more costly. computes gradients of
the loss with respect to the variables and parameters in a backward fashion, and is
called backpropagation. computes the Jacobians in a forward fashion. The
term forward-propagation typically refers to the computation of the function f(x;) in
a forward fashion. The gradients with respect to all parameters can be computed in

£
2In many common cases, e.g. a fully connected layer, % is sparse and so this cost can be further
reduced to O (pg + ZZ;HI dkdk_l).
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and iteratively for ¢ =

a single backward propagation phase, by computing gL"

oL;
ht 6

00(8)
m,m—1,...,1, with

oL;  dL; oni™

Oht  ontt ont

for ¢ # m. Note however that back-propagation requires the values of the activations
hf to be stored during the forward pass, so that they can be used in the backward pass.

8.3 Computation Graphs and Automatic Differentiation

In the basic example, f(z) is obtained by composing a chain of simpler functions. In
general, f(z) can be computed using a computation graph. This is a graph, with
nodes corresponding either to inputs or operators (ops in short; simpler functions) and
directed edges connecting them. We assume that the graph is acyclic. Each input is
a multi-dimensional array (often referred to as a tenSOJﬂ)7 and each op is a function
(v1,...,0,) = op(u1,...,un,) taking a list of input tensors uy, ..., u,, and outputs a list
of tensors vy,...,v,. An edge op; — op, connecting two ops means that an output of
op; is used an input of op, (technically we need to specify which of the outputs of op,
and inputs of op,, but this is typically suppressed for notational convenience).

The implementation of each op needs to construct two things: op itself, and vjp which
computes the backpropagated gradients. Given tensors Aq,..., A, of same shape as
V1,...,0y, interpreted as gradients of some objective function with respect to v;, vjp
computes the gradients with respect to the u;’s:

- ov; "

vip((u4)itq, (Aj);'l:l) = ZAJ ’ 871;

=t ) i1

where - denotes a dot product across elements of A; and vjEI and the ith entry of the

resulting output is the same shape as wu;. vjp stands for vector-Jacobian product

(in the simplest case A is a row vector and we multiply it with the Jacobian %). In

packages that do automatic differentiation, there is also a forward mode differentiation,
which implements a Jacobian-vector product:

n 9 n
. (Z]
vp((ui)itys (6:)i%y) = ( 3 ’ -(2)

; Uq

=1 j=1
Here §; is a tensor of the same shape as u; and interpreted as the gradient of w; with
respect to some scalar.

3These are not real tensors used in physics, in that we do not distinguish between covariant and
contravariant indices.

“In most systems, the first dimension for each of A;, v;, and u; corresponds to different datapoints in
the batch (for which all calculations are completely separate), such that this dot product sums across
all dimensions in the tensors except the first.
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The op-level computations can now be chained together for computations over the
whole graph. The forward pass computes each op once its inputs are all given or computed
(in a so-called topological order), and the backward pass computes the gradients using
the corresponding VJPs, in reverse order on the graph. For forward mode differentiation,
both the op and the JCPs are computed together. However the gradients of each u; with
respect to each element of the input nodes that feed into w; needs to be computed and
kept track of.

As before, the overall computational cost for forward mode differentiation is linear
in the dimensionality of the inputs of the graph, while backward mode differentiation
has computational cost linear in the dimensionality of the outputs. In machine learning
the final output is almost always a single dimension (the objective) so backward mode
differentiation is much more predominant.

Note that each op in the computation graph can itself be implemented using its own
computation graph, by specifying the inputs and outputs and abstracting away the inner
ops. Once a procedure is implemented to create a computation graph, this can then be
used to create multiple ops that are used in a larger computation graph. This notion of
modularity is important in allowing very complex computation graphs to be constructed
and used in deep learning. In fact the whole endeavour can be thought of as a new way
of engineering complex software, called differentiable programming, which has wider
implications for computer science as a field and driving much research across many fronts.

8.4 Basic Modules

There are a huge variety of layers/modules that are in use across deep learning. Here we
will describe a selection of the more popular ones.

To help with exposition, we define three kinds of objects used to construct a compu-
tation graph

op A node in a computation graph. Given an input, its output will be a block of
(hidden) unit values. We can think of ops as evaluations of functions; they have
no parameters of their own.

module A function that can applied multiple times within the graph. It may be param-
eterised, in which case the parameters are shared across uses. Applying a module
creates an op.

factory A procedure that generates modules. This allows us to produce multiple mod-
ules that have separate sets of parameters

For example, consider a factory Factory(n,o) that generates functions of the form f :
R™ — R", f(z) = o(Wz) where W € R™"™ and o is an elementwise non-linearity. The
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following generates two such functions, and applies each twice to a vector x:

module; ~ Factory(n, o)
moduley ~ Factory(n, o)
op; = module; (z)

0P1)

op, = module; (
ops = modulez(opy)
(

op, = modulez(op;)

The two modules are functions of the same form, but with two different sets of parameters,
say W1 and Ws. We use ~ in the above as module; and modules are different objects,
with different parameters that are initially randomly drawn from the same distribution
given in Factory(n, o). The computation graph consists of 4 ops, two sets of parameters,
and 1 input vector, and produces:

o(Wao(Wao (Wio(Wiz))))
e linear module:

module ~ Linear(m,n)
module(z) = Wz + b

where x € R" is the input, and W € R™*"™ and b € R™ are parameters called
weights and biases respectively. It is specified by the input and output dimensions
n and m. In some frameworks n is typically not directly provided and inferred from
the inputs into f.

e nonlinearity. These are simply take an array as input and apply a nonlinear
function to each element of the array. They don’t have learnable parameters. For

example:
sigmoid(z) = 1/(1 + exp(—x))
tanh(z) = (exp(z) — exp(—x))/(exp(z) + exp(—x))
ReLU(x) = maX(O,:U)
softplus(x) = log(1 + exp(z))
swish(z) = x5|gm0|d( )
ELU, (z) = {x %fx >0
alexp(z) —1) ifz<0

A softmax is also a nonlinearity (but not elementwise):

exp(x1) exp(xq)

[Z?_l exp(e;) Yoy exp(a:)

softmax([z1,...,z4]) =
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e 2D convolutional module (Conv2D). The most common convolutional factory
produces 2D convolutional modules that have 3D inputs and outputs. Here a
convolutional kernel is applied to the first two dimensions of th input and the
third input dimension is a number of input channels that are summed over. This
is then done separately for each output channel to produce the output, specifically
we have

module ~ Conv2D(¢ip, Cout, d1, d2)
2’ = module(z)
di d2 cin

/ AN
xi,j,k/:E E g Wijkk! Tifi-1,j'+j-1,k Vi, ],k

i=1 j=1 k=1

Technically, this is a cross-correlation, not a convolution! The two dimensional
array given by {wijgr ti=1:d; j=1.d, 15 known as a filter, with each input—output
channel pair (i.e. each kk’) having their own filter. These filters then form the
parameters of the module, akin to the weights of a linear module. In fact, a
convolutional module can be viewed as special case of a linear module with a
sparse weight matrix (along with reshaping of the input and output tensors).

