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Chapter 1

Vector spaces and Linear
Transformations

Notations: R is the set of real numbers, C is the set of complex numbers, K = C or R.
Mn×n(R) is the set of n×n matrices over R, Mn×n(C) is the set of n×n matrices over C,
Mn×n(K) is the set of n× n matrices over K. On is the n× n zero matrix. In is the n× n
identity matrix.

1.1 Basis and Dimension

Let V be a vector space over K.

Definition 1.1. A set S ⊂ V is said to be a linearly independent set over K if for any
x1, . . . ,xk ∈ S, α1x1 + · · ·+ αkxk = 0 implies α1 = · · · = αk = 0.

Definition 1.2. A set S ⊂ V is called a spanning set for V if for any x ∈ V , there exist
α1, . . . αk ∈ K and x1, . . . ,xk ∈ S such that x = α1x1 + · · ·+ αkxk.

Definition 1.3. A set E ⊂ V is called a basis for V over K if E is a linearly independent
spanning set.

Definition 1.4. A vector space V over K is called a finite dimensional vector space if there
exists a finite basis for V over K.

Proposition 1.1. Let V be a finite dimensional vector space over K. Suppose {e1, . . . , en}
and {f1, . . . ,fm} are two bases of V . Then m = n.

Proof. For each j = 1, . . . , n, ej =
∑m

i=1 aijfi. Similarly, for each j = 1, . . . ,m, fj =∑n
i=1 bijei. Let E = (e1 . . . , en) and F = (f1 . . . ,fm) be row vectors, and let A =

(aij)m×n and B = (bij)n×m. The above relations can be written as E = FA and F = EB.
Substituting one into the other, we obtain E = EBA and F = FAB, or equivalently
E(BA− In) = 0n and F (AB − Im) = 0m, where 0n and 0m are row vectors consisting
of n and m zero vectors of V respectively. Since E and F are independent sets of vectors,
we must have BA − In = On and AB − Im = Om. Thus n = tr(In) = tr(BA) =
tr(AB) = tr(Im) = m.

Thus the number of elements of any basis of a finite dimensional vector space V is always
the same. This number is called the dimension of V over K. We use dimK(V ) to denote the
dimension of V over K. When the scalar field is clear, we simply denote it by dim(V ).
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1.2 Linear Transformation

Let V and W be vectors spaces over K.

Definition 1.5. A function T : V −→ W is called a linear transformation if for any α, β ∈ K
and x,y ∈ V , T (αx+ βy) = αT (x) + βT (y).

Definition 1.6. A linear transformation T : V −→ W is called an isomorphism if T is
bijective. In this case, the inverse T−1 : W −→ V is also a linear transformation. If
there is an isomorphism between the vector spaces V and W , then V and W are said to be
isomorphic. We shall denote two isomorphic vector spaces by the notation V ∼= W .

Remark. Clearly, if V ∼= W , then dim(V ) = dim(W ).

Proposition 1.2. Let T : V −→ W be a linear transformation. Let E = {e1, . . . , en}
and F = {f1, . . . ,fm} be bases of V and W respectively. For each j = 1, . . . , n let
T (ej) =

∑m
i=1 aijfi. Let A = (aij)m×n. The matrix A is called the matrix representing T

relative to the bases E and F .

Let x ∈ V and y ∈ W be such that T (x) = y. Express x =
∑n

j=1 xjej , and y =∑m
i=1 yifi. Let X = (x1, . . . , xn)

⊤ and Y = (y1, . . . , ym)⊤ be column vectors. Then
AX = Y .

Proof. T (x) =
∑n

j=1 xjT (ej) =
∑n

j=1 xj (
∑m

i=1 aijfi) =
∑m

i=1

(∑n
j=1 aijxj

)
fi. Since

T (x) = y, we have
∑m

i=1

(∑n
j=1 aijxj

)
fi =

∑m
i=1 yifi. Equating coefficients, we obtain∑n

j=1 aijxj = yi for i = 1, . . . ,m. Therefore, AX = Y .

Example 1.1. Let E1 =

(
1 0
0 0

)
,E2 =

(
0 1
0 0

)
,E3 =

(
0 0
1 0

)
,E4 =

(
0 0
0 1

)
. Then

E = {E1,E2,E3,E4} is a basis of M2×2(R). Fix B =

(
a b
c d

)
in M2×2(R). Define

RB : M2×2(R) −→ M2×2(R) by RB(X) = XB. The matrix representing RB relative

to the basis E is
(
B⊤ O
O B⊤

)
= I ⊗B⊤. Similarly, if we define LA(X) = AX , then the

matrix representing LA relative to the basis E is A⊗ I .

By the associativity of matrix multiplication, LA ◦ RB = RB ◦ LA, and the matrix repre-
senting this linear transformation relative to E is (A⊗ I)(I ⊗B⊤) = (I ⊗B⊤)(A⊗ I) =
A⊗B⊤.

Let V be an n-dimensional vector space over K. Let E and F be bases of V over K. For
j = 1, . . . , n, let fj ∈ F . We may write fj =

∑n
i=1 pijei. Let P = (pij). Then P is

invertible and is the matrix of change of basis from F to E . That is XE = PXF .

Proposition 1.3. Let T : V −→ V be a linear transformation. Let the matrices representing
T with respect to the bases E and F be AE and AF respectively. Then AF = P−1AEP .

Proof. Let T (x) = y so that AEXE = YE and AFXF = YF . Then XE = PXF and
YE = PYF . Therefore,

PAFXF = PYF = YE = AEXE = AEPXF

Thus PAF = AEP . That is AF = P−1AEP .
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Definition 1.7. Two matrices A,B ∈ Mn×n(K) are said to be similar over K if there exists
an invertible matrix P ∈ Mn×n(K) such that P−1AP = B.

Remark. Any two matrices representing a linear transformation T : V −→ V are similar
over K.

Definition 1.8. Let T : V −→ W be a linear transformation. The null space of T or the
kernel of T , denoted by kerT , is the subspace {x ∈ V | T (x) = 0}. The image of T , denoted
by imT is subspace {T (x)| x ∈ V } in W . The nullity of T , denoted by nullity(T ), is the
dimension of the null space of T .

Theorem 1 (rank-nullity theorem). Let A : Kn −→ Km be a linear transformation, where
A is an m× n matrix over K. Let E be the reduced row-echelon form of A. Then
(i) nullity(A) + dim(imA) = n.
(ii) dim(imA) = number of nonzero rows of E.

Proof. (i) Each row operation applied to A corresponds to a change of basis in the codomain
Km so that the linear transformation is represented by the resulting matrix. Hence imA ∼=
imE = column space of E. Thus dim(imA) = number of pivotal columns of E. Note
that Ax = 0 if and only if Ex = 0. Hence the null space of A = the null space of
E. Thus nullity(A) = nullity(E) = number of non-pivotal columns of E. Therefore,
nullity(A) + dim(imA) = n.
(ii) dim(imA) = number of pivotal columns of E = number of nonzero rows of E.

Remark. Alternatively, imA ∼= imE can be proved as follow. Each row operation corre-
sponds to multiplying to A on the left by an elementary matrix. Therefore, E = RA, where
R is the product of all the elementary matrices applied to A. Since each elementary matrix
is invertible, R is invertible, and hence an isomorphism. Consequently, imE = im (RA) =
R(imA) ∼= imA.

Remark. The row rank of a matrix A is the dimension of the row space of A, or equivalently,
the maximum number of linearly independent row vectors of A. The column rank of A is
the dimension of the column space of A, or equivalently, the maximum number of linearly
independent column vectors of A. If a matrix E is in reduced row-echelon form, then the
number of nonzero rows of E is the same as the number of pivotal columns of E. Thus the
row rank of E equals the column rank of E. For any matrix A, the elementary row operations
do not change the row space of A so that the row rank of A is the same as the row rank of its
reduced row-echelon form. Also each elementary row operation can be taken as an invertible
linear transformation applied to the column space of A so that the column rank of A is the
same as the column rank of its reduced row-echelon form. This means that the row rank of
A is the same as the column rank of A. We define the rank of A, denoted by rank(A) to be
either the row rank or the column rank of A. Thus we may state the rank-nullity theorem as

nullity(A) + rank(A) = n.

Proposition 1.4. Let A ∈ Mm×n(K) and B ∈ Mn×ℓ(K). Then

rank(AB) ≤ min(rank(A), rank(B)).
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Proof. Let A = (aij) and B = (bjk). Let Aj be the jth column of A, for j = 1, . . . , n. Then
AB = (

∑n
j=1 bj1Aj , . . . ,

∑n
j=1 bjℓAj). Thus each column of AB is a linear combination

of the columns of A. Hence the column rank of AB is less than or equal to the column rank
of A. Similarly, the row rank of AB is less than or equal to the row rank of B.

Example 1.2. Let A ∈ Mm×n(K) and B ∈ Mn×m(K), where m ≥ n. Suppose rank(AB)
= n and (AB)2 = AB. Find BA.

Solution. We have n = rank(AB) = rank((AB)2) = rank(A(BA)B) ≤ rank(BA) ≤
n. Thus the n×n matrix BA has rank n and hence is non-singular. Then (BA)2(BA−I) =
B(AB)2A − (BA)2 = B(AB)A − (BA)2 = On. As (BA)2 is non-singular, we have
BA− I = On so that BA = In.

Proposition 1.5. [Sylvester’s Inequality] Let A,B ∈ Mn×n(K). Then

rank(A) + rank(B) ≤ rank(AB) + n.

Proof. It is equivalent to prove that nullity(A) + nullity(B) ≥ nullity(AB). Denote the
restriction of the linear transformation B on kerAB by B̃. Note that kerB ⊆ kerAB.
Thus ker B̃ = kerB. Therefore, nullity(B̃) = nullity(B).

Also im B̃ ⊆ kerA. [x ∈ im B̃ ⇒ x = B̃(v) for some v ∈ kerAB ⇒ A(x) =
A(B̃(v)) = (AB)(v) = 0]. Therefore rank(B̃) ≤ nullity(A).

Applying the rank-nullity theorem [Theorem 1 (i)] to B̃, we have

nullity(B̃) + rank(B̃) = dim(kerAB).

That is
nullity(B) + nullity(A) ≥ nullity(AB).

1.3 Characteristic Polynomial

Definition 1.9. Let A ∈ Mn×n(K). The characteristic polynomial of A, denoted by χA(x),
is the polynomial det(xI −A).

Remark. χA(x) is a monic polynomial of degree n.

Definition 1.10. The characteristic polynomial of a linear transformation T : V −→ V is
the characteristic polynomial of any matrix representing T .

In view of proposition 1.3, this is well defined.

Definition 1.11. A scalar λ ∈ K is called an eigenvalue of T if there exists a nonzero vector
x ∈ V such that T (x) = λx. The vector x is called an eigenvector of T associated to the
eigenvalue λ.

Remark. If V has a basis E consisting eigenvectors of T , then the matrix representing T
relative to the basis E is a diagonal matrix consisting of the eigenvalues of T .

Proposition 1.6. A scalar λ is an eigenvalue of T if and only if λ is a root of the characteristic
polynomial χA(x), where A is a matrix representing T .
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Proof. Suppose λ is an eigenvalue of T . Thus there exists x ̸= 0 such that Tx = λx.
Let A be the matrix representing T with respect to a basis B of V . Let X be the column
vector representing x. Thus AX = λX . That is (λI − A)X = 0. Since x ̸= 0, the
column vector X is non-zero. Therefore the coefficient matrix λI − A must be singular.
Thus χA(λ) = det(λI − A) = 0. Therefore, λ is a root of the characteristic polynomial
χA(x). The converse is similar.

Theorem 2. Cayley-Hamilton Theorem. Let χA(x) be the characteristic polynomial of an
n× n matrix A. Then χ

A(A) = On.

Proof. Let χA(x) = a0 + a1x+ · · ·+ anx
n. The result will be proved by using the relation:

(xIn −A)adj(xIn −A) = det(xIn −A)In. (1.1)

The cofactors of xIn − A are of degree at most n − 1 in x, so that the same is true for the
entries of adj(xIn −A). Hence we may represent adj(xIn −A) as a matrix polynomial:

adj(xIn −A) = C0 +C1x+ · · ·+Cn−1x
n−1.

By (1.1), we have

(xIn −A)(C0 +C1x+ · · ·+Cn−1x
n−1) = (a0 + a1x+ · · ·+ anx

n)In (1.2)

In (1.2), we may equate corresponding coefficients and obtain the following set of equations:

−AC0 = a0In
C0 −AC1 = a1In
C1 −AC2 = a2In

...
Cn−2 −ACn−1 = an−1In
Cn−1 = anIn

Multiplying these equations on the left by In,A,A2, . . . ,An−1,An respectively, and adding,
we get

On = a0In + a1A+ · · ·+ anA
n.

Example 1.3. The Cayley-Hamilton Theorem can be used to compute An effectively. Let

A =

(
1
2

5
2

1
2

1
2

)
. For a 2× 2 matrix A, its characteristic polynomial is given by

χ
A(x) = x2 − tr(A)x+ det(A).

Thus in this example, χA(x) = x2−x−1. By the Cayley-Hamilton Theorem, A2−A−I2 =
O2, or A2 = A + I2. Therefore, A4 = (A + I2)

2 = 3A + 2I2, A8 = (3A + 2I2)
2 =

21A+ 13I2, A9 = 34A+ 21I2, etc. For instance A9 =

(
38 85
17 38

)
.

