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Semester 11 (2018/19)

1. Notations

The collection of all real numbers is denoted by R. Thus R includes the integers

.,—2,-1,0,1,2,3...,

the rational numbers, p/q, where p and q are integers (¢ # 0), and the irrational numbers, like
V2,7, e, etc. Members of R may be visualized as points on the real-number line as shown in
Figure 1.
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Figure 1 The Number Line

We write a € R to mean a is a member of the set R. In other words, a is a real number.
Given two real numbers a and b with a < b, the closed interval [a, b] consists of all x such that
a < x < b, and the open interval (a,b) consists of all x such that a < x < b. Similarly, we may
form the half-open intervals [a,b) and (a, b].

The absolute value of a number a € R is written as |a| and is defined as

laf = a ifa>0
| —a ifa<0.
For example, |2] = 2,| — 2| = 2. Some properties of |z| are summarized as follows:

| — x| = |z| for all x € R.

—|z| < < |z, for all z € R.

For a fixed r > 0, |z| < r if and only if z € (—r,7).
Va2 = |z|, z € R.

(Triangle Inequality) |x + y| < |z| + |y| for all z,y € R.

Ol W

A function f : A — B is a rule that assigns to each a € A one specific member f(a) of B. The
fact that the function f sends a to f(a) is denoted symbolically by a — f(a). For example,
f(z) = 22 /(1 —z) assigns the number 2%/(1 —x) to each x # 1 in R. We can specify a function
f by giving the rule for f(x). The set A is called the domain of f and B is the codomain of f.
The range of f is the subset of B consisting of all the values of f. That is, the range of f =
{f(x) e B|x € A}.

Given f: A — R, it means that f assigns a value f(z) in R to each € A. Such a function
is called a real-valued function. For a real-valued function f: A — R defined on a subset A
of R, the graph of f consists of all the points (x, f(x)) in the zy-plane.
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Y
\ graph of f [
/ (z, f(x))

A = domain of f

Figure 2 The graph of f
EXERCISE 1.1. Let r > 0. Prove that |z — a| < r if and only if z € (—r +a,a + ).

EXERCISE 1.2. Prove the triangle inequality |x + y| < |z| + |y|.

EXERCISE 1.3. Prove that for any z,y € R, ||ac] — ]yH <l|z -yl

2. Vectors in R?
2.1. The Euclidean 3-space. The Euclidean 3-space denoted by R? is the set
{(z,y,2) | #,y,2 € R}.

To specify the location of a point in R3 geometrically, we use a right-handed rectangular
coordinate system, in which three mutually perpendicular coordinate axes meet at the origin.
It is common to use the z and y axes to represent the horizontal coordinate plane and the
z-axis for the vertical height.

x

Figure 3 A right-handed coordinate system
We usually denote a point P with coordinates (z,y,z) by P(z,y,z). The distance |P;Ps]
between two points Pi(x1,y1,21) and Py(z2,ys2, 22) is given by

V(@1 — 22)2 + (y1 — 12) + (21 — 22)%
An equation in x,y, z describes a surface in R3.
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EXAMPLE 2.1. (a) z = 3 is the equation of a horizontal plane at level 3 above the zy-plane.
(b) y = 2 is the equation of a vertical plane parallel to the zz-coordinate plane. Every point of
this plane has y coordinate equal to 2. (c¢) Similarly = 2 is the equation of a vertical plane
parallel to the yz-coordinate plane.

z z z
=3

(a) (b) ()
Figure 4

EXAMPLE 2.2. An equation of a sphere with centre O(a, b, c) and radius r is

Figure 5 A sphere

EXERCISE 2.3. Show that 22 + y? + 22 + 42 — 6y + 22 + 6 = 0 is the equation of a sphere.
Describe its intersection with the plane z = 1.

Solution. Using the method of completing square, the given equation can be written as (z +
2)2 + (y — 3)%2 4+ (2 + 1)? = 8. Hence, it is the equation of a sphere centred at (—2,3, —1) with
radius v/8.
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(z+2)*+ (y—3)* =4,
z = 11is a circle

L

Figure 6 A circle lying on a sphere
To find the intersection with the plane z = 1, set z = 1 in the above equation. We obtain
(x+2)2+ (y — 3)? = 4. Therefore, it is a circle lying on the horizontal plane z = 1 with centre
at (—2,3,1) and radius 2.