Additional variations include:
— There can be a bias for each output channel.

— There can be padding around edges of input (e.g. by 0s), so that output has
same height and width as input.

— There can be striding, e.g. for 2x3 strides only every 2nd row and 3rd column
of 2’ is computed (and 2’ is reduced 2x3 times in size).

A depthwise spatial convolution applies a separate convolution kernel to each
channel of x separately (i.e. there is a one to one mapping between input and output
channels with no summing across channels).

A 1x1 convolution or pointwise convolution is one whose kernel has height 1
and width 1. Tt is equivalently to taking the channels at each (i, 7) location as a
vector, and multiplying by a parameter matrix of size C’ x C'. There are also 1D
and 3D convolutions.

e max-pooling: For each channel, this takes the maximum value over the elements
of x that would have participated in a 2D depthwise convolution:

2’ = MaxPoolg, 4, ()
/ _didy
Lirjrp = MAXMAX Litd, (i 1), j+da (5 1), K-
Max-pooling technically can be considered as a nonlinearity. Average-pooling
applies an average instead of max.
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8.5 Larger Modules

New and more complex modules can be constructed from simpler ones. Popular examples
are:

e Multi-layer perceptrons (MLP) simply chain together multiple fully-connected
linear modules (i.e. linear modules with a full weight matrix) and nonlinearities.
An MLP is specified by the number of fully-connected layers, the sizes of each layer,
and nonlinearity.

f(g) ~ Linear(dy,dy—q1) forl=1,...,m
f:f(m)oaof(mfl)o...ogof(l)

f(z) =Wpno(Wp_10(--- Waoc(Wix +b1) + b2+ ) + bm—1) + b (8.6)

f ~MLP(dp, dim—1,...,do, o) {

The outputs of each o op is a vector, each entry of which is called an activationﬁ
corresponding to the value of a hidden unit of the MLP. The input into the o op
is a vector of the pre-activations. One can also, at least in principle, construct an
MLP with different activation functions o, at different layers, but this is rarely
domne in practice.

¢ Recurrent neural networks (RNNs) are NNs that process inputs and outputs
in a sequence. In the simplest setting, we have a sequence of inputs x1, x2, ... and
want to predict a corresponding sequence of outputs yi, yo,.... We would like each
prediction for y; to depend on the sequence of inputs so far x1+. RNNs do this
by producing a sequence of representations h; of the sequence history xi.,. hy is
a function of x4 that can be computed recursively from h;—; and z;. RNNs use
two modules, an encoder encode and a decoder decode, and, starting with an initial
state hg, computes as follows:

encode ~ EncoderFactory

decode ~ DecoderFactory
hy = encode(hy—1, z¢)
¢ = decode(hy)

We can also think of h; as the system’s memory, with the encoder being the RNN’s
procedure to update its memory based on new information in z;. In the simplest
case both encode and decode are dense layers followed by a nonlinearity (or MLPs).

e Long short-term memory (LSTM, not examinable) is a particular type of
RNN. It was designed specifically to address gradient explosion/vanishing problems
in standard RNNs (see Section[8.6). In addition to hy, it adds another hidden state
called the cell state Cy. Both h; and C} can be thought of as memories of the

SThere is some inconsistency in how the term “activation” is used in the literature with some, including
the previous machine learning module, using it to refer to the inputs of o rather than that the output.
However, the latter is the overriding modern usage, hence our usage.
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LSTM, with C; playing the role of the long term memory, and h; the short term
memory. The LSTM module is defined as follows:

forget _gate, = sigmoid(W¢[hi—1,x¢] + bf)
insert_ gate, = sigmoid(W;[hi—1, x¢] + b;)
Cj = tanh(We[hi—1, 4] + bo)
C; = forget _gate, x C;_; + insert _gate, x C|
output_ gate, = sigmoid(Wy[h—1, x¢] + bo)
h: = output_ gate, * tanh(C})

where * indicates an element-wise product. The basic operation is as follows: given
the current hidden state h;_1 and input x;, the system decides what parts of the
cell state Cy to forget via forget gate,, what new information Cj] to insert into it
via insert_ gate,, and what to output to the new state h; via the output_ gate,.

8.6 Optimisation

Optimising neural networks is difficult, and a lot of research effort has been devoted to
optimisation algorithms and techniques specially tailored to deep learning settings.
Recall the ERM problem (8.1]), reproduced here (with L2 regularization):

n
min R(6) RO) = 108+ - > Ly, folar) (8.7
i=1

where fy is a neural network with parameters . Automatic differentiation tools allows
the gradient V@R(@) to be computed straightforwardly, so gradient based optimisation
algorithms can be employed. However there are still many difficulties, both computa-
tionally, and in terms of the complexity of navigating the “loss landscape”.

The first and more tractable difficulty is computation. Computing the gradient of
scales linearly in the dataset size n. Many datasets of interest in deep learning are very
large, such that computing VoR is impractical even with modern GPUs and TPUs. The

—

solution is to replace the VyR with a stochastic estimate, say VQR, so the stochastic
gradient descent (SGD) algorithm is:

0 = 0,1 — a;VoR(0;_1) (8.8)

where a; is an iteration dependent step size. In expectation, the stochastic gradients
need to be moving in the “downhill’ direction. An unbiased estimate of the gradient
VQR(H) can be obtained by using a small subsample of the dataset, called a minibatch.
Let B be a random subset of {1,...,n} with |B| < n. Then:

. L(yi, fo (i
VoR(0) = A9+—Zd " f”)
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Note that the variance of the stochastic gradient scales as 1/|B|. Typically the dataset is
split into n/|B| minibatches, and each is used in turn. Once the whole dataset has been
processed once (called an epoch), the split into minibatches is randomised for the next
epoch, with the processing continuing until out computational budget is exceeded, we are
satisfied that the training is sufficiently converged, or some other termination criterion
is met.

SGD is very well studied in the optimisation literature and there is a wealth of powerful
results, particularly for strongly convex objectives. While some of the intuitions gained
are relevant in the deep learning setting, many problems faced in optimising deep learning
models are precisely because the objectives are not well-behaved. Unlike linear regression
or kernel methods, fy for NNs can be a highly complex nonlinear function of 8, and R(Q)
is not convex in . It can have multi-modality, be ill-conditioned with ridges, valleys and
flat plateaus.

As an example of the complexity, consider the gradients for a MLP , which are
given by . This is given by a product of a sequence of matrices. If the matrices
have eigenvalues that are above 1, there could be directions where the product become
very large, this is called exploding gradients. Conversely, if there are eigenvalues
that are small, the gradients can vanish. Such exploding/vanishing gradient problems
are particularly severe in deep models with many layers since the resulting gradients
are products of many matrices. In particular, the chain of encode ops in an RNN can
be thought of as producing a very deep network, such that their gradients tend to be
particularly badly behaved. Part of the design of the LSTM cell state is as a way to
mitigate exploding/vanishing gradients. Each cell state C; relates to the previous C;_;
only via the forget gates, so the resulting gradient is just a product of the forget gates,
which take values in (0, 1) and will not explode. They can vanish over long time horizons
though, so “long term credit assignment” is still difficult in LSTMs.