Example 1.4. Let A =

(
1
2 −3

2
1
2

1
2

)
. Let’s find A2015.

Note that A6 = I2. Thus A2015 = A−1 =

(
1
2

3
2

−1
2

1
2

)
.
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1.4 Minimal Polynomial

Definition 1.12. Let A ∈ Mn×n(K). The minimal polynomial of A, denoted by mA(x), is
the (unique) monic polynomial of least degree such that mA(A) = On.

Definition 1.13. The minimal polynomial of a linear transformation T : V −→ V is the
minimal polynomial of any matrix representing T .

In view of proposition 1.3, this is well defined. We shall focus on a square matrix A.

Proposition 1.7. Let mA(x) be the minimal polynomial of A.
(i) If p(x) is a polynomial such that p(A) = On, then mA(x) divides p(x).
(ii) λ is an eigenvalue of A if and only if λ is a root of mA(x).

Proof. (i) Write p(x) = q(x)mA(x) + r(x), where r(x) = 0, or deg(r(x)) < deg(mA(x)).
If r(x) ̸= 0, then by substituting x = A into the above equation, we get r(A) = 0 with
deg(r(x)) < deg(mA(x)), which contradicts the minimality of the degree of mA(x). Thus
r(x) = 0 and p(x) = q(x)mA(x) which means mA(x) divides p(x).

(ii) Let λ be an eigenvalue of A. Write mA(x) = (x − λ)q(x) + c, where c is a scalar.
Thus O = (A − λI)q(A) + cI . If c ̸= 0, then (A − λI)q(A)/(−c) = I . This implies
A−λI is non-singular which contradicts the fact that λ is an eigenvalue of A. Consequently,
mA(x) = (x−λ)q(x), and λ is a root of mA(x). Conversely, suppose λ is a root of mA(x).
Thus mA(x) = (x − λ)q(x). Then O = (A − λI)q(A). If A − λI is non-singular, then
this gives q(A) = O. But deg(q(x)) < deg(mA(x)) which contradicts the minimality of
the degree of mA(x). Therefore A− λI is singular. This means λ is an eigenvalue of A.

Remark. By 1.7, the minimal polynomial of A divides the characteristics polynomial of A.

Example 1.5. Let A =

1 12 −1
0 1 0
0 4 −1

. We have χA(x) = (x−1)2(x+1). Thus mA(x) =

(x−1)(x+1) or (x−1)2(x+1). Direct computation gives (A−I)(A+I) = 0. Therefore,
mA(x) = (x− 1)(x+ 1).

Definition 1.14. A ∈ Mn×n(K) is said to be diagonalizable if A is similar to a diagonal
matrix.

This is equivalent to the existence of a basis of Kn consisting of eigenvectors of A.

Theorem 3. A ∈ Mn×n(K) is diagonalizable if and only if mA(x) = (x−λ1) · · · (x−λk),
where λ1, . . . , λk are all the distinct eigenvalues of A.

Proof. Assume A is diagonalizable. Let λ1, . . . , λk be the distinct eigenvalues of A. Then
A is similar to the diagonal matrix D = λ1In1 ⊕ · · · ⊕ λkInk

. Clearly the diagonal matrix
(D − λ1I) · · · (D − λkI) equals to the zero matrix On. Thus D and hence A satisfies the
polynomial (x − λ1) · · · (x − λk). Since the minimal polynomial of A must contain each
(x− λi) as a factor, the polynomial (x− λ1) · · · (x− λk) is the minimal polynomial of A.

Conversely, let mA(x) = (x− λ1) · · · (x− λk), where λ1, . . . , λk are all the distinct eigen-
values of A. Let qi(x) = mA(x)/(x − λi) for i = 1, . . . , k. By resolving 1/mA(x) into
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partial fractions and finding the common denominator, we can find scalars ci, i = 1, . . . , k.
such that c1q1(x) + · · ·+ ckqk(x) = 1. Thus

I = c1q1(A) + · · ·+ ckqk(A). (1.3)

Let Vi = {x ∈ Kn | (A−λiI)(x) = 0}, for i = 1, . . . , k. The subspace Vi is the eigenspace
corresponding to the eigenvalue λi. Let x ∈ Kn. By (1.3), x = c1q1(A)(x) + · · · +
ckqk(A)(x). Since (A− λiI) (ciqi(A)(x)) = ci(A− λiI)qi(A)(x) = cimA(A)(x) = 0,
we see that ciqi(A)(x) ∈ Vi. This shows that Kn = V1 + · · ·+ Vk. Next we shall show that
V1 + · · ·+ Vk is a direct sum. To do so, we need to show Vi ∩ (V1 + · · ·+ V̂i + · · ·+ Vk) =
{0}, for i = 1, . . . , k. Here V̂i means the term Vi is omitted. For simplicity, let’s prove
V1 ∩ (V2 + · · · + Vk) = {0}. The other cases are similar. Let v1 ∈ V1 ∩ (V2 + · · · + Vk).
Thus v1 ∈ V1 and there exists −vi ∈ Vi, i = 2, . . . , k such that v1 = −(v2+ · · ·+vk). That
is v1 + · · ·+ vk = 0. Applying A,A2, . . . ,Ak−1 to this equation, we have

v1 + · · ·+ vk = 0
λ1v1 + · · ·+ λkvk = 0

...
...

...
λk−1
1 v1 + · · ·+ λk−1

k vk = 0

We may write this system in the form of a matrix equation:
1 1 · · · 1
λ1 λ2 · · · λk
...

...
...

...
λk−1
1 λk−1

2 · · · λk−1
k



cv1
v2
...
vk

 =


c0
0
...
0


In this system of equations in v1, . . . ,vk, the determinant of the coefficient matrix is the Van-
dermonde determinant, which has value

∏
1≤i<j≤k

(λi − λj). It is nonzero as λ1, . . . , λk are all

distinct. Thus the coefficient matrix is non-singular. We can multiply the above equation on
the left by the inverse of the coefficient matrix and conclude that vi = 0, for all i. Therefore,
V1 ∩ (V2 + · · ·+ Vk) = {0}. Consequently, Kn = V1 ⊕ · · · ⊕ Vk. For i = 1, . . . , k, choose
a basis for Vi and put them together in this order to form a basis of Kn. Let P be the matrix
form by this basis. Then P−1AP = λ1In1 ⊕ · · · ⊕ λkInk

.

Example 1.6. Let A ∈ Mn×n(K) be such that A2 = A. Suppose A ̸= O and A ̸= In.
Then mA(x) = x(x− 1). Thus A is diagonalizable.



Chapter 2

Complex Inner Product Spaces

Definition 2.1. Let V be a vector space over C. An inner product on V is a function ⟨ , ⟩ :
V × V → C satisfying the following properties. For all x,x′,y,y′ ∈ V and for all λ ∈ C,

I1. ⟨x+ x′,y⟩ = ⟨x,y⟩+ ⟨x′,y⟩,
I2. ⟨x,y + y′⟩ = ⟨x,y⟩+ ⟨x,y′⟩,
I3. ⟨λx,y⟩ = λ⟨x,y⟩,
I4. ⟨x, λy⟩ = λ⟨x,y⟩,
I5. ⟨y,x⟩ = ⟨x,y⟩,
I6. If x ̸= 0, then ⟨x,x⟩ > 0.

The vector space V when equipped with the inner product ⟨ , ⟩ said to be an complex inner
product space. Note that in our definition, ⟨ , ⟩ is conjugate linear in the first variable.

We focus only on Cn. Let x ∈ Cn. Here x is represented as a column vector, or an
n × 1 matrix. Denote the conjugate transpose of x by x∗. The inner product on Cn is
given by ⟨x,y⟩ = x∗y. Note that the inner product is conjugate linear in the first variable:
⟨λx,y⟩ = λ⟨x,y⟩. The length of a vector x ∈ Cn is given by |x|2 = ⟨x,x⟩ = x∗x. A basis
{e1 . . . , en} of Cn is called an orthonormal basis if ⟨ei, ej⟩ = δij for all i, j = 1, . . . , n.

Mn×n(C) is a complex inner product space with inner product ⟨X,Y ⟩ = tr(X∗Y ), which
is just the Euclidean inner product when we identity Mn×n(C) with Cn2

.

Definition 2.2. Let A ∈ Mn×n(C). A is said to be hermitian if A = A∗. A is said to be
unitary if A−1 = A∗.
Let A ∈ Mn×n(R). A is said to be symmetric if A = A⊤. A is said to be orthogonal if
A−1 = A⊤.

Remark. A = (aij) is hermitian if and only if aji = aij for all i, j = 1, . . . , n. A is unitary
if and only if the column vectors of A form an orthonormal basis of Cn.

Proposition 2.1. The eigenvalues of a hermitian matrix are all real.

Proof. Since A is hermitian, (x∗Ax)∗ = x∗A∗x = x∗Ax so that x∗Ax is real. If λ is an
eigenvalue of A with eigenvector x of unit length, then λ = λx∗x = x∗(λx) = x∗Ax is
real. Thus the eigenvalues of a hermitian matrix are real.

Remark. The eigenvalues of a symmetric matrix are all real.

9
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Proposition 2.2. Let A ∈ Mn×n(C). There exists a unitary matrix U such that U∗AU is
in upper triangular form.

Proof. Use induction on n. The result is clearly true for n = 1. Let n ≥ 1. Suppose the
result is true for matrices of size n × n. Let A be an (n + 1) × (n + 1) matrix over C.
Let λ be an eigenvalue of A with associated eigenvector x of unit length. Thus x∗Ax =
x∗(λx) = λx∗x = λ|x|2 = λ. Let P be a unitary matrix whose first column is x. This can
be achieved by extending {x} to an orthonormal basis of Cn+1 and putting them together to
form P . Then

P ∗AP =

(
λ ∗
0 B

)
.

By induction hypothesis, there exists an n×n unitary matrix Q such that Q∗BQ is in upper
triangular form. Let U = P (I1 ⊕Q). Then U∗AU is in upper triangular form.

Definition 2.3. A matrix A ∈ Mn×n(C) is said to be normal if AA∗ = A∗A.

Definition 2.4. Two matrices A,B ∈ Mn×n(C) are said to be unitarily similar if there
exists a unitary matrix U such that U−1AU = B. (Here U−1 = U∗ as U is unitary).

Theorem 4. Let A ∈ Mn×n(C). Then A is normal if and only if A is unitarily similar to a
diagonal matrix.

Solution. Suppose A is normal. Let U be a unitary matrix such that U∗AU = T is in
upper triangular form. Then TT ∗ = (U∗AU)(U∗A∗U) = U∗AA∗U = U∗A∗AU =
(U∗A∗U)(U∗AU) = T ∗T . Let T = (tij). Since T is upper triangular, tij = 0 for all
i > j. Equating the (1, 1)-entry on both sides of TT ∗ = T ∗T , we get |t11|2 + |t12|2 +
· · · + |t1n|2 = |t11|2. Thus t1j = 0 for j = 2, . . . n. Equating the (2, 2)-entry, we have
|t22|2 + |t23|2 + · · · + |t2n|2 = |t12|2 + |t22|2. Since t12 = 0, we conclude that t2j = 0 for
j = 3, . . . , n. Continuing in this way, we deduce that tij = 0 for i < j. Consequently T is a
diagonal matrix. The converse is easy to verify.

Remark. One can prove the forward implication by induction on n. Let V be the eigenspace
of A∗ corresponding to an eigenvalue λ. Let V ⊥ be the orthogonal complement of V in Cn.
One can show that V and V ⊥ are subspaces of Cn invariant under A by using the property
that A is normal. That is A(V ) ⊆ V and A(V ⊥) ⊆ V ⊥ . Pick orthonormal bases B1 of V
and B2 of V ⊥ so that B = B1 ∪ B2 is a basis of Cn. Let P be the unitary matrix formed by
the orthonormal basis B. Then P ∗AP = A1 ⊕ A2, where A1 and A2 are normal and of
size small than n. The result follows by applying induction hypothesis to A1 and A2.

Example 2.1. If A is hermitian or unitary, then A is normal, and hence unitarily diagonaliz-
able. Similarly, if A is real and symmetric, then A is diagonalizable by orthogonal matrices.

2.1 Dual Spaces

Definition 2.5. Let V be an n-dimensional vector space over C. The set of all linear trans-
formations from V to C is a vector space over C. It is called the dual space of V , and is
denoted by Hom(V,C), or V ∗. Elements of V ∗ are called linear functionals.

Proposition 2.3. Let {e1, . . . , en} be a basis of V . For each i = 1, . . . , n, let e∗i : V −→ C
be the linear functional defined by e∗i (ej) = δij , extended by linearity. Then {e∗1, . . . , e∗n} is
a basis of V ∗.
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Proof. Let f ∈ V ∗, and let f(ej) = αj ∈ C, for j = 1, . . . , n. We claim that f =∑n
i=1 αie

∗
i . This is because(

n∑
i=1

αie
∗
i

)
(ej) =

n∑
i=1

αie
∗
i (ej) =

n∑
i=1

αiδij = αj = f(ej).

Thus both f and
∑n

i=1 αie
∗
i agree on the basis {e1, . . . , en} of V , and hence they are equal.

This shows that every element of V ∗ is a linear combination of e∗1, . . . , e
∗
n.

To show that e∗1, . . . , e
∗
n are linearly independent, suppose

∑n
i=1 λie

∗
i = 0. Here 0 is the

zero function. Then λj = (
∑n

i=1 λie
∗
i ) (ej) = 0 for all j = 1, . . . , n. Thus e∗1, . . . , e

∗
n are

linearly independent.