2.2. Vectors. A 3-dimensional vector is an ordered triple a = (ay, ag, as) of real numbers.
ai,az,as are called the components of a. Geometrically, a vector a = (aj,a2,a3) can be
represented by an arrow from any point P(x,y, ) to the point Q(x + a1,y + ag, z + ag) in R3.
In this case, we say that the vector a = (aj, ag, as) has representation PQ.

z
/Q(m + a,y —|—a2,z + a’3)
a

P(z,y,z)

\y

x
Figure 7 Vector

We shall write PQ or a in bold to denote a vector. For a vector in component form, the

ordered triple of its components is enclosed by angle bracket such as (a1, ag, a3) to distinguish

it from the ordered triple of coordinates of a point. If P is the origin O, a is called the position

vector of the point Q.

The position vectors of (1,0,0), (0,1,0) and (0,0,1) are denoted by i, j and k respectively. In

other word, i = (1,0,0), j = (0,1,0) and k = (0,0, 1). i, j and k are called the standard basis

vectors. Therefore, if Q = (z,y, 2), then q = (z,y, 2) = i + yj + zk.

Suppose P = (x1,y1,21) and Q = (z2,y2, 22). The magnitude of a vector PQ is defined to be

PQ| = /(z2 — 71)%2 + (y2 — y1)2 + (22 — 21)%. A vector PQ also has a direction determined

by the orientation that the arrow is pointing.

The zero vector (0,0,0) is denoted by 0. Clearly |0] = 0. We say that two vectors are equal

if and only if they have the same direction and the same magnitude. This condition may be

expressed algebraically by saying that if vi = (x1,y1, 21) and vo = (2, Y2, 22), then v = vg if

and only if 1 = x9, y1 = y2 and z1 = 2zo.

If vi = (x1,91,21) and vo = (z2,y2, 22), then define the sum v; + vy to be the vector (x; +

x2, Y1 + Y2, 21 + 22).

If A is any real number and v = (z,y, z), then define the scalar multiple Av to be the vector

(Ax, Ay, Az).

@Department of Mathematics 7
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Also —v is defined to be (—1)v. Clearly —(—v) =v,and —v+v =0. Alsou—v =u+(-1)v.
Addition of vectors can also be described by the parallelogram law: The sum vy + va is
represented by the position vector which is the diagonal of the parallelogram determined by
vi and va.

@)

Figure 8 Vector Addition

It is straightforward to check that the set of all position vectors in R? forms a vector space
over R.

EXERCISE 2.4. Prove the triangle inequality |v1 + va| < |vi| + |v2|.

PROPOSITION 2.5. Properties of vectors
a+b=b+a.
a+(b+c)=(a+b)+c.
a+0=a.

a+—a=0.

ala+b) =aa+ ab.

aa = aq.

(v + B)a = ca+ pa.
(af)a = a(Ba).

9. la=a.

10. |aa| = |aflal.

RS s oo~

DEFINITION 2.6. A unit vector is a vector whose length is 1.

For any nonzero vector a, ﬁa = ﬁ

times, in order specify a vector a is of unit length, it is written as a.

is a unit vector that has the same direction as a. Some-

ExaAMPLE 2.7. Find the unit vector in the direction of the vector 2i — j — 2k.
1
Solution. [2i —j — 2k| = (2% + (—1)? + (=2)?)2 = v/9 = 3. Therefore the required unit vector
is $(2i — j — 2k).
2.3. The Dot Product.

DEFINITION 2.8. Let a = (a1, az,a3) and b = (b1, be,b3). The dot product or scalar product of
a and b is the number a-b = a1b1 + asbs + azbs.

EXAMPLE 2.9. Let a= (1,2,3) and b= (—1,0,—1). Find a-b.

Solution. a-b = (1)(=1) + (2)(0) + (3)(—=1) = —4.
Clearly, we have
i-j=i-k=j-k=0andi-i=j-j=k -k=1.
@Department of Mathematics 8
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PROPOSITION 2.10. Properties of the Dot Product

3. a-(b+c)=a-b+a-c.
. (@) -b=a(a-b)=a- (ab).
.0-a=0.

Proof. Let’s prove 1. Let a = (a1, a2,a3). Then a-a = a? + a3 + a3 = |al?.
THEOREM 2.11. If 6 is the angle between the vectors a and b, then a-b = |a||b|cosf, 0 < 0 < 7.

Proof. Let OA = a and OB = b, where O is the origin and § = ZAOB.