8.6.1 SGD Guidance

In practice, the step size or learning rate oy is one of the most important tuning param-
eters of a deep learning system. Too small a step size and convergence can become very
slow, too large and the optimisation can become unstable or even diverge. A good rule
of thumb is find the smallest step size such that SGD becomes unstable, then reduce it
by a factor of 2-10. Alternatively, find the largest stable step size.

SGD tends to behave as follows: initially, when the parameters are far away from a
good mode, it is easy to estimate the gradient from the minibatch and the stochastic
gradient tends to point in the same direction as the gradient, so that SGD tends to get
to the vicinity of a mode quickly. Once it is close to a minimum the magnitude of the
true gradient decreases, the behaviour of the algorithm starts being dominated by the
stochasticity, and SGD will “jump around” the local minimum. Small step sizes suppress
the variance of the stochastic gradients, and it is typical to decrease the step size over
the course of the optimisation. For example decreasing it by a constant factor, say by
half every 10 epochs, or whenever SGD “looks like it got stuck”. Schemes for setting the
step size are known as schedulers.
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Early analysis of SGD used step sizes that decrease slowly to guarantee convergence,
most notably ensuring that the Robbins—Monro conditions are satisfied:

[e.9] o0
E o = 00 E a? < oo.
t=1 t=1

For example, oy = a/(b + t) for positive constants a and b. However such step size
schedules are now not popular anymore. This is for two reasons. Firstly, while such
schedules decrease slowly for large ¢, they decrease rapidly initially so learning can be
very slow. Secondly, the slow decrease has the effect of simulated annealing with a slowly
decreasing temperature, and the converged minimum tends to be “sharp and deep”. There
is much evidence that such minima tend to generalise poorly. In fact it has been argued
that the stochasticity in SGD has a regularising effect. If the step size is large enough,
SGD will be oblivious to such bad minima and converge to wider minima that generalise
better. Note that the step size schedule in the previous paragraph decreases exponentially
quickly and does not satisfy the requirements here. Other recent schedules like cosine
and linear decay also do not satisfy the requirements.

8.6.2 Momentum and ADAM

While the stochasticity of SGD can have a regularising effect, it is still useful to reduce
the stochasticity, so that larger learning rates can be used (with effectively the same
variance, the convergence can be faster). A popular approach is using momentum to
average out the stochastic gradients over previous minibatches:
Ap=BA1+(1-B)VeR(6), 0<B<1
Or = 0r—1 — oAy

The average is using an exponentially decaying weight over past minibatch gradients.
Momentum can also help in narrow valleys, as the direction along the valley tends to get
small gradients which can be accumulated by the momentum.

Another issue with standard SGD is that it uses a single step size for all parameters.
Because of the nonlinearity of the function fy, different parameters may have different
scales and may need different step sizes. ADAM is a popular optimiser that does this by
keeping weighted moving average estimates for both the gradient (A;) and the squared
gradient (V}), scaling the step size using the latter (which is related to the curvature of
the loss landscape) as follows

— _ A
Ay = 1Ai1+ (1 — B1)VoR(0i-1) Ay = 7tt
1—(51)
‘/t = 52‘/;571 + (1 - 52) <VQR(9751)> VZ =—0
1—(B2)
br = 01 — ———A,
Vi+e
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where the division on the last line is applied element—wise and 0 < 1, B2 < 1.

Both Ag and Vj are initialised at 0, and the division by 1 — 3¢ ensures that the
exponentially decaying weights for averaging sum to 1 (i.e. it accounts for the fact that the
earlier steps are averaging over fewer gradients because of the zero initialization). Note
that A; and V; quickly converge to just A; and V; respectively as t increases. Typical
values for 81 and Py can be surprisingly large, e.g. 0.99 and 0.999 respectively, such that
large amounts of historical gradient information is accumulated and the gradients change
quite slowly.

8.7 Initialisation and Parameter Scales

The parameters of a neural network are almost exclusively initialised randomly, typically
with zero-mean Gaussian distributions. Random initialisation is important to “break
symmetry” so that each unit in a layer will learn differently. Variances of the initialisation
are chosen so that at initialisation the network does something reasonable.

Consider again the simple MLP . Ignoring the nonlinearities, the pre-activation
going into a unit hﬁ has the form:

do_1
70 0 10—1 A
=" Wy + b5
k=1

It is generally a good idea to control the typical scale of Bf to be O(1). Many non-
linearities (e.g. sigmoid, tanh, softplus) are designed to have their nonlinear regimes around
[—2,2], so if fzg is much bigger or small than O(1), the nonlinearities will look like linear
functions, or worse, constant functions (constant functions will have zero gradient so the
unit will not be able to learn due to vanishing gradient problem).

We can control the typical scales of pre-activations layer by layer. Suppose each
hf;_l = O(1), and suppose they are close to being independent (V\ihich will typically be a
reasonable assumption at the point of initialization). Then Var(h?) = O(dg_10}, + 03,)
where ol?w is the variance of the weights and agb the variance of the biases, for layer ¢. If
we set 02 = O(1/d;_1), we can get Var(ﬁf) = O(1). Using 02, = 1/d,_; at initialisation
is known as Xavier initialisation.

8.8 Regularisation

The most common classical regulariser used in deep learning is Le norm regularisation
of the empirical risk. This is typically called weight decay, as its effect is to decay each
parameter by (1 — ayA) at each iteration.

Other more algorithmic forms of regularisation are also often used in deep learning.
For example, we have seen that the stochasticity of SGD can be thought of as a form of
regularisation.

Another popular regularisation via randomisation method is called dropout, which
works as follows: during training, for each data item, and for each unit in the network,
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Figure 1: Fitting random labels and random pixels on CIFAR10. (a) shows the training loss of
various experiment settings decaying with the training steps. (b) shows the relative convergence
time with different label corruption ratio. (c) shows the test error (also the generalization error since
training error is 0) under different label corruptions.

Figure 8.1: Figure from [51].

randomly remove it from the network (with probability p, typically p = 0.5) by multi-
plying its activation by 0. The reduced networks are then trained using standard SGD.
Dropout can be thought of as a cheap and exponentially large ensemble of neural net-
works, with each network being constructed by randomly dropping out units of a main
network.

Another popular regularisation technique is early stopping. This involves monitoring
the validation loss during training, and stopping when it starts going up. Controlling the
amount of computation is a generic and actively studied way to control the complexity
of models, both in deep learning and more generally.