Remark. The correspondence between V and V ∗ defined by sending a basis of V to its dual
basis is not natural. If V is a complex inner product space, then the correspondence can be
defined by v 7→ ⟨v, ⟩ which is a conjugate linear isomorphism αV : V −→ V ∗. Recall
that for a complex inner product space, the inner product ⟨x,y⟩ is conjugate linear in the first
variable. That is ⟨αx,y⟩ = α⟨x,y⟩. For example in Cn, a vector is denoted as an n × 1
column matrix x. For x,y ∈ Cn, ⟨x,y⟩ = x∗y is conjugate linear in the first variable.

Proposition 2.4. Let T : V −→ W be a linear transformation. Then T t : W ∗ −→ V ∗

defined by T (f) = f ◦ T is a linear transformation.

Proposition 2.5. Let E = {e1, . . . , en} and F = {f1, . . . ,fm} be bases of V and W
respectively. Thus E∗ = {e∗1, . . . , e∗n} and F∗ = {f∗

1 , . . . ,f
∗
m} are bases of V ∗ and W ∗

respectively. Let A be the matrix representing T with respect to the bases E of V and F of
W . Show that A⊤ is the matrix representing T t with respect to the bases F∗ of W ∗ and E∗

of V ∗.

Proof. For each j = 1, . . . , n, let T (ej) =
∑m

k=1 akjfk. Thus A = (aij)m×n. Let T t(f∗
j ) =∑n

k=1 bkje
∗
k. That is the matrix representing T t is (bij)n×m. By the definition of T t, we have

f∗
j ◦ T =

∑n
k=1 bkje

∗
k. Applying both sides to ei, we have

LHS equals
(
f∗
j ◦ T

)
ei = f∗

j (T (ei)) = f∗
j (
∑m

k=1 akifk) = aji.

RHS equals (
∑n

k=1 bkje
∗
k) ei = bij . Thus the matrix representing T t is A⊤.

Remark. If V is a complex inner product space, then the correspondence αV : V −→ V ∗

defined by v 7→ ⟨v, ⟩ is a conjugate linear isomorphism. Then T ∗ defined by T ∗ = α−1
V ◦T t◦

αW : W −→ V is called the adjoint of T . If E = {e1, . . . , en} and F = {f1, . . . ,fm} are
orthonormal bases of V and W respectively, then the matrix representing T ∗ relative to the
dual bases is A∗. The definition that T ∗ = α−1

V ◦T t◦αW can be written as αV ◦T ∗ = T t◦αW .
Applying both sides to w ∈ W and then to v ∈ V , we obtain the equation

⟨T ∗(w),v⟩ = ⟨w, T (v)⟩.

Here the LHS is the inner product in V and the RHS is the inner product in W . Note that
by the definition of T t, we have T t(αW (w)) = T t (⟨w, ⟩) = ⟨w, T ( )⟩. Let T ∗(fi) =∑n

k=1 ckiek and T (ej) =
∑m

k=1 akjfk. Then

⟨T ∗(fi), ej⟩ = ⟨fi, T (ej)⟩ ⇒ ⟨
n∑

k=1

ckiek, ej⟩ = ⟨fi,
m∑
k=1

akjfk⟩ ⇒ cji = aij .

Therefore (cij) = (aji). It follows either from this or the equation ⟨T ∗(w),v⟩ = ⟨w, T (v)⟩
that T ∗∗ = T .
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2.2 Positive Definite Matrices

Definition 2.6. A hermitian matrix A is said to be positive definite if x∗Ax > 0, for all
x ̸= 0.
A hermitian matrix A is said to be positive semidefinite if x∗Ax ≥ 0, for all x ̸= 0.

Theorem 5. Let A be a hermitian matrix. Then the following statements are equivalent.
(a) A is positive definite.
(b) The eigenvalues of A are positive.
(c) A = H∗H for some invertible matrix H .

Proof. (a)⇒ (b). Let λ be an eigenvalue of A with associated eigenvector x of unit length.
Since x is an eigenvector, it is nonzero. As A is positive definite, we have λ = λ|x|2 =
λx∗x = x∗λx = x∗Ax > 0.
(b)⇒ (c). Since A is hermitian, all its eigenvalues are real, and there exists an invertible
matrix U such that U∗AU = D(λ1, . . . , λn), where λ1, . . . , λn are the eigenvalues of A.

By (b), λi > 0 for all i = 1, . . . , n. Let K = UD(λ
− 1

2
1 , . . . , λ

− 1
2

n ). Then K is invertible

and K∗ = D(λ
− 1

2
1 , . . . , λ

− 1
2

n )U∗. Thus K∗AK = In. That is A = (K∗)−1InK
−1 =

(K∗)−1K−1 = (K−1)∗K−1. Letting H = K−1, we have A = H∗H .
(c)⇒ (a). Suppose A = H∗H . Then for any x ̸= 0, x∗Ax = x∗H∗Hx = (Hx)∗(Hx) =
|Hx|2 > 0, since H is invertible.

Proposition 2.6. Let A be a n × n positive semidefinite hermitian matrix such that A2 is a
diagonal matrix. Then A is a diagonal matrix.

Proof. Since A is positive semidefinite and hermitian, its eigenvalues are real and nonneg-
ative. Let λ1, . . . , λk be the distinct eigenvalues of A and ni the multiplicity of λi. A is
hermitian implies that A is unitarily diagonalizable. That is there exists a unitary matrix
U such that U∗AU = λ1In1

⊕ · · · ⊕ λkInk
. It follows that U∗A2U = λ2

1In1
⊕ · · · ⊕

λ2
kInk

. Let f be a polynomial such that f(λ2
i ) = λi for all i = 1, . . . , k. The polyno-

mial f can be constructed by Lagrange interpolation formula as the λ2
i ’s are distinct. Then

U∗f(A2)U = f(U∗A2U) = f(λ2
1In1

⊕ · · · ⊕ λ2
kInk

) = f(λ2
1)In1

⊕ · · · ⊕ f(λ2
k)Ink

= λ1In1
⊕ · · · ⊕ λkInk

= U∗AU . Thus f(A2) = A. Since A2 is a diagonal matrix, it
follows that A = f(A2) is also a diagonal matrix. Consequently, if A2 = D(α1, . . . , αn),
then αi ≥ 0 for all i and A = D(

√
α1, . . . ,

√
αn).

Remark. Thus a positive semidefinite diagonal matrix has a unique positive semidefinite
hermitian square root and this root is also diagonal. Note that the result may not be true if A

is not positive semidefinite. For example consider A =

(
0 1
1 0

)
. Then A2 = I2 certainly

has many square roots.

Proposition 2.7. Let B and C be n × n positive semidefinite hermitian matrices. If B2 =
C2, then B = C.

Proof. Let U be a unitary matrix such that U∗BU is a diagonal matrix D. Then D2 =
(U∗BU)2 = U∗B2U = U∗C2U = (U∗CU)2. Since the positive semidefinite hermitian
square root of D2 is unique, we have D = U∗BU = U∗CU . Therefore, B = C.
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2nd Proof (by Tang Wai Shing). The matrix C − B is hermitian. We will show that all
eigenvalues of C−B are zero. Consider (C−B)x = λx, where λ ∈ R,x ∈ Cn,x∗x = 1.
We have x∗(Cx−Bx) = λx∗x = λ. We claim that λ(x∗Cx+ x∗Bx) = 0.

λx∗Bx = x∗B(λx) = x∗BCx − x∗B2x = x∗BCx − x∗C2x = x∗(B − C)Cx =
x∗(B −C)∗Cx = −λx∗Cx. Therefore, λ(x∗Bx+ x∗Cx) = 0.

Note that x∗Bx ≥ 0 and x∗Cx ≥ 0. If x∗Bx+ x∗Cx > 0, then λ = 0.
If x∗Bx + x∗Cx = 0, then x∗Bx = x∗Cx = 0, and thus λ = x∗Cx − x∗Bx = 0.
Consequently, all eigenvalues of C −B are zero and so C −B = O.

Proposition 2.8. Let A be an n×n positive semidefinite hermitian matrix. Then there exists
a unique positive semidefinite hermitian R such that R2 = A. That is A has a unique
positive semidefinite hermitian square root.

Proof. As A is hermitian, there exists a unitary matrix U such that U∗AU = D(λ1, . . . , λn),
where λ1, . . . , λn are the eigenvalues of A. Since A is positive semidefinite, λi ≥ 0 for all
i = 1, . . . , n. Let R = UD(

√
λ1, . . . ,

√
λn)U

∗. Then R2 = A. That R is unique follows
from proposition 2.7.

Proposition 2.9. Let A be an n× n nonsingular matrix. There exist unique positive definite
hermitian matrices R and S and a unique unitary matrix U such that A = RU = US.
This is called the polar representation of A.

Proof. First AA∗ is positive definite hermitian, it has a unique positive definite hermitian
square root R. That is AA∗ = R2. Let U = R−1A. Then A = RU . Next we check
that U is unitary: UU∗ = (R−1A)(R−1A)∗ = R−1AA∗(R−1)∗ = R−1AA∗(R∗)−1 =
R−1AA∗R−1 = In as R is hermitian. Similarly U∗U = In. Since R is unique, U =
R−1A is uniquely determined. Next we define S = U∗RU . Then S is positive definite
hermitian, and A = US.

Example 2.2. Let A =

(
−1 8
4 4

)
. Following proposition 2.9, we find that

R =

(
101
13

28
13

28
13

68
13

)
, U =

(−5
13

12
13

12
13

5
13

)
, S =

(
53
13

8
13

8
13

116
13

)
.

Then A = RU = US.

Example 2.3. Find the polar representation of the matrix
(
1 1
0 1

)
.

Following proposition 2.9, we find that
(
1 1
0 1

)
=

(
3√
5

1√
5

1√
5

2√
5

)(
2√
5

1√
5

− 1√
5

2√
5

)
.



Chapter 3

Trace and Commutators

The commutator of two matrices X,Y ∈ Mn×n(K) is defined to be [X,Y ] ≡ XY −Y X .
Note that tr([X,Y ]) = 0.

Proposition 3.1. Let α ∈ K. Let A ∈ Mn×n(K), where n ≥ 2 and A is not a scalar
multiple of the identity. Then there exists an invertible matrix P such that the first diagonal
entry of P−1AP is α.

Proof. Since A is not a scalar multiple of the identity, A is not the zero matrix in particular.
Claim. There exists a non-zero vector x such that x and Ax are linearly independent.
Proof. Suppose, on the contrary, that for any non-zero vector x, x and Ax are linearly de-
pendent. That is for any non-zero vector x, we have Ax = λxx. Let u,v be two linearly
independent vectors. Thus Au = λuu, Av = λvv and A(u+v) = λu+v(u+v). It follows
that λu+v(u+v) = λuu+λvv. That is (λu+v −λu)u+(λu+v −λv)v = 0. Since u,v are
linearly independent, we have λu+v = λu = λv. Applying this to a basis of Kn shows that
A is a scalar multiple of the identity, contradicting the hypothesis. This proves the claim.
Now let x be a non-zero vector such that x and Ax are linearly independent. Then there
exists a non-zero vector y such that y⊤x = 1 and y⊤Ax = α. This is done by solving the
linear system of equations: y⊤x = 1,y⊤Ax = α in the unknown vector y.
Choose a basis B = {x, e2, . . . , en} ofKn, where e2, . . . , en are in the subspace annihilated
by y. That is y⊤ei = 0, i = 2, . . . , n. (Note that x is not in this subspace as y⊤x = 1. Thus
such a basis B can be chosen.)
Let P = (x, e2, . . . , en) be the matrix formed by the column vectors x, e2, . . . , en. Then
the first row of P−1 is y⊤, as y⊤x = 1, and y⊤ei = 0, for i = 2, . . . , n. We see that the
first diagonal entry of P−1AP is y⊤Ax = α. Thus the conclusion holds.

Remark. P can be chosen to be unitary if α lies in the numerical range of A. The numerical
range of A is defined to be W (A) = {x∗Ax ∈ C | ∥x∥ = 1} and is known to be a compact
convex subset of C. Note that W (A) contains all the eigenvalues of A. For instance, if
tr(A) = 0, then 0 ∈ W (A).

Proposition 3.2. Let A ∈ Mn×n(K) be such that tr(A) = 0. Then A is similar to a matrix
B whose diagonal entries are all 0.

Proof. We use induction on n. The case n = 1 is trivially true. Let n ≥ 2.

Suppose any (n − 1) × (n − 1) complex matrix with trace 0 is similar to a matrix whose
diagonal entries are all 0.

14
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Let A ∈ Mn×n(K) such that tr(A) = 0. If A is a scalar matrix, then tr(A) = 0 implies
that A is just the zero matrix, and so the conclusion holds. Now we consider A is not a scalar
matrix. By 3.1, there exists an invertible matrix P such that the first diagonal element of
P−1AP is zero. Thus

P−1AP =

(
0 u⊤

v X

)
,

where u,v are (n − 1) × 1 matrices, and X is a (n − 1) × (n − 1) matrix. Also tr(X) =
tr(A) = 0.
By induction hypothesis applied to X , there exists an invertible (n− 1)× (n− 1) matrix R
such that the diagonal entries of R−1XR are all 0.
Let

Q =

(
1 0⊤

0 R

)
.