8.9 Other Observations

A well known classical result is that an MLP with a single hidden layer and a single
element—wise non—linearity can approximate any well-behaved function arbitrarily well
if it has enough hidden units (see examples sheet). More generally, there is common
folk wisdom that the hypothesis classes of most modern neural networks are extremely
rich. In fact, while technically the loss landscape is highly complex and multi-modal,
recent empirical observations show that unregularized modern deep neural networks are
effectively always capable of overfitting the training data, even random datasets (see
Figure . This can reduce the impact from the imperfect nature of the optimization
process (and indeed show that these imperfections are potentially even important) as it
can mean we often hit issues with overfitting earlier than those from limitations in the
optimization process itself (though this is certainly not always the case).

In general, using larger deep learning models almost never hurts in practice provided
our training process remains stable. In fact, recent empirical and theoretical results show
a curious “double descent” style learning curve for large models [3] (see Figure , where
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Figure 8.2: Figures from [3] and OpenAlI blog on “Deep Double Descent”.

the best generalisation performance is obtained for the most overparameterised models.
All these results show that classical statistical and learning theory fail to explain the
behaviour of modern deep learning models, and these empirical findings have driven
much exciting theoretical research in recent years. It is also means that much of deep
learning becomes a somewhat empirical science, in the sense that many of the mechanisms
underlying its practical success are not currently well explained at a first—principles level,
such that we must often be guided most by what seems to work well in practice.
To conclude, we summarize some important points on deep learning

e More data is typically better than fancier models (as long as your model is not
under capacity); this is also often true of machine learning more generally. As such
it can often be useful to check simple baselines first.

e To ensure that our approach is effective for large datasets, it can be best to start
with a class of models that ensures convenient properties for training and scaling
(e.g. differentiable computational graphs and deep neural networks) rather than
purely prioritizing the low—level fidelity.

e Whole system learning, or end-to-end learning, is typically beneficial: we should
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look to optimize all aspects of the machine learning pipeline simultaneously, rather
than just individual components.

e There is no clear distinction between model and computation: the only thing that
really matters is the final model we learn and the amount computation required to
train it, we should thus consider the whole process as a single problem.

e Everything is a regulariser: avoiding direct regularization of parameters (e.g. avoid-
ing using a specific RKHS norm) can help avoid the introduction of unwanted strong
inductive biases, with implicit algorithmic approaches to regularization (e.g. early
stopping) often providing more flexibility while still preventing overfitting.

e If a deep learning model is properly set up it should be able to overfit when there is
insufficient training data. It can thus often be useful when to take a small subset of
our data (e.g. a single minibatch) and check that our network and training scheme
is able to overfit to it. This can often catch issues in the optimizer, model capacity,
or data pre—processing early. Checking a model that has less sensitivity to the
exact set up/hyperparameters, such as a random forest,ﬁ can also be useful to
calibrate the level of performance that might be achievable, and thus whether the
performance of our network is sensible.

®Random forests and their derivatives tend to work very well “out—of-the-box” [40], that is without
any tuning to the particular problem. This often makes them a useful test bed and first benchmark
before implement more complicated models like deep learning architectures; they are generally very
quick to train and require effectively no inputs other than the data, such that they are trivial to use.
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O Latent Variable Models and
Variational Approaches

A wide class of methods for unsupervised learning are based on latent variable mod-
els, where the goal is to model the data generating process using latent variables, with
the latent variables representing a summary of the data. For example, in mixture mod-
els, the latent variables correspond to assignments of data items to clusters, while in
variational auto-encoders, the latent variables are lower dimensional representations of
data. Latent variable models are based on a probabilistic generative modeling approach,
which provides a rich toolbox of techniques, and a coherent principle to reason about,
and model, complex data and to derive new algorithms.

9.1 Latent Variable Models

A latent variable model (LVM) is a probabilistic generative model where each dat-
apoint z; has a corresponding latent variable z;. For data X = {z;}]", and latents
Z = {z}",, an LVM is given by

n

po(X,Z) = po(Z) [ [ po(il25) (9.1)

i=1
where 6 are global variables that are usually treated deterministically. Occasionally we
take a Bayesian approach for € instead, giving

n
p(60,X,Z) = p(O)p(210) [ [ plail=. 0). (9.2)
i=1
In both cases, the underlying assumption is that each datapoint x; can be explained
by its latent variable z; in conjunction with the global parameters §. Each z; is often
lower dimensional, simpler, and /or more interpretable than the corresponding z;, thereby
providing a useful representation of the datapoint.

If we assume that our data is i.i.d. given 6, this implies that all the z; should also be
conditionally independent of each other given 6. This is typically a reasonable assumption
when there is no natural ordering to the data. Moreover, it can be an extremely powerful
assumption to make as it needs a number of important factorizations that we will exploit
throughout the chapter. The resulting class of models are known as factorized LVMs
and have joint distributions

n
po(X, Z) = [ [ po(zi)po(xil2:)
i=1
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We will focus mostly on such factorized LVMs.

9.1.1 Clustering and Mixture Modelling

A mixture model is a probabilistic counterpart to deterministic clustering models like
K-means that described a full generative process of data, and can produce “soft” assign-
ment of data items to clusters. Mixture models assume that our dataset X was created
by sampling iid from K distinct populations (called mixture components). In other
words, datapoints come from a mixture of several sources and the model for the data
can be viewed as a convex combination of several distinct probability distributions, often
modelled with a given parametric family.

Samples in population k can be modelled using a distribution Fj with density fi(z; Ax),
where A, is the model parameter for the k-th component. For a concrete example,
consider a p-dimensional multivariate normal density with unknown mean i and known
diagonal covariance o2I (such that Ay = uz),

_p 1
fr(z; M) = ]27702\ 3 exp (—MHI' — ,ukH%) ) (9.3)

More generally, a mixture model corresponds to the following generative model, whereby
for each data item i =1,2,...,n, we

(i) first sample the assignment variable (independently for each data item 7):
Z; ud Discrete(m, ..., TK) ie,P(Z;=k)=m

where for k=1,..., K, m; > 0, such that Zszl m = 1, are the mixture weights
(also known as the mixing proportions), which are additional model parameters
to be inferred;

(ii) then, given the assignment Z; = k of the mixture component, X; = (Xi(l), el XZ-(p))—r

is sampled (independently) from the corresponding k-th component:

Xil(Zi = k) ~ fi(z; Ap).
We observe X; = x; for each i but do not observe its assignment Z; (latent variables),
and would like to learn the parameters 0 = (\q,..., A, 71,...,7x) as well as infer the

latent variables.
Here the joint density of the model is given by

Do (X; Z) = H Wzifzi (xi; )\zl) (94)
=1

from which we can marginalize over the latent variables to give the marginal distribu-

tion
K K n n K
po(X) =Y ... > JIratal@sr) =]] <Z wkfk(xi;)\k)> : (9.5)
zn=11i=1

z1=1 i=1 \k=1
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Once X is observed, this forms the marginal likelihood of the model, or equivalently the
model evidence. The log of this marginal likelihood, sometimes called the marginal log
likelihood, is quantity that will be of particular interest:

{(0) :=log pg(X Zlogzﬂkfk Ti5 Ak)-
i=1

Another important quantity is the posterior dlstrlbutlon,

n

po(x) = 21X 2) X Z = LIt (9.6)

which factorises into posterior distributions of individual latent variables z; given the
corresponding observations x; in case of K-means, as our data is assumed iid.