Then

(PQ)−1A(PQ) =

(
1 0⊤

0 R−1

)(
0 u⊤

v X

)(
1 0⊤

0 R

)
=

(
0 u⊤R

R−1v R−1XR

)
has all the diagonal entries equal to 0.

Proposition 3.3. Let A ∈ Mn×n(K) be such that all of its diagonal entries are 0. Then A
is a commutator.

Proof. Let A = (aij). Take any set of distinct numbers x1, . . . , xn. Let X be the diagonal
matrix D(x1, . . . , xn). Let Y = (yij) be the matrix defined by

yij =

{
0 if i = j
aij

xi−xj
if i ̸= j

.

One can easily check that A = XY − Y X .

Summarizing, we have the following result.

Theorem 6. Let A ∈ Mn×n(K). Then the following statements are equivalent.
(1) tr(A) = 0.
(2) A is similar to a matrix B whose diagonal entries are all 0.
(3) A is a commutator.

Remark. It can be proved directly that a traceless matrix is a sum of commutators using
elemenatry matrices.

Proposition 3.4. Let D be the set of all commutators in Mn×n(K). tr : Mn×n(K) → K
induces an isomorhism Mn×n(K)/D ∼= K.

Proof. This follows from theorem 6.

Proposition 3.5. Let A ∈ Mn×n(K). Then A is similar to a matrix B whose diagonal
entries are all equal.

Proof. This follows by applying 3.2 to the matrix A− tr(A)
n I which has trace zero.
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Proposition 3.6. A sum of commutators is a commutator.

Proof. Since the trace of a sum of commutators is zero, it is also a commutator by theorem 6.

Proposition 3.7. Let A ∈ Mn×n(K) which is not a nonzero scalar multiple of the identity.
Then A is similar to a matrix B = (bij) such that b11 = tr(A) and bii = 0 for all i =
2, . . . , n.

Proof. This follows from 3.1 by taking α = tr(A), and then apply 3.2 to the resulting lower
(n− 1)× (n− 1) submatrix which has trace zero.

Example 3.1. Let A =

1 0 0
0 2 0
0 0 −3

. Find a matrix P so that the diagonal entries of

P−1AP are all zero.

Solution. Take x =

1
1
0

. Then Ax =

1
2
0

. Then x and Ax are linearly independent. Let

y =

y1
y2
y3

. Let’s solve the system y⊤x = 1,y⊤Ax = 0. That is y1+y2 = 1, y1+2y2 = 0.

We obtain y1 = 2, y2 = −1 and y3 is arbitrary. So let’s take y3 = 0 so that y =

 2
−1
0

.

Next we take e1 =

1
2
0

 and e2 =

0
0
1

. Then e1, e2 are in the subspace annihilated by y.

Take P =

1 1 0
1 2 0
0 0 1

 with P−1 =

 2 −1 0
−1 1 0
0 0 1

. Then P−1AP =

0 −2 0
1 3 0
0 0 −3

.

Using exercise 2.7, we can further conjugate the lower 2×2 matrix to
(

0 −9
−1 0

)
by means

of the matrix
(
1 −3
1 3

)
. Combining the two conjugations, we have

1 1 −3
1 2 −6
0 1 3

−11 0 0
0 2 0
0 0 −3

1 1 −3
1 2 −6
0 1 3

 =

 0 −2 6
1
2 0 −9
−1

6 −1 0

 .



Chapter 4

Conjugacy Classes in SL(2,R)

4.1 Conjugacy Classes

Let X ∈ SL(2,R). The characteristics polynomial of X is x2 − tr(X)x+ 1 = 0. Thus the
eigenvalues of X are 1

2

(
tr(X)±

√
tr(X)2 − 4

)
.

Case 1. |tr(X)| < 2.

The eigenvalues are complex, α ± iβ, where β ̸= 0 and α2 + β2 = 1. Let v ∈ C2 be an
eigenvector of X corresponding to the eigenvalue α+ iβ. Then v ∈ C2 is an eigenvector of
X corresponding to the eigenvalue α− iβ. Since β ̸= 0, the eigenvalues α+ iβ and α− iβ
are distinct so that v and v are linearly independent over C. This implies ℜ(v) = 1

2(v + v)
and ℑ(v) = 1

2i(v − v) are linearly independent over C. Hence ℜ(v) and ℑ(v) are linearly
independent over R.

Let v1 = ℜ(v) and v2 = ℑ(v). Then X(v1+ iv2) = (α+ iβ)(v1+ iv2)⇔Xv1+ iXv2 =
(αv1 − βv2) + i(βv1 + αv2). Thus Xv1 = αv1 − βv2 and Xv2 = βv1 + αv2. Therefore,

with respect to the ordered basis {v1,v2}, the matrix representing X is
(

α β
−β α

)
. Whereas,

with respect to the ordered basis {v2,v1}, the matrix representing X is
(
α −β
β α

)
.

We pick the ordered basis either {v2,v1} or {v1,v2} which has positive determinant d. Using
that ordered basis, we may scale the matrix of change of basis by a factor of

√
d, so that

P−1XP =

(
α β
−β α

)
or
(
α −β
β α

)
, and det(P ) = 1.

Let α = cos θ, β = sin θ, θ ∈ (0, π) ∪ (π, 2π). Then X is conjugate in SL(2,R) to either(
cos θ − sin θ
sin θ cos θ

)
or
(

cos θ sin θ
− sin θ cos θ

)
.

Note that
(
cos θ − sin θ
sin θ cos θ

)
and

(
cos θ sin θ
− sin θ cos θ

)
are not conjuage in SL(2,R), where θ ∈

(0, π) ∪ (π, 2π).

To see this, assume
(
cos θ − sin θ
sin θ cos θ

)
=

(
p q
r s

)−1(
cos θ sin θ
− sin θ cos θ

)(
p q
r s

)
, ps−qr = 1.

17
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That is
(
p q
r s

)(
cos θ − sin θ
sin θ cos θ

)
=

(
cos θ sin θ
− sin θ cos θ

)(
p q
r s

)
. Equating entries and sim-

plifying, we obtain (q − r) sin θ = 0, (p+ s) sin θ = 0. Since θ ∈ (0, π) ∪ (π, 2π), we have
sin θ ̸= 0. Thus q = r, p = −s so that 1 = ps− qr = −p2 − q2, a contradiction.

Case 2. |tr(X)| > 2.

The eigenvalues are real, nonzero and unequal. Let the eigenvalues be α and 1
α , α ̸= 0,±1.

Then X is conjugate to
(
α 0
0 1

α

)
or
(

1
α 0
0 α

)
. These two matrices are conjugate in SL(2, R).

(
0 −1
1 0

)−1(
α 0
0 1

α

)(
0 −1
1 0

)
=

(
1
α 0
0 α

)
.

Therefore X is conjuagate to
(
α 0
0 1

α

)
with |α| > 1.

Case 3. tr(X) = 2.

The eigenvalues are 1 with multiplicity 2.

(3i) X has 2 linearly independent eigenvectors. Then X = I .

(3ii) X does not have 2 linearly independent eigenvectors. Let v1 ∈ R2 be an eigenvector
of X . Choose another vector v2 so that {v1,v2} is a basis of R2. Then Xv1 = v1 and
Xv2 = αv1 + βv2. We have tr(X) = 2 implies β = 1, so that Xv2 = αv1 + v2.
Note that α ̸= 0 as v2 is not an eigenvector. We pick the ordered basis either {v1,v2} or
{v1,−v2} which has positive determinant d. Using that ordered basis, we may scale the

matrix of change of basis by a factor of
√
d, so that P−1XP =

(
1 α
0 1

)
or
(
1 −α
0 1

)
, and

det(P ) = 1.

Thus X is conjugate to either
(
1 α
0 1

)
or
(
1 −α
0 1

)
. Without loss of generality, take α > 0.

Then, we have

(√
α 0
0 1√

α

)−1(
1 ±α
0 1

)(√
α 0
0 1√

α

)
=

(
1 ±1
0 1

)
.

Also one can check that
(
1 1
0 1

)
and

(
1 −1
0 1

)
are not conjugate in SL(2,R).

Consequently, X is conjugate to either
(
1 1
0 1

)
or
(
1 −1
0 1

)
.

Case 4. tr(X) = −2.

The eigenvalues are -1 with multiplicity 2.

(4i) X has 2 linearly independent eigenvectors. Then X = −I .

(4ii) X does not have 2 linearly independent eigenvectors. Let v1 ∈ R2 be an eigenvector
of X . Choose another vector v2 so that {v1,v2} is a basis of R2. Then Xv1 = −v1 and
Xv2 = αv1 + βv2. We have tr(X) = −2 implies β = −1, so that Xv2 = αv1 − v2.
Note that α ̸= 0 as v2 is not an eigenvector. We pick the ordered basis either {v1,v2}
or {v1,−v2} which has positive determinant d. Using that ordered basis, we may scale the
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matrix of change of basis by a factor of
√
d, so that P−1XP =

(
−1 α
0 −1

)
or
(
−1 −α
0 −1

)
,

and det(P ) = 1.

Thus X is conjugate to either
(
−1 α
0 −1

)
or
(
−1 −α
0 −1

)
. Without loss of generality, take

α > 0.

Then, we have

(√
α 0
0 1√

α

)−1(
−1 ±α
0 −1

)(√
α 0
0 1√

α

)
=

(
−1 ±1
0 −1

)
.

Also one can check that
(
−1 1
0 −1

)
and

(
−1 −1
0 −1

)
are not conjugate in SL(2,R).

Consequently, X is conjugate to either
(
−1 1
0 −1

)
or
(
−1 −1
0 −1

)
.

Theorem 7. Let X ∈ SL(2,R). Then X is conjugate in SL(2,R) to exactly one of the
following matrices.

I ,
(
1 1
0 1

)
,
(
1 −1
0 1

)
, −I ,

(
−1 1
0 −1

)
,
(
−1 −1
0 −1

)
,
(
α 0
0 1

α

)
where |α| > 1,(

cos θ − sin θ
sin θ cos θ

)
where θ ∈ (0, π) ∪ (π, 2π).

Example 4.1. By exercise 5.6,
(
−1 ±1
0 −1

)
does not have a square root in SL(2,R). In fact

it has no square root in SL(2,C). Direct calculation shows that
(
α 0
0 1

α

)
, α < −1 does not

have a square root in SL(2,R).

The rest of the matrices in theroem 7 have square roots. For instance, −I =

(
0 1
−1 0

)2

.

4.2 Trace Identities

Proposition 4.1. Let A,B ∈ SL(2,R). Then tr(AB) + tr(AB−1) = tr(A)tr(B).

Proof. By the Cayley-Hamilton theorem, B2 − tr(B)B + I = O. Multiplying both sides
by B−1, we have B − tr(B)I +B−1 = O. That is B +B−1 = tr(B)I .
Multiplying both sides by A, we have AB + AB−1 = tr(B)A. Taking the trace, we get
tr(AB) + tr(AB−1) = tr(A)tr(B).

Remark. Letting A = B, we obtain the identity tr(A2) + 2 = tr(A)2.

Theorem 8. [The Fricke Identity] Let A,B ∈ SL(2,R). Then

tr(A)2 + tr(B)2 + tr(AB)2 = tr(A)tr(B)tr(AB) + tr(ABA−1B−1) + 2.

Proof. Apply proposition 4.1 to ABA−1 and B, we have

tr(ABA−1B) + tr(ABA−1B−1) = tr(B)2.
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Apply proposition 4.1 to AB and A−1B, we have

tr(ABA−1B) + tr(A2) = tr(AB)tr(A−1B).

Since tr(A−1B) = −tr(AB) + tr(A)tr(B), we have

tr(ABA−1B) + tr(A2) = tr(AB) (−tr(AB) + tr(A)tr(B)) .

That is
tr(ABA−1B) + tr(A2) = −tr(AB)2 + tr(AB)tr(A)tr(B).

Using the first equation, we get

−tr(ABA−1B−1) + tr(B)2 + tr(A2) = −tr(AB)2 + tr(AB)tr(A)tr(B).

Using tr(A2) = tr(A)2 − 2, we obtain the final result.

Let d ∈ R. Consider the Markov equation x2 + y2 + z2 − xyz = d. Treating this as a
quadratic equation in z, we have z = 1

2

(
xy ±

√
x2y2 − 4(x2 + y2 − d)

)
.

When x, y are large enough, the discriminant is positive so that z is real.
Let’s choose x, y > 2 and the root z = 1

2

(
xy −

√
x2y2 − 4(x2 + y2 − d)

)
. Then xy− z =

1
2

(
xy +

√
x2y2 − 4(x2 + y2 − d)

)
> 1

2xy > 2. Therefore, there exists a point (x, y, z) in
the surface S satisfying xy − z > 2.

Proposition 4.2. Let x, y, z ∈ R such that xy − z > 2. There exist A,B ∈ SL(2,R) such
that tr(A) = x, tr(B) = y, tr(AB) = z.

Proof. The quadratic equation X2 − (xy − z)X + 1 = 0 has 2 real roots as the discriminant
(xy − z)2 − 4 > 0. Let the roots be γ and 1

γ . Note that γ ̸= 0. Then γ + 1
γ − (xy − z) = 0.

Let A =

(
0 γ
− 1

γ x

)
and B =

(
0 1
−1 y

)
.

Then tr(A) = x, tr(B) = y, tr(AB) = xy − γ − 1
γ = z.

Example 4.2. Let’s find (x, y, z) satisfying x2+y2+z2−xyz = 2+α+ 1
α , where |α| > 1,

such that xy − z > 2.

(i) For α > 1, take x, y = 0, z = −
√
α− 1√

α
. Then xy − z =

√
α+ 1√

α
> 2.

(ii) For α < −1, let β = −α so that β > 1 and let c =
√
β + 1√

β
> 2. Take x = y =

√
2c+ 4, z = c+ 2. Then

x2+y2+ z2−xyz = 2(2c+4)+(c+2)2− (2c+4)(c+2) = 4− c2 = 4− (
√
β+ 1√

β
)2 =

2− β − 1
β = 2 + α+ 1

α . Also xy − z = 2c+ 4− c− 2 = c+ 2 > 4 > 2.

Example 4.3. Let’s find A,B ∈ SL(2,R) such that tr(ABA−1B−1) = α + 1
α , where

|α| > 1.
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(i) For α > 1, let A =

(
0

√
α

− 1√
α

0

)
and B =

(
0 1
−1 0

)
.

Then tr(A) = 0, tr(B) = 0 and tr(AB) = −
√
α − 1√

α
. By the Fricke Identity, we have

tr(ABA−1B−1) = α+ 1
α .

(ii) For α < −1, we take the solution of the Markov equation in example 4.2(ii). Let c =√
−α + 1√

−α
> 2. Take x = y =

√
2c+ 4, z = c + 2. Then xy − z = c + 2 > 2. By

proposition 4.2, let γ ∈ R satisfying γ + 1
γ − (c+ 2) = 0.

Let A =

(
0 γ
− 1

γ

√
2c+ 4

)
and B =

(
0 1
−1

√
2c+ 4

)
. Then tr(A) = tr(B) =

√
2c+ 4

and tr(AB) = c+ 2. By the Fricke Identity, we have tr(ABA−1B−1) = α+ 1
α .

Example 4.4. Let’s find A,B ∈ SL(2,R) such that tr(ABA−1B−1) = 2 cos θ.

The equation x2 + y2 + z2 − xyz = 2 + 2 cos θ has a solution x = 3, y = 3, z = 1
2(9 −√

17 + 8 cos θ).
Note xy−z = 9− 1

2(9−
√
17 + 8 cos θ) = 1

2(9+
√
17 + 8 cos θ) ≥ 1

2(9+
√
17− 8) = 4 > 2.

By proposition 4.2, let γ ∈ R satisfying γ + 1
γ − 1

2(9 +
√
17 + 8 cos θ) = 0.

Let A =

(
0 γ
− 1

γ 3

)
and B =

(
0 1
−1 3

)
. Then tr(AB) = 1

2(9 −
√
17 + 8 cos θ). By the

Fricke Identity, we have tr(ABA−1B−1) = 2 cos θ.

Theorem 9. Let X ∈ SL(2,R). If X ̸= −I , then X is a single multiplicative commutator.
−I is a product of 2 multiplicative commutators.

Proof. It suffices to show each matrix except −I in theorem 7 is a single multiplicative
commutator.

(i) If tr(X) = 2, then X is conjugate in SL(2,R) to the either I ,
(
1 1
0 1

)
or
(
1 −1
0 1

)
.

Certainly, I is a single multiplicative commutator. Let’s show that the other 2 matrices can
also be expressed as a single multiplicative commutator in SL(2,R).

Take the solution (3, 3, 2) of the Markov equation x2 + y2 + z2 − xyz = 4. Let γ satisfy
γ + 1

γ = 3 − 2 = 7. That is γ = 1
2(7 ± 3

√
5), so there are 2 choices of γ. If we take

γ = 1
2(7− 3

√
5) and apply proposition 4.2, we get the matrices A =

(
0 7−3

√
5

2

−7+3
√
5

2 3

)
,

B =

(
0 1
−1 3

)
. Then ABA−1B−1 =

 1 + 3
√
5 15

2 − 9
√
5

2

15
2 + 9

√
5

2 1− 3
√
5

 whose Jordan form is

(
1 1
0 1

)
. Thus there exists J =

(
3−

√
5 −1

3 +
√
5
5

2 0

)
such that J−1(ABA−1B−1)J =(

1 1
0 1

)
. Though detJ < 0, the matrices J−1AJ and J−1BJ still have determinant 1.
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Then J−1(ABA−1B−1)J still expresses
(
1 1
0 1

)
as a single multiplicative commutator in

SL(2,R).

(
1 1
0 1

)
=

(
3−

√
5

2
− 5+3

√
5

30

0 3+
√
5

2

)(
3+

√
5

2
5−3

√
5

30

0 3−
√
5

2

)(
3−

√
5

2
− 5+3

√
5

30

0 3+
√
5

2

)−1(
3+

√
5

2
5−3

√
5

30

0 3−
√
5

2

)−1

.

However, if we prefer J to have positive determinant, we may change the second column
of J to its negative. The resulting matrix has positive determinant. Denote that matrix by
P . [This corresponds to use the new ordered basis {v1,v′

2} where v′
2 = −v2. Thus if we

denote ABA−1B−1 by X , then Xv1 = v1,Xv′
2 = −Xv2 = −(v1 + v2) = −v1 + v′

2].

Then P−1(ABA−1B−1)P =

(
1 −1
0 1

)
. More explicitly, if we work out P−1AP and

P−1BP we get

(
1 −1
0 1

)
=

(
3−

√
5

2
1
6
+

√
5

10

0 3+
√
5

2

)(
3+

√
5

2
− 1

6
+

√
5

10

0 3−
√
5

2

)(
3−

√
5

2
1
6
+

√
5

10

0 3+
√
5

2

)−1(
3+

√
5

2
− 1

6
+

√
5

10

0 3−
√
5

2

)−1

.

Conjugating both sides by
(
1 0
0 −1

)
, we get back

(
1 1
0 1

)
=

(
3−

√
5

2
− 1

6
−

√
5

10

0 3+
√
5

2

)(
3+

√
5

2
1
6
−

√
5

10

0 3−
√
5

2

)(
3−

√
5

2
− 1

6
−

√
5

10

0 3+
√
5

2

)−1(
3+

√
5

2
1
6
−

√
5

10

0 3−
√
5

2

)−1

.

Alternatively, if we use the root γ = 1
2(7 + 3

√
5) and apply proposition 4.2, we get

(
1 1
0 1

)
=

(
3+

√
5

2
1
6
+

√
5

10

0 3−
√

5
2

)(
3−

√
5

2
− 1

6
+

√
5

10

0 3+
√
5

2

)(
3+

√
5

2
1
6
+

√
5

10

0 3−
√
5

2

)−1(
3−

√
5

2
− 1

6
+

√
5

10

0 3+
√
5

2

)−1

.

(ii) If tr(X) = −2, then X is conjugate in SL(2,R) to the either −I ,
(
−1 1
0 −1

)
or(

−1 −1
0 −1

)
. By exercise 5.9 and 5.10, −I cannot be expressed as a single multiplicative

commutator in SL(2,R). Instead, it can be expressed as a product of two multiplicative
commutators in SL(2,R). Let’s show that the other 2 matrices can also be expressed as a
single multiplicative commutator in SL(2,R).
Take the solution (3, 3, 3) of the Markov equation x2 + y2 + z2 − xyz = 0. Let γ sat-
isfy γ + 1

γ = 3 × 3 − 3 = 6. That is γ = 1
2(6 ±

√
32) = 3 ± 2

√
2. Take γ =

3 + 2
√
2. Applying proposition 4.2, we get the matrices A =

(
0 3 + 2

√
2

−3 + 2
√
2 3

)
,

B =

(
0 1
−1 3

)
. Then ABA−1B−1 =

(
−1− 6

√
2 6 + 6

√
2

12− 12
√
2 −1 + 6

√
2

)
. In this case, we are

certain that ABA−1B−1 ̸= −I as −I cannot be a single multiplicative commutator. There-

fore the Jordan form of ABA−1B−1 must be
(
−1 1
0 −1

)
. Let P =

(
−6

√
2 1

12− 12
√
2 0

)
.

Then P−1(ABA−1B−1)P =

(
−1 1
0 −1

)
. More explicitly, if we work out P−1AP and
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P−1BP we get

(
−1 1
0 −1

)
=

(
2 +

√
2

2
−1+

√
2

12

−6 1−
√

2
2

)(
2−

√
2

2
1+

√
2

12

6 1 +
√
2
2

)(
2 +

√
2

2
−1+

√
2

12

−6 1−
√
2

2

)−1(
2−

√
2

2
1+

√
2

12

6 1 +
√
2

2

)−1

.

Conjugating both sides by
(
1 0
0 −1

)
, we have

(
−1 −1
0 −1

)
=

(
2 +

√
2

2
1−

√
2

12

6 1−
√
2
2

)(
2−

√
2

2
− 1+

√
2

12

−6 1 +
√
2

2

)(
2 +

√
2

2
1−

√
2

12

6 1−
√
2

2

)−1(
2−

√
2

2
− 1+

√
2

12

−6 1 +
√
2

2

)−1

.

(iii) If tr(X) > 2, then X is conjugate in SL(2,R) to
(
α 0
0 1

α

)
with |α| > 1. By example

4.3, there exist A,B ∈ SL(2,R) such that tr(ABA−1B−1) = tr(X) = α + 1
α . In

this case, the conjugacy class of X is unique. Thus X = P−1(ABA−1B−1)P for some
P ∈ SL(2,R). Therefore X can be expressed as a single multiplicative commutator in
SL(2,R).

(iv) If tr(X) < 2, then X is conjugate in SL(2,R) to
(
cos θ − sin θ
sin θ cos θ

)
where θ ∈ (0, π) ∪

(π, 2π). By example 4.4, there exist A,B ∈ SL(2,R) such that tr(ABA−1B−1) =
tr(X) = 2 cos θ. In this case, the conjugacy class of X is unique. Therefore X =
P−1(ABA−1B−1)P for some P ∈ SL(2,R). Therefore X can be expressed as a sin-
gle multiplicative commutator in SL(2,R).

Remark. In proposition 4.2,

ABA−1B−1 =

 γ2 − y (γx− y) γx− y

γx− x2y + xy2

γ − y
γ2 x2 − xy

γ + 1
γ2

 .

If it is the identity matrix, then γ2 = 1 and y = γx. That is γ = ±1 and y = ±x. To ensure
we do not get I , we simply pick the solution (x, y, z) of the Markov equation or γ that do not
satisfy these conditions.



Exercise 1

1.1. What is the dimension of the vector space C over R?

1.2. Let V be a vector space over R. Let V1 and V2 be subspaces of V such that V1 ⊊ V2

and V2 ⊊ V1. Is V1 ∪ V2 a subspace of V ?

1.3. Let A,B ∈ Mn×n(R). Is it true that AB = On implies BA = On?

1.4. Let A,B ∈ Mn×n(R). Is it true that AB = In implies BA = In?

1.5. Let A be a 2 × 2 matrix over C. The trace of A, denoted by tr(A), is the sum of the
diagonal entries of A. Suppose tr(A) = tr(A2) = 0. Is it true that A = O2?

1.6. Prove that every 2× 2 matrix of determinant 1 is the product of 3 elementary matrices.

1.7. Show that matrices A =

(
1 −2
0 1

)
and B =

(
−1 2
−2 3

)
are similar but not unitarily

similar over C.

1.8. Let A be an n × n positive definite hermitian matrix which is unitary. Show that
A = In.

1.9. Let A =

0 0 a
0 b 0
c 0 0

 be in Mn×n(C). Prove that A is diagonalizable if and only if

either ac ̸= 0 or a = c = 0.

1.10. For any x =

x1
...
xn

 ∈ Rn and any permutation σ of 1, 2, . . . , n, define σ(x) =

xσ(1)
...

xσ(n)

. Fix a vector x ∈ Rn. Let V be the span of {σ(x) | σ is a permutation of 1, 2, . . . , n}.

What are the possibilities for the dimension of V ?
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Exercise 2

2.1. Let A,B ∈ Mn×n(R) and AB = In. Show that the system of linear equations
BX − xIn = 0n has a nontrivial solution in the unknowns X and x. Hence show that
BA = In.

2.2. Let A,B1,B2,B3,B4 be 2× 2 real matrices and A ̸= O2 such that

det(A+Bi) = det(A) + det(Bi), for i = 1, 2, 3, 4.

Prove that there exist real numbers c1, c2, c3, c4, not all zero, such that

c1B1 + c2B2 + c3B3 + c4B4 = O2.

2.3. Let f1, f2, . . . , fn be linearly independent functions defined on R. Prove that some
n− 1 of their derivatives f ′

1, f
′
2, . . . , f

′
n are linearly independent.

2.4. Let A,B ∈ Mn×n(C). Then AB and BA have the same characteristic polynomial.

2.5. Let A be an m × n matrix over C. Prove that AA∗ and A∗A have the same set of
nonzero eigenvalues.

2.6. Let A ∈ Mn×n(C). Then A and A⊤ are similar.

2.7. Let A =

(
a 0
0 b

)
where a ̸= b. Prove that A is similar to the matrix

(
a+ b ab
−1 0

)
.

2.8. Let A =

(
a11 a12
a21 a22

)
.

(a) Suppose a12 ̸= 0. Let P =

(
0 −a12
1 a11

)
. Show that P is invertible and

P−1AP =

(
tr(A) det(A)
−1 0

)
.

(b) Suppose a21 ̸= 0. Find an invertible matrix Q such that

Q−1AQ =

(
tr(A) det(A)
−1 0

)
.

2.9. Let A =

(
9 −40
40 9

)
. Find a positive definite hermitian matrice R and a unitary

matrix U such that A = RU .