In the context of latent variable models, there are two important processes: inference,
which is the computation or approximation of the posterior distribution over latent vari-
ables, and learning, which is the estimation of the model parameters 6. Typically the
learning algorithm is done via maximising the marginal log likelihood (or some approxi-
mation thereof), which generally quires some form of inference to be conducted alongside
or as a subroutine. However, direct maximisation is often not feasible and the marginal
log likelihood will often have many local optima. Fortunately, there is a general approach
for both learning and inference based on the formulation of an objective function called
the evidence lower bound (ELBO), which is a lower bound on the marginal log likelihood.
We will find that the ELBO permits simultaneous model learning and inference.

9.2 KL Divergence and Gibbs’ Inequality

Before we describe the variational formulation, we will review the notion of Kullback-
Leibler (KL) divergence or relative entropy between probability distributions P
and Q.

KL divergence.

e Let P and @Q be two absolutely continuous probability distributions on X C R¢
with densities p and g respectively. Then the KL divergence from P to @ is defined
as

Dt (P11 Q) = [ ) log E 23 9.7)

e Let P and @ be two discrete probability distributions with probability mass func-
tions p and ¢ respectively. Then the KL divergence from P to @ is defined as

B (P 1Q) = Ypte) g i (9.8)
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In both cases, we can write

p(X)
D1, (P || Q) = E [log ] : 9.9
where [E, denotes that expectation is taken over p. By convexity of f(z) = —log(z) and

Jensen’s inequality (9.11]), we have that

q(X) q(X)
Dir, (P || Q) = E [—log ] > _logE, 820 _ . 9.10
( H ) P p(X) pp(X) ( )
where in the last step we used that [, ¢(z)dz =1 in continuous case and Y, q(x;) = 1
in discrete case.

Jensen’s inequality. Let f be a convex function and X be a random variable. Then
E[f(X)] > f (BX). (9.11)

If f is strictly convex, then equality holds if and only if X is almost surely a constant.

Thus, we conclude that KL-divergence is always non-negative. This consequence of
Jensen’s inequality is called Gibbs’ inequality. Moreover, since f(x) = —log(z) is
strictly convex on x > 0, the equality holds if and only if p(z) = ¢(x) almost everywhere,
ie. P = Q. Note that in general KL-divergence is not symmetric: Dgy, (P || Q) #
Dk (@Q || P).

9.3 Variational Inference

One of the most important workhorses of Bayesian machine learning, particularly for
latent variable models, is variational inference, which turn posterior inference in
intractable Bayesian models into optimization. Sometimes referred to as variational
Bayes, these approaches often provides an effective mechanism for performing inference
in challenging high-dimensional problems. Moreover, as we will see in the next section,
they also provide a convenient unified framework for model inference and learning, as
we will be able to simultaneously optimize lower bounds on the model evidence with
respect to both the parameters of our variational approximation and the deterministic
parameters of the model. Note that here we introduce the topic in a slightly different
way than in the lectures/slides, with the former recommended as your primary point of
reference, but the following provided to give a slightly different perspective.

9.3.1 The ELBO

To given contrast to the lectures, assume that we wish to take a Bayesian view on both the
latents Z and the model parameters 6, such that our joint is given by p(X,Z,0). Now,
because we are using a Bayesian model, our treatment of latent variables and model
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parameters is exactly the same. We can now consider some joint distribution ¢(Z,8) of
latent variables and parameters, called a variational distribution. We claim that the
quantity

L(q) = Eq [log p(X, Z,0)] — Eq[log ¢(Z, 0)] (9.12)
is a lower bound on log-evidence log p(X). Namely, we can write

L(q) = logp(X)+E,[logp(Z,0|X)] — E,llogq(Z,0)]
= logp(X) — KL (¢(Z,)||p(Z,6|X)) ,

which is by Gibbs inequality maximised (and equal to log-evidence) when the KL is zero,
i.e. when ¢(Z,0) = p(Z,0|X). Thus, for any variational distribution ¢, £(q) < logp(x).
Expression is called the evidence lower bound (ELBO).

To reason about all the unknowns in the model, we would simply need to compute
the joint posterior p(Z,6|X), but this is almost always intractable. Hence, variational
Bayesian inference approximates the posterior by starting with a family Q of tractable
variational distributions ¢(Z, 8) (e.g. ¢4(Z,0) where ¢ are the variational parameters),
and aims to minimize the divergence KL (¢(Z,0)||p(Z,6|X)) over Q or, equivalently,
maximise the ELBO, i.e. find the tightest lower bound on the log-evidence.

In a nutshell, variational inference projects the (intractable) posterior p(Z, 6|X) onto a
tractable family Q with respect to the KL divergence KL (¢(Z, 0)||p(Z, 0|X)). Alternative
divergences are possible in this context. In particular, since KL is not symmetric, min-
imization of the “reverse” divergence KL (p(Z, 0|X)||q(Z,0)) results in a different family
of approximate Bayesian methods, known as expectation propagation (EP).

9.3.2 Variational EM and Mean-Field Variational Family

Finding a variational approximation requires specifying the variational family Q. The
complexity of O determines the difficulty of the optimization; it is more difficult to
optimize over a large family Q than over a simpler, smaller one. Consider a family
Q of variational distributions which factorize across the latents and the parameters:
q4(Z,0) = qz(Z)qp (). For a fixed gg, we can solve for gz which maximises ELBO
(exercise):

12 (Z)  exp ( [ 080X, 2.0)00 0 de) ,

and by symmetry, for a fixed gz, we can solve for gy which maximises ELBO:

0 0) xexp ( [ 106p(X.2.0)02.(2) 2.
Now, one can formulate an algorithm which alternates between optimising ¢z and gy,
such that each iteration increases ELBO and thus decreases the KL divergence from the

posterior. This algorithm is known as variational expectation maximization, or
often simply variational EM.
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Algorithm 9.1 Coordinate Ascent Variational Inference (CAVT)

Input: model p(X,Z), dataset X
Output: a variational posterior q(Z)

while the ELBO has not converged do
forj=1,....m
qj(2)) o< exp (Ez_,~q [log p (2|2, X)))

return ¢ (Z) = H;’Lﬂ qj (%)

We notice the symmetry between Z and 6. Indeed, the distinction between parameters
and latent variables disappears in Bayesian modelling, as all unobserved quantities in
the model are treated in the same way and our goal is to approximate their posterior
distribution. In the rest of this section, we will drop 6 from the notation and treat them
as a part of the set of all unobserved quantities Z.