2.10. Let U ∈ Mn×n(C) be an upper triangular unitary matrix. Prove that U is diagonal.
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Exercise 3

3.1. Let A ∈ Mn×n(C) and f(x) be a polynomial with complex coefficients such that
f(AA∗) = O. Prove that f(A∗A) = O.

3.2. Let A ∈ Mn×n(C) be a normal matrix and V an eigenspace of A∗. Prove that V and
V ⊥ are subspaces of Cn invariant under A.

3.3. Let A ∈ Mn×n(R) and A ̸= On. Prove that there exists a 1-dimensional or a 2-
dimensional subspace of Rn invariant under A.

3.4. Let A ∈ Mn×n(C) and A2 = A. Prove that rank(A) = tr(A).

3.5. Let A,B ∈ Mn×n(C) be such that A2 = A, B2 = B and A+B+AB+BA = On.
What can be said about A and B?

3.6. Let A ∈ Mn×n(R). Prove that A is symmetrically similar to A⊤ over R if and only if
A is a product of two real symmetric matrices and one of them is invertible.

3.7. Let A ∈ Mn×n(R). Prove that A is diagonalizable over R with all its eigenvalues
positive if and only if A is a product of two real positive definite symmetric matrices.

3.8. Let A ∈ Mn×n(C) be a normal matrix. Prove that the null space of A is the same as
the null space of A∗.

3.9. Let A,B ∈ Mn×n(C). Suppose A is a normal matrix. Prove that AB = On implies
A∗B = On.

3.10. Let A ∈ Mn×n(C). Suppose AA∗A = A∗AA. Prove that A is normal.
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Exercise 4

4.1. Let A,B ∈ Mn×n(C). Suppose A is a normal matrix. Prove that AB = BA implies
A∗B = BA∗.

4.2. Let A,B be positive definite hermitian matrices. Prove that det(I +AB) > 1.

4.3. Let A =

(
10 −3
−3 1

)
, B =

(
3 7
7 18

)
and C =

(
3
5 −2

5
−2

5
3
5

)
. Show that A, B and C

are positive definite hermitian matrices. Is it true that det(I +ABC) > 1?

4.4. Show that the matrix
(
0 1
0 0

)
cannot be expressed as a product of two singular sym-

metric matrices.

4.5. Let Q and M be symmetric matrices with Q positive definite. Show there is a matrix
A such that AQ+QA = M .

4.6. Let A,B ∈ Mn×n(C) be Hermitian matrices such that A2 = A and B2 = B. Prove
that if AB is normal, then AB = BA.

4.7. Let A ∈ Mn×n(C) such that A2 = A∗. Prove that rank(A + A∗) = rank(A) and
I +A is non-singular. [AMM problem 1793]

4.8. Let A and B be 2 × 2 matrices. Prove that det(A + B) + tr(AB) = det(A) +
det(B) + tr(A)tr(B).

4.9. Let A and B be 2×2 nonzero matrices such that AB+BA = O and det(A+B) = 0.
Prove that tr(A) = tr(B) = 0.

4.10. Let A and B be 2 × 2 matrices such that A2 +B2 = 2AB. Prove that AB = BA
and tr(A) = tr(B). [Romanian Mathematical Competitions 2011]
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Exercise 5

5.1. Show that the matrix

λ 1 0
0 λ 1
0 0 λ

 is a product of two symmetric matrices.

5.2. Prove that any matrix is a product of two symmetric matrices and one of them is non-
singular.

5.3. Prove that any matrix A is similar to its transpose A⊤.

5.4. Let X ∈ SL(2,C). Prove that X−1 = P−1XP for some P ∈ SL(2,C).

5.5. Let A ∈ SL(2,C). Prove that tr(A2) = (tr(A))2 − 2.

5.6. Let A ∈ SL(2,C). Prove that if tr(A2) = −2, then A2 = −I .

5.7. Let X ∈ SL(2,C). Prove that if X has a square root A ∈ SL(2,C), then X =
ABA−1B−1 for some B ∈ SL(2,C).

5.8. Let X ∈ SL(2,C). Prove that X = ABA−1B−1 for some A,B ∈ SL(2,C).

5.9. Do there exist A,B ∈ SL(2,R) such that −I = ABA−1B−1?

5.10. Let P =

(
0 −1
1 0

)
, A =

(
2 1
7 4

)
and B = 1√

2

(
3 1
−2 0

)
. Show that P =

ABA−1B−1 and −I = P 2.
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Solutions to Exercises

1.1. What is the dimension of the vector space C over R?

Solution. The dimension of C over R is 2. The elements 1 and i as vectors in C are
linearly independent over R. To see this, let c1 · 1 + c2 · i = 0 in C, where c1, c2 ∈ R.
Thus c1 = c2 = 0. Clearly every complex number can be expressed in the form
c1 · 1 + c2 · i for some c1, c2 ∈ R. Therefore {1, i} is a basis of C over R.

1.2. Let V be a vector space over R. Let V1 and V2 be subspaces of V such that V1 ⊊ V2

and V2 ⊊ V1. Is V1 ∪ V2 a subspace of V ?

Solution. No, V1 ∪ V2 is not a subspace of V . Let v1 ∈ V1 \ V2, and v2 ∈ V2 \ V1.
Then v1 + v2 ̸∈ V1, otherwise v2 = (v1 + v2)− v1 ∈ V1 which is not true. Similarly,
v1 + v2 ̸∈ V2. Therefore, v1 + v2 ̸∈ V1 ∪ V2. That means V1 ∪ V2 is not a subspace.

1.3. Let A,B ∈ Mn×n(R). Is it true that AB = On implies BA = On?

Solution. No. For example let A =

(
0 1
0 0

)
and B =

(
1 0
0 0

)
. Then AB = On, but

BA = A ̸= O2.

1.4. Let A,B ∈ Mn×n(R). Is it true that AB = In implies BA = In?

Solution. Let R be the reduced row-echelon form of A. Thus there exist elementary
matrices E1, . . . ,Ek such that E1 · · ·EkA = R. Suppose AB = I . Then RB =
E1 · · ·EkAB = E1 · · ·Ek. If R has a zero row, then RB has a zero row, and hence
E1 · · ·Ek is singular which is a contradiction since an elementary matrix is invertible.
Thus R = I as R is in reduced row-echelon form. Consequently, B = E1 · · ·Ek.
Therefore BA = E1 · · ·EkA = R = I .

1.5. Let A be a 2 × 2 matrix over C. The trace of A, denoted by tr(A), is the sum of the
diagonal entries of A. Suppose tr(A) = tr(A2) = 0. Is it true that A = O2?

Solution. No. For example let A =

(
0 0
1 0

)
. Then A satisfies the condition that

tr(A) = tr(A2) = 0, but A ̸= O2. We can only conclude that A2 = O2 since 0 is the
only eigenvalue of A. Any nilpotent matrix A has the property that tr(Ak) = 0 for all
k ≥ 1.

1.6. Prove that every 2× 2 matrix of determinant 1 is the product of 3 elementary matrices.

Solution. Let
(
a b
c d

)
be a matrix of determinat 1. Let’s try to write

(
a b
c d

)
=

(
1 x
0 1

)(
1 0
y 1

)(
1 z
0 1

)
.

This is equivalent to

a = 1 + xy, b = z(1 + xy) + x, c = y, d = yz + 1.

If c ̸= 0, we can solve for x, y, z using the first, third and fouth equations so that
y = c, x = (a − 1)/c, z = (d − 1)/c. These values of x, y, z also satisfy the second
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equation, since z(1+xy)+x = c−1(d−1)(1+a−1)+c−1(a−1) = c−1(ad−1) = b,
where we have used ad− bc = 1.

If c = 0, the matrix will be of the form(
a b
0 a−1

)
=

(
a 0
0 1

)(
1 b
0 1

)(
1 0
0 a−1

)
.

1.7. Show that matrices A =

(
1 −2
0 1

)
and B =

(
−1 2
−2 3

)
are similar but not unitarily

similar over C.

Solution. Note that
(
1
1

)
is an eigenvector of

(
−1 2
−2 3

)
with eigenvalue 1. Supplement

it by another vector say
(
c1
0

)
to form a basis of R2. We get the matrix

(
1 1
1 0

)
. Then

we can verify
(
1 1
1 0

)−1(−1 2
−2 3

)(
1 1
1 0

)
=

(
1 −2
0 1

)
. Thus A and B are similar.

Suppose there exists a unitary matrix U such that U∗AU = B. Taking conju-
gate transpose, we obtain U∗A∗U = B∗. Multiplying these two together, we get
U∗AA∗U = BB∗. Taking the trace on both sides, we get tr(AA∗) = tr(BB∗). Di-

rect computation gives AA∗ =

(
5 −2
−2 1

)
and BB∗ =

(
5 8
8 13

)
. Thus tr(AA∗) =

6 but tr(BB∗) = 18. As they are not equal, A and B cannot be unitarily similar over
C.

1.8. Let A be an n × n positive definite hermitian matrix which is unitary. Show that
A = In.

Solution. Since A hermitian, its eigenvalues are all real. Since A positive definite, its
eigenvalues are positive. Since A unitary, its eigenvalues all have absolute value 1. So,
the eigenvalues for A all must equal 1. Finally, since A is hermitian (and thus normal),
we see that A is diagonalizable.

Therefore, A is similar to In. This implies that A = In. (Since A = PInP
−1 for

some P , this immediately shows that A = In.)

1.9. Let A =

0 0 a
0 b 0
c 0 0

 be in Mn×n(C). Prove that A is diagonalizable if and only if

either ac ̸= 0 or a = c = 0.

Solution. Consider the ordered basis B = {e3, e1, e2}, where ei is the ith canonical
basis vector. We have Ae3 = ae1,Ae1 = ce3,Ae2 = be2.

Using this basis B, we see that A is similar to the matrix

0 c 0
a 0 0
0 0 b

. It suffices to

determine when the left upper 2× 2 submatrix of this matrix is diagonalizable.

Let B =

(
0 c
a 0

)
. χB(x) = x2 − ac has a repeated root if and only if a = 0 or c = 0.

Thus χB(x) = x2 − ac factors into distinct linear factors if and only if ac ̸= 0. If B is
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the zero matrix, then B is certainly diagonalizable and a = c = 0. If B is not the zero
matrix, then not both a and c are zero. Thus B is diagonalizable if and only if ac ̸= 0.

1.10. For any x =

x1
...
xn

 ∈ Rn and any permutation σ of 1, 2, . . . , n, define σ(x) =

xσ(1)
...

xσ(n)

. Fix a vector x ∈ Rn. Let V be the span of {σ(x) | σ is a permutation of 1, 2, . . . , n}.

What are the possibilities for the dimension of V ?

Solution. The possibilities for the dimensions of V are 0, 1, n− 1 and n. First consider

the case when all the coordinates of x are equal. Let x =

x
...
x

. For any permutation

σ, σ(x) = x. Thus the span of {x} has dimension 0 if x is the zero vector, and 1 if
x is not the zero vector. Suppose not all coordinates of x are equal. Let s and t with
s ̸= t be among the coordinates of x. Then we can find permutations σ1 and σ2 such

that σ1(x) =


s
t
x3
...
xn

 and σ2(x) =


t
s
x3
...
xn

. Therefore, 1
t−s(σ1(x)−σ2(x)) =


−1
1
0
...
0


is in V . That is e2 − e1 ∈ V , where e1, . . . , en are the canonical basis vectors of Rn.
Similarly, e3−e1, . . . , en−e1 ∈ V . It is easy to see that the vectors e2−e1, . . . , en−e1
are linearly independent so that dim (V ) ≥ n− 1.

Lastly we can write

x = x1e1+x2e2+· · ·+xnen = (x1+x2+· · ·+xn)e1+x2(e2−e1)+· · ·+xn(en−e1).

This shows that if x1+x2+ · · ·+xn = 0, then x is in the span of e2−e1, . . . , en−e1.
Similarly, each σ(x) will be in this span, so V equals to this span and dim (V ) = n−1.

On the other hand, if x1 + x2 + · · · + xn ̸= 0, then the above equation shows that
e1 ∈ V . Consequently, e1, . . . , en ∈ V and V = Rn so that dim (V ) = n.

2.1. Let A,B ∈ Mn×n(R) and AB = In. Show that the system of linear equations
BX − xIn = 0n has a nontrivial solution in the unknowns X and x. Hence show that
BA = In.

Solution. Consider BX − xIn = 0n as a homogeneous system of n2 equations with
n2 + 1 unknowns, namely the n2 entries of X and x. Since the number of unknowns
is more than the number of equations, it has a ‘nontrivial’ solution X = S and x = s.
If s = 0, then BS = 0n. Then S = InS = ABS = A0n = 0n, a contradiction.
Therefore s ̸= 0. Then B(Ss−1) = In. Thus C = Ss−1 is a right inverse of B.
Furthermore, C = InC = ABC = AIn = A. Therefore BA = In.
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2.2. Let A,B1,B2,B3,B4 be 2× 2 real matrices and A ̸= O2 such that

det(A+Bi) = det(A) + det(Bi), for i = 1, 2, 3, 4.

Prove that there exist real numbers c1, c2, c3, c4, not all zero, such that

c1B1 + c2B2 + c3B3 + c4B4 = O2.

Solution. Let A =

(
a b
c d

)
and Bi =

(
xi yi
zi wi

)
, i = 1, 2, 3, 4. If det(A +Bi) =

det(A)+det(Bi), then by direct simplification, we obtain dxi− cyi− bzi+ awi = 0,
i = 1, 2, 3, 4. Because A ̸= O2, the solution space to dx − cy − bz + aw = 0 is a
3-dimensional subspace of R4. Since any 4 vectors in R4 are linearly dependent, there
must exist c1, c2, c3, c4, not all zero, such that

c1B1 + c2B2 + c3B3 + c4B4 = O2.

Here we identify M2×2(R) with R4.

2.3. Let f1, f2, . . . , fn be linearly independent functions defined on R. Prove that some
n− 1 of their derivatives f ′

1, f
′
2, . . . , f

′
n are linearly independent.

Solution. The linear transformation taking f to f ′ has a 1-dimensional null space con-
sisting of all the constant functions. Thus the image of any n-dimensional space of
differentiable functions must have dimension at least n− 1.

2.4. Let A,B ∈ Mn×n(C). Then AB and BA have the same characteristic polynomial.

Solution. Suppose A is invertible. Then det(xI −AB) = det(A)det(xA−1 −B) =
det(xA−1 − B)det(A) = det(xI − BA). If A is not invertible, use continuity
argument.

The equation det(tI +A) = 0 has finitely many solutions for t ∈ R, there exists some
ϵ > 0 such that det(tI + A) ̸= 0, for all 0 < |t| < ϵ, i.e. tI + A is invertible for
all 0 < |t| < ϵ. Thus, for any t with 0 < |t| < ϵ, we have det(xI − (tI + A)B) =
det(xI −B(tI +A)). Now letting t → 0 we get det(xI −AB) = det(xI −BA).

Remark. For example, AA∗ and A∗A have the same characteristic polynomial. Since
both AA∗ and A∗A are hermitian, AA∗ and A∗A are unitarily similar.

In general, AB is not necessarily similar to BA. Let A =

(
1 0
1 0

)
and B =

(
0 0
1 1

)
.

Then AB is the zero matrix while BA is a non-zero matrix and so they are not similar.
Of course if A or B is invertible, then AB is similar to BA.

2.5. Let A be an m × n matrix over C. Prove that AA∗ and A∗A have the same set of
nonzero eigenvalues.

Solution. Suppose m ≤ n. Augment n−m zero rows to bottom of A to get an n× n
matrix P . By the previous result, PP ∗ and P ∗P have the same characteristic poly-
nomial. Note that PP ∗ = AA∗ ⊕On−m,n−m and P ∗P = A∗A. Thus χPP ∗(x) =
xn−mχ

AA∗(x) and χ
P ∗P (x) = χ

A∗A(x). Hence xn−mχ
AA∗(x) = χ

A∗A(x) so that
AA∗ and A∗A have the same set of nonzero eigenvalues.
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2.6. Let A ∈ Mn×n(C). Then A and A⊤ are similar.

Solution. Let J be a square matrix whose entries on the skew diagonal are all 1, and
the rest of the entries are 0. Then J2 = I . Thus J−1 = J . If A is a Jordan block, then
A⊤ = JAJ . For example,0 0 1

0 1 0
1 0 0

λ 0 0
1 λ 0
0 1 λ

0 0 1
0 1 0
1 0 0

 =

λ 1 0
0 λ 1
0 0 λ

 .

In general, the result follows from the Jordan decomposition of A. Note that J is
symmetric. It follows that A and A⊤ are symmetrically similar. If A ∈ Mn×n(R),
then it is also true that A and A⊤ are similar over R. See [3] page 76.

Note that in general A and A∗ are not similar.

2.7. Let A =

(
a 0
0 b

)
where a ̸= b. Prove that A is similar to the matrix

(
a+ b ab
−1 0

)
.

Solution. Let P =

(
1 b
1 a

)
. We have P−1 = 1

a−b

(
a −b
−1 1

)
. Then P−1AP =(

a+ b ab
−1 0

)
.

2.8. Let A =

(
a11 a12
a21 a22

)
.

(a) Suppose a12 ̸= 0. Let P =

(
0 −a12
1 a11

)
. Show that P is invertible and

P−1AP =

(
tr(A) det(A)
−1 0

)
.

(b) Suppose a21 ̸= 0. Find an invertible matrix Q such that

Q−1AQ =

(
tr(A) det(A)
−1 0

)
.

Solution. (a) The result follows by direct computation.

(b) Let Q =

(
1 a22
0 −a21

)
. As a21 ̸= 0, the matrix Q is invertible. Then

Q−1AQ =

(
tr(A) det(A)
−1 0

)
.

Remarks. It follows from exercises 2.?? and 2.8 that any 2 × 2 non-scalar matrix A

is similar to the matrix
(
tr(A) det(A)
−1 0

)
. Thus if A and B are two 2× 2 non-scalar

matrices, then A is similar to B if and only if tr(A) = tr(B) and det(A) = det(B).
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2.9. Let A =

(
9 −40
40 9

)
. Find a positive definite hermitian matrice R and a unitary

matrix U such that A = RU .

Solution. By proposition 2.9, we find that R =

(
41 0
0 41

)
and U =

(
9
41 −40

41
40
41

9
41

)
.

In fact the 2 columns of A are orthogonal. The length of each column is
√
92 + 402 =

41. Thus 1
41A is unitary. From this see that A = RU .

2.10. Let U ∈ Mn×n(C) be an upper triangular unitary matrix. Prove that U is diagonal.

Solution. Let U = (uij). Since U is upper triangular, uij = 0 for i > j. It follows
that det(U) = u11 · · ·unn ̸= 0 as U is unitary. Thus uii ̸= 0 and hence uii ̸= 0 for
all i = 1, . . . , n. We have U∗ = (qij), where qij = uji. Since U∗U = In, we have∑n

k=1 qikukj = δij . That is
n∑

k=1

ukiukj = δij (1)

Letting i = 1 in (4), we have
∑n

k=1 uk1ukj = δ1j . That is u11u1j = δ1j . Since
u11 ̸= 0, we have u1j = 0 for all j ≥ 2.

Letting i = 2 in (4), we have
∑n

k=1 uk2ukj = δ2j . That is u12u1j + u22u2j = δ2j . By
the previous result, we know u1j = 0 for all j ≥ 2. Thus we have u22u2j = δ2j for
j ≥ 2. Since u22 ̸= 0, we have u2j = 0 for all j ≥ 3. Continuing in this way or using
induction, we conclude that uij = 0 for all j > i. Therefore, U is a diagonal matrix.

3.1. Let A ∈ Mn×n(C) and f(x) be a polynomial with complex coefficients such that
f(AA∗) = O. Prove that f(A∗A) = O.

Solution. This follows from the fact that AA∗ and A∗A are unitarily similar. We
may also use the polar decomposition of A. Let A = RU , with R positive semi-
definite, and U unitary. Thus A∗A = U∗R2U = U∗(AA∗)U , and so f(A∗A) =
U∗f(AA∗)U = O.

3.2. Let A ∈ Mn×n(C) be a normal matrix and V an eigenspace of A∗. Prove that V and
V ⊥ are subspaces of Cn invariant under A.

Solution. Let V be an eigenspace of A∗ associated with the eigenvalue λ. That is
V = {x ∈ Cn | A∗x = λx}. Let x ∈ V . Since A is normal, A∗(Ax) = A(A∗x) =
A(λx) = λ(Ax). This shows that Ax ∈ V . That is A[V ] ⊂ V . Next let y ∈ V ⊥.
Thus y∗x = 0 for all x ∈ V . It follows that (Ay)∗x = y∗A∗x = y∗(λx) = λy∗x =
0 for all x ∈ V . This shows that Ay ∈ V ⊥. That is A[V ⊥] ⊂ V ⊥. Consequently, both
V and V ⊥ are invariant under A.

3.3. Let A ∈ Mn×n(R) and A ̸= On. Prove that there exists a 1-dimensional or a 2-
dimensional subspace of Rn invariant under A.

Solution. Let mA(x) be the minimal polynomial of A. Since A is a real matrix, mA(x)
is a polynomial with real coefficients. A polynomial with real coefficients always fac-
tors into a product of linear and (irreducible) quadratic factors. Suppose (x−λ) is a lin-
ear factor of mA(x). Then λ is an eigenvalue of A. Let x be an associated eigenvector
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of A. Then the span of x is a 1-dimensional subspace ofRn invariant under A. Suppose
mA(x) has a quadratic factor x2−ax+b. If (A2+aA+bI)(x) ̸= 0 for all x ̸= 0, then
A2+aA+bI is injective, and hence non-singular. Thus mA(A)(A2+aA+bI)−1 =
On. That means A satisfies the polynomial mA(x)/(x2 + ax+ b) which is of degree
less than mA(x), contradicting the minimality of the degree of mA(x). Therefore,
there exists x ̸= 0 such that (A2+ aA+ bI)(x) = 0. It follows that the span of x and
A(x) is an invariant subspace of A of dimension 1 or 2.

3.4. Let A ∈ Mn×n(C) and A2 = A. Prove that rank(A) = tr(A).

Solution. Since A2 = A, the eigenvalues of A are 0 or 1. Thus rank(A) = multiplicity
of the eigenvalue 1 = tr(A).

3.5. Let A,B ∈ Mn×n(C) be such that A2 = A, B2 = B and A+B+AB+BA = On.
What can be said about A and B?

Solution. Both A and B are zero matrices. This is proved as follow. Since A2 = A
and B2 = B, we have (A + B)2 = A + B + AB + BA = On. Thus A + B
is nilpotent so that its eigenvalues are zero. Therefore tr(A + B) = 0. Thus 0 =
tr(A + B) = tr(A) + tr(B) = rank(A) + rank(B) as A2 = A and B2 = B. It
follows that rank(A) = 0 and rank(B) = 0, so A = B = On.

3.6. Let A ∈ Mn×n(R). Prove that A is symmetrically similar to A⊤ over R if and only if
A is a product of two real symmetric matrices and one of them is invertible.

Solution. Suppose A⊤ = P−1AP , where P is symmetric. Then AP = PA⊤

is symmetric as (AP )⊤ = (PA⊤)⊤ = AP since P is symmetric. Thus A =
(AP )P−1 is a product of two symmetric matrices AP and P−1, where P−1 is in-
vertible. Alternatively, we can also have A = P (P−1A), where P and P−1A are
symmetric and P is invertible.

Conversely, suppose A = PQ where P ,Q are symmetric and P is invertible. Then
A⊤ = (PQ)⊤ = QP = P−1(PQ)P = P−1AP .

Using rational canonical form, it can be proved that a square real matrix is always
symmetrically similar to its transpose. See [3] page 76. Thus any square real matrix is
a product of two real symmetric matrices.

3.7. Let A ∈ Mn×n(R). Prove that A is diagonalizable over R with all its eigenvalues
positive if and only if A is a product of two real positive definite symmetric matrices.

Solution. Suppose A = P−1DP , where D = D(λ1, . . . , λn) is a diagonal matrix and
λi > 0 for i = 1, . . . , n. Then A =

(
P−1(P−1)⊤

) (
P⊤DP

)
. Here P−1(P−1)⊤ is

positive definite symmetric and P⊤DP is also positive definite symmetric as λi > 0
for all i.

Conversely, suppose A = MN , where M and N are real positive definite symmetric
matrices. Then A = MN

1
2N

1
2 = N− 1

2

(
N

1
2MN

1
2

)
N

1
2 . Thus A is similar to the

symmetric matrix N
1
2MN

1
2 , and hence is diagonalizable. Since M is positive defi-

nite, the symmetric matrix N
1
2MN

1
2 is also positive definite so that all its eigenvalues

are positive. Therefore, all eigenvalues of A are positive.
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3.8. Let A ∈ Mn×n(C) be a normal matrix. Prove that the null space of A is the same as
the null space of A∗.

Solution. Let x ∈ Cn. We have |Ax|2 = ⟨Ax,Ax⟩ = ⟨x,A∗Ax⟩ = ⟨x,AA∗x⟩ =
⟨A∗x,A∗x⟩ = |A∗x|2. Thus Ax = 0 if and only if A∗x = 0.

3.9. Let A,B ∈ Mn×n(C). Suppose A is a normal matrix. Prove that AB = On implies
A∗B = On.

Solution. Since each column vector of B is in the null space of A, it is also in the
null space of A∗ by the previous exercise. Alternatively we can use the inner product
tr(X∗Y ) of matrices. Since |A∗B|2 = tr((A∗B)

∗
(A∗B)) = tr(B∗AA∗B) =

tr(B∗A∗AB) = 0, we have A∗B = On.

3.10. Let A ∈ Mn×n(C). Suppose AA∗A = A∗AA. Prove that A is normal.

Solution. We use the inner product tr(X∗Y ) of matrices. Note that both A∗A and
AA∗ are hermitian matrices.

|A∗A−AA∗|2 = tr((A∗A−AA∗)(A∗A−AA∗)) = tr(A∗(AA∗A)−(A∗AA)A∗−
AA∗A∗A+AA∗AA∗) = tr(A∗(A∗AA)−(AA∗A)A∗−AA∗A∗A+AA∗AA∗) =
tr(A∗A∗AA)− tr(AA∗A∗A) = tr(A∗A∗AA)− tr(A∗A∗AA) = 0.

Thus A∗A = AA∗, and A is normal. Similarly if A commutes with AA∗ − A∗A,
then A is normal.