A more general simplification we often make in variational Bayes is to focus on a
mean-field approximation where the variational distribution fully factorizes

0(2) =[] a (=),
j=1

i.e. all latent variables are mutually independent and each latent z; is governed by its own
variational factor ¢;. Note that there could be a mix between categorical and continuous
latents, each having the appropriate factor g;. Also, z; itself need not be a univariate
latent—see an example with LDA below. Using the mean-field family implies that we
will not be able to capture any posterior correlations between the latent variables z; and
zy for j # j' and that the best we can hope for is a rich representations of the posterior
marginals.

An iterative procedure can now be applied to each individual factor, giving rise to an
algorithm called coordinate ascent variational inference (CAVI) shown in Algorithm
. CAVT is closely related to Gibbs sampling (a popular class of MCMC algorithms),
and is based on iteratively approximating the full conditionals p (z;|Z_;,X) x p(X,Z),
where Z_j = [Zl, 7 e R B I Zn}

9.3.3 Complete conditionals in the exponential family

When the complete conditionals p (z;]Z_;, X) belong to an exponential family of distri-
butions, i.e. they are given by

p(zj|Z—j,X) = h(z) exp |2/ n; (Z-5,X) = A(; (ZwaX))] ,

a particularly convenient form of CAVI is available as the updates are available in closed
form. Here we assume z; is already transformed to its appropriate sufficient statistic, A (-)
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is a base measure, A (-) is the log-normalizer and 7; (Z_;, X) are the natural parameters
(which depend on the conditioning set). The CAVI update is now

4j(z;) o< exp (Ez_, [logp(zj|Z_;,X)])
= exp (logh () + 2 Bz, [n; (25, X)] — B, [4 (n; (2. X))])
x h(zj)exp (ijEzij [0 (Z_j,X)])

and thus, the variational factors are in the same exponential family as the complete con-
ditionals with natural parameter being the expected natural parameter of the complete
conditional

¢; =Ez_; [n; (Z-;,X)].

This setup describes many models, including Bayesian Gaussian mixtures, Dirichlet pro-
cess mixtures, matrix factorization, multilevel regression, and latent Dirichlet allocation,
giving thus one classical overarching CAVI algorithm with closed-form updates for many
classical instances of Variational Bayes. However, such occurrences are less common in
modern large—scale variational systems that tend to be based on the (stochastic) gradient
based approach discussed in the lectures.

While the distinction between parameters and latent variables disappears in Bayesian
modelling, there is still a relevant distinction in terms of where in the model hierarchy
these unobserved quantities appear. The impact of such hierarchy is that not all updates
in Algorithm need to be performed sequentially. Multiple levels of hierarchy are also
possible. In particular, for large datasets, we often perform stochastic variational
inference, wherein updates for variational approximations of global parameters 6 are
made more regularly than for local latents. This is achieved by using stochastic gradient
updates, analogous to those discussed in the lectures where we were looking to optimize
0 rather than perform inference over it.

9.4 Variational Auto—Encoders

So far we have mostly implicitly been thinking in terms of manually constructed genera-
tive models where the global parameters 6 are small to moderate dimensional, with the
model making fairly strong assumptions about the generative process. However, in many
scenarios one needs to deal with complex or high—dimensional data, where such manual
construction is not feasible and we would rather specify a very general model class and
then train the model from the data.

Deep generative models (DGMs) are a class of, typically factorized, LVMs that
allow us to deal with such settings by using deep neural networks to parameterize the gen-
erative process in high flexible manner and then learning the parameters of this network
in an end-to—end manner using stochastic gradient techniques.

DGMs provide a mechanism to train generative models in a data—driven manner that
imposes far weaker assumptions than traditional approaches like graphical models. This
allows them to learn extremely powerful models and operate in settings that would be far
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beyond the reach of traditional approaches, particularly those with high—dimensional data
like images. This leads to a wide range of applications such as synthetic data generation,
feature/representation learning, nonlinear dimensionality reduction (compared with, e.g.,
the linear dimensionality reduction of PCA), manipulation of individual datapoints, con-
struction of robust machine learning systems, data cleaning (i.e. dealing with things like
incomplete data, outliers, non—numeric data, and multiple data modalities), interpretable
machine learning, metric/manifold learning, and simply data (pre—)processing in general.

There are a wide range of DGMs used in practice, far more than we can realistically
cover; we will focus on one particular popular example: variational auto—encoders
(VAEs) [26] [42].

A VAE is a factorized LVNIE] with two key components: a generative network, or
decoder, py(x|z), and an inference network, or encoder, g4(z|x). The parameters
of these networks, § and ¢, are trained by simultaneously optimizing the ELBO with
respect to both.

In the standard approach, which we will focus on, the prior, p(2), is fixed to an isotropic
Gaussian p(z) = N(z;0,I), though there are various extensions that instead employ
hierarchical latent spaces [46] or learn the prior itself during training [47]. Note that each
of the prior, encoder, and decoder are defined on for a single arbitrary datapoint: because
of the factorization assumption the generative model is the same for all datapoints, while
there are no stochastic global parameters. Thus there are no probabilistic interactions
between different datapoints x; and z;, or their corresponding latents z; and z;. We,
therefore, define our generative model as p(z)pp(z|z) and use X as a set of example
datapoints for training 6 and ¢.

While the role of the decoder is self-apparent through its inclusion in the generative
model itself, the encoder can be viewed in a number of ways. The viewpoint most in line
with the concepts we have introduce thus far is that it is a functional approximation of the
posterior py(z|z) | That is, rather than individually learning a variational approximation
for each datapoint, we learn a mapping from datapoints to a variational approximation
for that datapoint. In other words, we learn a conditional distribution on z given x.

This process is known as amortised inference. The word amortised comes, via the
probabilistic programming literature, from the compilers literature, where amortisation
refers to pre-computing functions at compile time so that function evaluations can be
performed efficiently at run time. In the fixed model setting, amortised inference uses a
function approximator which is learnt at ‘training time,’” so that inference for new data

'There are also some extensions that do not make fully factorized assumptions, e.g. [30].

2Tt is beyond the scope of this course to properly explore the plethora of subtleties surrounding VAE
encoders, and indeed VAEs more generally, with these still being a highly active area of research.
However, it is important to be aware of the fact that this viewpoint of the encoder as simply an
approximation of the decoder posterior is actually somewhat limited: the way VAEs are trained
means that the encoder influences the learning of the decoder just as much as the decoder influences
the learning of the encoder. As such, the two are always intertwined and in many applications, such as
representation learning, the encoder is actually the primary entity of interest, rather than something
introduced simply to aid with the training of the generative model. Moreover, inductive biases in
the encoder design, such as the standard choice of a diagonal covariance, can heavily influence the
models learned.
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items at ‘test time’ (i.e. when dealing with a particular datapoint or dataset depending on
context) can be performed efficiently using the function approximator. This is as opposed
to iterative inference procedures, e.g. Markov chain Monte Carlo or coordinate ascent
variational inference, which can be much more expensive at test time. In the context of
VAEs, this amortised approximation is learned simultaneously to the generative model,
and allows us to share information across different datapoints, rather than requiring
separate inference schemes/variational parameters for each.