4.1. Let A,B ∈ Mn×n(C). Suppose A is a normal matrix. Prove that AB = BA implies
A∗B = BA∗.

Solution. We use the inner product tr(X∗Y ). We have (A∗B − BA∗)∗(A∗B −
BA∗) = (B∗A−AB∗)(A∗B −BA∗) = B∗AA∗B −AB∗A∗B −B∗ABA∗ +
AB∗BA∗ = B∗A∗AB − AB∗A∗B − B∗BAA∗ + AB∗BA∗ = B∗A∗BA −
AB∗A∗B−B∗BA∗A+AB∗BA∗. By the cyclic property of the trace, the trace of
this last expression of matrices is zero. Thus A∗B = BA∗. In particular, if we take
B = A, then A∗A = AA∗. Therefore, A is normal if and only if A∗ commutes with
every matrix that commutes with A.

4.2. Let A,B be positive definite hermitian matrices. Prove that det(I +AB) > 1.

Solution. As I +AB = B− 1
2 (I +B

1
2AB

1
2 )B

1
2 , we have det(I +AB) = det(I +

B
1
2AB

1
2 ). The matrix B

1
2AB

1
2 is positive definite hermitian. Thus there exists a

unitary matrix U such that U∗(B
1
2AB

1
2 )U = D(λ1, . . . , λn), where λi > 0 for

i = 1, . . . , n. It follows that det(I+AB) = (1+λ1) · · · (1+λn) > 1. Basically AB
is similar to a diagonalizable matrix with all eigenvalues positive.

4.3. Let A =

(
10 −3
−3 1

)
, B =

(
3 7
7 18

)
and C =

(
3
5 −2

5
−2

5
3
5

)
. Show that A, B and C

are positive definite hermitian matrices. Is it true that det(I +ABC) > 1?
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Solution. Direct computation gives ABC =

(
−1 6
0 −1

)
and det(I + ABC) = 0.

By the previous exercise, the matrix
(
−1 6
0 −1

)
cannot be written as a product of two

positive definite hermitian matrices.

4.4. Show that the matrix
(
0 1
0 0

)
cannot be expressed as a product of two singular sym-

metric matrices.

Solution. Let
(
0 1
0 0

)
=

(
x a
a y

)(
p b
b q

)
=

(
xp+ ab xb+ aq
ap+ yb ab+ yq

)
. The solutions

are
(
0 1
0 0

)
=

(
1
b 0
0 0

)(
0 b
b q

)
and

(
0 1
0 0

)
=

(
x a
a 0

)(
0 0
0 1

a

)
, where x and q are

arbitrary, a and b are nonzero. In either form, one of the matrices is non-singular.

Note that for a ̸= 0, we have
(
a b
0 0

)
=

(
1
a 0
0 0

)(
a2 ab
ab b2

)
is a product of two

singular symmetric matrices.

4.5. Let Q and M be symmetric matrices with Q positive definite. Show there is a matrix
A such that AQ+QA = M .

Solution. We may assume Q is a diagonal matrix D(q1, . . . , qn). Since Q is positive
definite, we have qi > 0 for all i = 1, . . . , n. Let A = (aij) and M = (mij). Then the
(i, j)-entry of AQ+QA is aij(qi+qj). Thus aij = mi,j/(qi+qj) and that determines
the matrix A.

4.6. Let A,B ∈ Mn×n(C) be Hermitian matrices such that A2 = A and B2 = B. Prove
that if AB is normal, then AB = BA.

Solution. Since A and B are Hermitian, we have A2 = A = A∗ and B2 = B =
B∗. As AB is normal, it is unitarily similar to a diagonal matrix. Thus there exist a
unitary matrix U and a diagonal matrix D such that AB = U∗DU . Now (AB)3 =
AB(ABA)B = AB(AB(AB)∗)B = AB((AB)∗AB)B = AB(BAB)B =
(AB)2. Thus 0 and 1 are the only possible eigenvalues for AB. It follows that D2 =
D and D∗ = D. Therefore (AB)∗ = U∗D∗U = U∗DU = AB. That is AB is
Hermitian. Consequently, AB = (AB)∗ = B∗A∗ = BA.

4.7. Let A ∈ Mn×n(C) such that A2 = A∗. Prove that rank(A + A∗) = rank(A) and
I +A is non-singular. [AMM problem 1793]

Solution. If (I + A)u = 0, then Au = −u. Hence, after multiplying on the left by
A∗, we have A∗Au = A2(−u) = −u. Since all eigenvalues of A∗A are nonnegative,
we conclude that u = 0 and therefore I +A is non-singular.

Since A + A∗ = A + A2 = (I + A)A and I + A is non-singular, A + A∗ and A
have the same rank.

4.8. Let A and B be 2 × 2 matrices. Prove that det(A + B) + tr(AB) = det(A) +
det(B) + tr(A)tr(B).

Solution. Let A =

(
a11 a12
a21 a22

)
and B =

(
b11 b12
b21 b22

)
. Then
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tr(A)tr(B) = (a11 + a22)(b11 + b22) = a11b11 + a22b22 + a11b22 + a22b11,

tr(AB) = a11b11 + a12b21 + a21b12 + a22b22,

tr(AB)− tr(A)tr(B) = (a11b22 + a22b11)− (a12b21 + a21b12).

Therefore det(A+B) = (a11+ b11)(a22+ b22)− (a12+ b12)(a21+ b21) = (a11a22+
a11b22+b11a22+b11b22)−(a12a21+a12b21+b12a21+b12b21) = (a11a22−a12a21)+
(b11b22 − b12b21) + (a11b22 + b11a22) − (a12b21 + b12a21) = det(A) + det(B) +
tr(AB)− tr(A)tr(B).

4.9. Let A and B be 2×2 nonzero matrices such that AB+BA = O and det(A+B) = 0.
Prove that tr(A) = tr(B) = 0.

Solution. AB+BA = O ⇒ (A+B)2 = A2+B2 = (A−B)2. Thus det(A+B) =
0 ⇒ det(A−B) = 0. By Cayley-Hamilton Theorem applied to the matrices A+B
and A−B, we have,

(A+B)2 − tr(A+B)(A+B) + det(A+B)I2 = O,

(A−B)2 − tr(A−B)(A−B) + det(A−B)I2 = O.

Since (A+B)2 = (A−B)2 and det(A+B) = det(A−B) = 0, we have

tr(A+B)(A+B) = tr(A−B)(A−B)

⇒ (tr(A) + tr(B))(A+B) = (tr(A)− tr(B))(A−B).

⇒ tr(A)B + tr(B)A = O.

If tr(A) ̸= 0, then B = −(tr(B)/tr(A))A. Thus tr(B) = −(tr(B)/tr(A))tr(A) =
−tr(B) so that tr(B) = 0. This implies B = −(tr(B)/tr(A))A = O, contradicting
the assumption that B is not the zero matrix. Therefore tr(A) = 0. Similarly, tr(B) =
0.

Remark: Using

det(A+B) + tr(AB) = det(A) + det(B) + tr(A)tr(B),

det(A−B)− tr(AB) = det(A) + det(B)− tr(A)tr(B),

we also have det(A) + det(B) = 0.

4.10. Let A and B be 2 × 2 matrices such that A2 +B2 = 2AB. Prove that AB = BA
and tr(A) = tr(B). [Romanian Mathematical Competitions 2011]

Solution. A2+B2 = 2AB ⇔ (A−B)2 = AB−BA ⇔ A(A−B) = (A−B)B.

Suppose AB − BA is non-singular, then A − B is also non-singular. Thus A −
B = A − (A −B)−1(A −B)B = A − (A −B)−1A(A −B). This implies that
I2 = A(A−B)−1−(A−B)−1A. Taking the trace on both sides gives a contradiction.

Therefore AB − BA and A − B are singular. Thus det(A − B) = 0. By Cayley-
Hamilton Theorem, we have (A−B)2 − (tr(A−B))(A−B) = O.

Thus AB − BA = (A − B)2 = (tr(A − B))(A − B). Taking the trace on both
sides, we have 0 = (tr(A−B))2. This gives AB −BA = O and tr(A) = tr(B).
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5.1. Show that the matrix

λ 1 0
0 λ 1
0 0 λ

 is a product of two symmetric matrices.

Solution.

λ 1 0
0 λ 1
0 0 λ

 =

0 0 1
0 1 0
1 0 0

0 0 λ
0 λ 1
λ 1 0

. Note that the first matrix is non-

singular.

5.2. Prove that any matrix is a product of two symmetric matrices and one of them is non-
singular.

Solution. By 5.1, any Jordan block is a product of two symmetric matrices. It follows
that any matrix in Jordan form is a product of two symmetric matrices. Let A be a
matrix and J is its Jordan form. Thus A = P−1JP , and J = XY , where X,Y
are symmetric matrices. Also as remarked in 5.1, X can be chosen to be non-singular.
Therefore, A = P−1JP = P−1XY P = (P−1X(P−1)⊤)(P⊤Y P ), where both
P−1X(P−1)⊤ and P⊤Y P are symmetric and P−1X(P−1)⊤ is non-singular.

5.3. Prove that any matrix A is similar to its transpose A⊤.

Solution. This problem is solved in 2.6. We give a slightly different solution based on
5.2. By 5.2, there exist symmetric matrices M and N with M invertible such that
A = MN . Thus A⊤ = N⊤M⊤ = NM = M−1(MN)M = M−1AM .

5.4. Let X ∈ SL(2,C). Prove that X−1 = P−1XP for some P ∈ SL(2,C).
Solution. Since X ∈ SL(2,C), we have tr(X) = tr(X−1) and det(X) = det(X−1) =
1. By exercises 2.?? and 2.8, if X ̸= ±I , then X and X−1 are similar. Certainly, this
is true for X = ±I too since ±I is its own inverse. Thus there exists Q such that
X−1 = Q−1XQ. Let P = 1√

det(Q)
Q. Then P ∈ SL(2,C) and X−1 = P−1XP .

Note that this is not true in SL(2, R) as det(Q) can be negative. For example,
(
0 −1
1 0

)
is not conjugate to its inverse in SL(2, R).

5.5. Let A ∈ SL(2,C). Prove that tr(A2) = (tr(A))2 − 2.

Solution. Let A =

(
a b
c d

)
, where ad− bc = 1. Then A2 =

(
a2 + bc b(a+ d)
c(a+ d) d2 + bc

)
.

Thus tr(A2) = a2 + bc+ d2 + bc = (a+ d)2 − 2ad+ 2bc = (tr(A))2 − 2.

Alternatively, by the Cayley-Hamilton theorem, we have A2 − tr(A)A+ I = O. The
result follows by taking the trace of both sides.

5.6. Let A ∈ SL(2,C). Prove that if tr(A2) = −2, then A2 = −I .

Solution. By 5.5, tr(A) = 0. By the Cayley-Hamilton theorem, A2 = −I .

Thus the matrix
(
−1 a
0 −1

)
, a ̸= 0 cannot have a square root in SL(2,C).

5.7. Let X ∈ SL(2,C). Prove that if X has a square root A ∈ SL(2,C), then X =
ABA−1B−1 for some B ∈ SL(2,C).
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Solution. Since X has a square root A, we have X = A2. By 5.4, A = BA−1B−1,
for some B ∈ SL(2,C). Thus X = A2 = ABA−1B−1.

5.8. Let X ∈ SL(2,C). Prove that X = ABA−1B−1 for some A,B ∈ SL(2,C).
Solution. Since detX = 1, the 2 eigenvalues of X are either distinct, or both 1 or both
−1. It suffices to show that the Jordan form of X can be expressed as a multiplicative
commutator.

If the Jordan form of X is
(
a 0
0 a−1

)
, then

(
a 0
0 a−1

)
=

(
a

1
2 0

0 a−
1
2

)2

.

If the Jordan form of X is
(
1 1
0 1

)
, then

(
1 1
0 1

)
=

(
1 1

2
0 1

)2

.

In these two cases, we apply 5.7 so get X = ABA−1B−1 for some A,B ∈ SL(2,C).

If the Jordan form of X is
(
−1 1
0 −1

)
, then X can be expressed as a multiplicative

commutator:(
−1 1
0 −1

)
= ABA−1B−1, where A =

(
3+

√
5

2 0

−6 3−
√
5

2

)
B =

(
5−

√
5

2

√
5−1
6

6 1+
√
5

2

)
.

5.9. Do there exist A,B ∈ SL(2,R) such that −I = ABA−1B−1?

Solution. No. Suppose −I = ABA−1B−1 for some A,B ∈ SL(2,R). Then AB =
−BA ⇒B−1AB = −A ⇒ tr(A) = −tr(A) ⇒ tr(A) = 0. Similarly, tr(B) = 0.

Let A =

(
a b
c −a

)
and B =

(
u v
w −u

)
, where −a2 − bc = 1,−u2 − vw = 1

and a, b, c, u, v, w ∈ R. The condition AB = −BA gives rise to only one equation
2au = −bw − cv. Multiplying both sides by bv, and using the equations −a2 − bc =
1,−u2 − vw = 1, we have

2abuv = −b2vw−bcv2 ⇒ 2abuv = b2(1+u2)+v2(1+a2)⇒ b2+v2+(bu−av)2 = 0
⇒ b = v = 0⇒−a2 = 1 and −u2 = 1, a contradiction.

5.10. Let P =

(
0 −1
1 0

)
, A =

(
2 1
7 4

)
and B = 1√

2

(
3 1
−2 0

)
. Show that P =

ABA−1B−1 and −I = P 2.

Solution. Just direct computation. This shows that −I is a product of two multiplicative
commutators.
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