Both the decoder and the encoder are former by using a deep neural network to map
from their respective inputs to distribution parameters in their corresponding output
spaces. For example, a common choice for both is a Gaussian with diagonal covariance
for which we have

po(|z) = N (x; g (), 05 (2)) (9.13)
49 (2|2) = N(2; g (), 03 ()) (9.14)
where 1g(2),03(z) are outputs of the decoder deep neural network with parameters ¢

(where 02(z) is a diagonal covariance matrix with zeros off the main diagonal) and

analogously pg(x), U(Qb(x) are the outputs of the encoder network with parameters ¢. The
distributional form of the decoder naturally changes with the type of data used, with,
for example, Bernoulli distributions also common. However, it is generally important
that the form of this distribution remains simple (but with the parameter mappings
themselves complex) to ensure that the information about the generations is stored in
the latents, rather than the randomness in the generation of z given E x ., (z2=2)[X]. In
short, the variability in x for a given z should effectively correspond to noise regardless
of the form of the decoder (see e.g. http://ruishu.io/2017/01/14/one-bit/).

More complicated forms for the encoder distribution can also be helpful. For example,
some approaches augment VAE posterior approximations by transforming drawn samples
through mappings (so called flows) with additional trainable parameters to achieve richer
variational families [36].

9.4.1 Revisiting the ELBO

Training in VAEs is done by simultaneously optimizing the ELBO with respect to both
and ¢ using a stochastic gradient approach. This is based on exploiting the factorization
assumption over datapoints to employ mini—-batching. Namely, we have

£(X,0,0): Zﬁw 9) = ZE o [l 2] Chogpo(X) (019

where each L(z;,6,¢) < logpg(z;) is the ELBO for a single datapoint and pg(x) =
Ep(z)[pe(x]2)]. Here we can approximate the sum using a mini-batch B in standard way,
that is

po(Ti, %)
Voo L(X,0,0) ~ B 2 VioE g, ifen) [log ¢(Zi‘x‘)} :
i€B ¢
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Dealing with the expectation can be dealt with using (typically single sample) Monte
Carlo estimates, but requires some care for the gradients of ¢, as discussed later, due to
its presence in the distribution the expectation is taken with respect to. Note that, as
opposed to the EM algorithm, which has two separate steps for inference and learning,
we will calculate unbiased derivative estimates with respect to 6 and ¢ at the same time
with the same mini-batch / latent samples, and then update both in the same step.
Consider now different ways in which we can write the ELBO for a single z:

L(x,0,9) = logpy(zr) — DkL(ge(2]7)l|lpe(z]2))
_ o pg(x,z)
e (916

p(z) }
a4 (2|z)
= By (o) [log po(z[2)] — Dxr. (gp(z[2)||p(2)) - (9.17)

= Egyzla) l0g po(2]2)] + Eq, (20 [log

The final expression is particularly convenient as for a standard choices of a diagonal
Gaussian encoder (as per (9.14)) and a standard normal prior p(z), the KL divergence is
available in closed form:

Dt (a9 )l |p(2)) = 5 [10(2) o) + b (S() — log et (Sg() — ]
k
%Z (15 () + 0 j(x) —log (o ;(x)) — 1] . (9.18)
7=1

When this assumption does not hold, we can simply use the form of the ELBO in
instead, noting though that this tends to be slightly higher variance.

The formulation of is also insightful from the perspective of the VAE itself.
Namely, it shows how we can view a VAE as a stochastic auto—encoder as discussed in
the lectures. In short, Ey (.1, [log pp(z[2)] forms a reconstruction loss that measures
how effectively the original input is preserved when passed through the encoder and then
back through the decoder, while Dxr, (¢4(2|2)||p(2)) acts a regulariser that increases the
entropy of the encoding process to enforce smoothness in the space of z. This alterna-
tive viewpoint of VAEs is extremely important as it shows how VAEs can be used for
representation learning, wherein z can be viewed as a compressed feature represen-
tation of z. This can then be used in downstream prediction tasks, or as mechanism for
interpreting or manipulating individual datapoints. See the lectures for more in depth
discussion.

9.4.2 The Reparametrization Trick

In order to optimize the ELBO objective over 6 and ¢, it remains to unbiasedly estimate
the Vg ¢L(x;,0,¢) terms.

For 0, this can be straightforwardly achieved by drawing Monte Carlo samples from
4o (2]x;). Typically only a single such sample is drawn in practice for each datapoint, on
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the basis that it is almost always better to increase the size of the mini—-batch to reduce
the variance, rather than drawing additional samples of z for each x;. We can see this
by noting that such an approach is essentially equivalent to drawing |B| samples from
the joint pqata(®)qe(2]x) (Where pgata(x) is the empirical data distribution).

For ¢, such an approach would result in a biased estimator and thus cannot be used
directly. This is because ¢ affects the distribution the expectation is taken with respect
to itself. Thankfully, there is a simple solution to this known as the reparametrization
trick, or sometimes as the pathwise estimator. This involves expressing the distri-
bution gy(z|z) it the form of a base random draw e ~ g(€) (typically just A'(0,1)) and
a deterministic mapping z = g(e,z,¢). This then allows us to write L£(x;,6,¢) as an
expectation over €, which is itself independent of ¢, taking care to note that z itself now
depends on ¢. Namely we have

9. i o (25)] <y [t (S )]

where we can sample ¢; ~ N(0,I) and then calculate the required derivatives using
automatic differentiation. Critically, the resulting stochastic gradients will be unbiased
estimates of the true gradients.

To give a concrete example, in the case of a diagonal Gaussian encoder, a draw z; ~

N (z; po(z), Ué(x)) can be written as z; = pg(z) + og(x)e;, with ¢ ~ N(0,I), and the

multiplication with o4(z) being element-wise.

9.4.3 Score Function Estimator

Unfortunately, the reparameterization trick can only be applied if gg4(z|x) is continuous
with respect to z as otherwise applying the chain rule to requires us to back-
propagate our derivatives through z. This essentially means that we cannot use the
reparametrization trick whenever the z are discrete.

On the plus side, there is an alternative approach to obtain unbiased estimates of
gradients with respect to variational parameters, termed the score function gradient
or REINFORCE gradient, that can still operate in such settings. On the downside,
this estimator tends to have much higher variance than the reparametrized gradient and
should thus be avoided if possible. Variance reduction techniques, like control variates,
can be helpful in cases where the approach is unavoidable.

To derive this estimator, first note the following result, known as the score identity,

E%(z) [Velogage (2)] = /q¢ (2) Vglog gy (2) dz = /V¢q¢ (2)dz = Vg4 / 46 (2)dz =0,

which critically still also holds when dz is a counting measure. The score function gradient
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can now be derived as follows
= z|z)lo 7(37 ?) z
V¢£_V¢/ s(2|z)log (’x)d
= zlz)) lo po (z,72) z zlz 0 po (z,2) z
= [ Coastelen o5 s+ [ aptelo) (Voroa 252 Y a

=0

where the second term being zero follows by the score identity and lack of dependence
of pg(x, z) on ¢, and so also noting Vx = 2V log x, we have

po (z, Z)]
qe(2|)
This is now something where we can directly construct Monte Carlo estimates, calculating

the required derivatives through automatic differentiation (note that here z is not a
function of ¢ as it was for the reparametrized estimator).

= Bq, (za) [(W log g4 (2])) log 2

9.4.4 Alternative Bounds

Assume that we have access to some strictly positive and unbiased estimator pg(z) of
po(x), that is Epg(z)] = pe(x) and pg(x) > 0. Jensen’s inequality then tells us that

E[log pg(x)] < log E[pg(z)] = log py(x)

such that the expectation of the logarithm of our estimator is a lower bound on the
evidence. The VAE framework we have described now simply correspond to the special
case of pg(x) = pe (x, 2) /qe(2|x), which is the importance weight if g4(z|z) is the proposal
distribution and the target is the posterior py(z|z).

One can thus naturally consider other types of estimators. Essentially, any inference
method that produces an unbiased marginal likelihood estimator will produce a valid
lower bound. Examples of suitable such estimators are importance sampling, annealed
importance sampling, and sequential Monte Carlo. For example, the former of these is

constructing by independently sampling from the encoder K time, zj id ¢s(-]x), and
then constructing the bound

ﬁK(w70’ (b) Hk 196 (k) [ ( Zp0 zk|$ )] (9.20)

In general, the use of alternative marginal likelihood estimators like this allow one to
achieve tighter variational bounds than the standard ELBO, which thus more accurately
represent the true model evidence.

Another important variation in the standard ELBO is given by the so-called f—VAE [I],
22]. This tries to directly control the level of regularization in the ELBO by introducing
a scaling factor 3 as follows

Eﬁ(l‘, 0, qb) = Eq¢(z|a:) [logpg(:zj]z)] - B]D)KL(CM)(ZLE)HP(Z))
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9 Latent Variable Models and Variational Approaches

Higher values of 3 correspond to larger degrees of regularization and tend to produce
smoother latent spaces (i.e. models were small changes in z lead to small changes in
po(x|z)), at the expense of a drop in reconstruction quality and typical generation fidelity.
It is still a valid lower bound on the evidence for 8 > 1, though 0 < 8 < 1 is also
sometimes useful in practice if the amount of regularization in the original ELBO is
deemed too large. However, the bound no longer becomes tight if g4(z|x) = pg(2|z) for
any (3 other than 8 = 1. Numerous interesting results have been shown for the 5—VAE,
such as the fact that the value of § is intricately linked to the smoothness of the latent
space which is learned [32] and also the amount of information lost in the encoding—
decoding process, with such an information bottleneck allowing one the encoding of only
important information [I].
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0/1 loss, 12
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acquisition function, 72

activation, 87

activation functions, 87

activations, 83

ADAM, 90
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Approximate Bayesian computation, 57

approximate Bayesian inference, 55

ARD, see automatic relevance
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auto—encoder, 104
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backpropagation, 82
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Bayes factors, 55

Bayes’ rule, 46

Bayesian inference, 46
Bayesian model evidence, 55
Bayesian model selection, 55
Bayesian optimization, 71
Bernoulli, 47

Bernstein—von Mises theorem, 54
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BO, see Bayesian optimization
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CAVI, see coordinate ascent variational
inference
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complementary slackness, 22
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constraint qualifications, 21

convex optimization, 18
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coordinate ascent variational inference,
100

covariance function, 61

cross-covariance operator, 45
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de Finetti’s Theorem, 53
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Deep generative models, 101
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DGMs, see deep generative models
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discriminative machine learning, 8
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dual feasible, 20
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dual variables, 18
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early stopping, 92
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ELBO, see evidence lower bound
empirical risk, 11

empirical risk minimisation, 11
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end-to-end learning, 80
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epistemic uncertainty, 49

epoch, 89

ERM, see empirical risk minimisation
evidence lower bound, 99

expectation propagation, 99
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exploding gradients, 89
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exponential kernel, 37

exponential loss, 12
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factorized LVM, 95
factory, 84

feature learning, 80
feature map, 30
feature space, 30
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Gaussian process posterior, 64
generative machine learning, 9
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Laplace approximation, 58
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latent variable, 95

latent variable model, 95
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linear module, 85

logistic function, 16

logistic loss, 12

logistic regression, 16
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margin errors, 25

marginal distribution, 96

marginal likelihood, 46
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mean-field approximation, 100

minibatch, 88

misclasgsification loss, 12

mixing proportions, 96

mixture components, 96

mixture model, 96

mixture weights, 96
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Nystrom approximation, 68
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posterior expected loss, 52

posterior predictive distribution, 49

pre-activations, 87

predictive model, 6
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probability of improvement, 75

quantile regression, 14

random Fourier features, 69
rational quadratic kernel, 37
RBF kernel, 37
reconstruction loss, 104
recurrent neural networks, 87
regression, 6

regularisation, 15
regularised least squares, 15
REINFORCE gradient, 105
reinforcement learning, 7
relative entropy, 97
reparametrization trick, 105
representation, 81, 95
representation learning, 104
representer theorem, 38
reproducing kernel, 31

reproducing kernel Hilbert space, 31
RFF, see random Fourier features

rich representations, 81
ridge regression, 15
risk, 11

RKHS, see reproducing kernel Hilbert
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RNN, see recurrent neural networks
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saddlepoint approximation, 58
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self-normalized importance sampling,
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self-normalizing, 60

semi—supervised learning, 7

sequential experimental design, 72

Sequential Monte Carlo, 57

SGD, see stochastic gradient descent

shrinkage, 15

sigmoid function, 16

Slater’s condition, 22

Sobolev norm, 15

softmax, 85

sparse GGaussian process, 68

squared exponential kernel, 37

squared loss, 12

stationary, 69

stochastic gradient descent, 88

stochastic variational inference, 101

strictly positive definite, 31

strong duality, 21

supervised learning, 6

Support vector machines, 18

support vector regression, 14

surrogate model, 72

SVM, see support vector machines

tensor, 83
Tikhonov regularization, 15
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Unsupervised learning, 6
upper confidence bound, 77

VAEs, see variational auto—encoders

vanishing gradients, 89

Vapnik loss, 14

variational auto—encoders, 102

variational Bayes, 98

variational distribution, 99

variational EM, see variational EM

variational expectation maximization,
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variational inference, 98

variational parameters, 99
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weak duality, 21
weight decay, 91
weights, 85

witness function , 41

Xavier initialisation, 91
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