Figure 9 Angle between two vectors
Applying cosine rule to AOAB, we have

la —b|*> = |a? + |b|> — 2|a]|b| cos 6.
As|a—b?=(a—b)-(a—b)=]al?> —2a-b+ |b|? it follows that a-b = |a||b| cosf or

Two vectors a and b are said to be orthogonal or perpendicular if the angle between them is
90°. In other words,

a and b are orthogonal <= a-b = 0.

EXAMPLE 2.12. 2i+ 2j — k is orthogonal to 5i — 4j + 2k because (2i + 2j — k) - (51 — 4j + 2k) =
(2)(5) + (2)(=4) + (=1)(2) = 0.

Let a = (aj,a2,a3) # 0. The angles a, (3,7 in [0,7n] that a makes with the z,y,z axes

respectively are called the direction angles of a.
z

a=(ai, az, as)

x
Figure 10 Direction Angles
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The cosines of these angles, cos «, cos §,cosy are called the direction cosines of a. We may
express a vector a = (a1, ag, as) in terms of its magnitude and the direction cosines.

a-i <a1,a2,a3>-<1,0,0> ay

cosa = — = -
lallil (a1, a2,a3)[(1,0,0)]  [a]
Similarly,
cos B = 22 ond cosy = .
al al
Thus,

a = |al(cos a, cos 3, cos ).

Next, we shall discuss the projection of a vector along another vector. Let a and b be two
vectors in R3. Let’s represent a as PQ and b as PR.

L
|b| cos 6 S

a
Q
Figure 11 Vector Projection
Then
a-b a
|b|cosf = —— = — - b.
EINE]

DEFINITION 2.13.

1. The scalar projection of b onto a is |b|cos€ = ‘%;b.

2. The vector projection of b onto a is (% b % = a;'—r;a.

Note that the scalar projection is negative if § > 90°. Moreover, in figure 11. SR = PR—PS =
b — ;—Ea. Thus the distance from R to the line PQ is given by
a-b
———a
|af?

IRS| = ’b

EXAMPLE 2.14. Find the scalar and vector projection of b = (1,1,2) onto a = (—2,3,1).

Solution. |a| = y/(—2)2 + 32 + 12 = v/14. Thus the scalar projection of b onto a is T;—:" =
= ((=2)(1) + (3)(1) + (1)(2)) = 3/V14.

The vector projection of b onto a is \/%ﬁ = 13—4a = (-2, <

47

).

EXERCISE 2.15. Find the angle between two long diagonals of a unit cube.

s

I

~lw
—_

[70.5°).

EXERCISE 2.16. Prove the Cauchy-Schwarz inequality: |a-b| < |a||b|. Determine when equality
holds.
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2.4. The Cross Product.

DEFINITION 2.17. If a = (aj,a2,a3) and b = (b1, by, bs), then the cross product or vector
product of a and b is

axb = (agb3 —azby,azby — arbz, arby — azby)
i j k
= ap az as
b1 by b3
o as as |. . a; as al ag k
N b2 b3 b1 bg b1 bg ’
EXAMPLE 2.4.1. Let a= (1,3,4) and b = (2,7,-5). Find a x b.
Solution.
i j k
axb = 1 3 4
2 7 =5
3 4 |, 1 4 . 1 3
=7 s |T T2 —5‘”‘2 7‘1‘
= —43i+13j+ k.

Clearly, we have
ixj=kjxk=iLkxi=jandixi=jxj=kxk=0.

THEOREM 2.18. Let a = (a1, a2,as3), b = (by,ba,b3) and ¢ = {(c1,ca,c3). Then

a; ag as
a-(bxc): bl b2 bg
it C2 C3

Proof. Exercise.
COROLLARY 2.19. b X ¢ is perpendicular to both b and c.

Proof.
b1 by b3

b'(bXC): b1 b2 b3 =0.
Cc1 Cp C3
1 C2 C3
C-(bXC)Z b1 b2 bg =0.

1 C2 €3

THEOREM 2.20. If 0 is the angle between a and b, 0 < 6 < m, then |a x b| = |a||b]|sin 6.

Proof. First we need the following identity
(azbs —azba)®+ (asb1 —a1bs)*+ (a1ba —agby)? = (ai+a3+a3)(bi+b5+b3) — (a1by +azbs +asbs)?

which can be easily verified by direct simplification of both sides.
Using this identity, we have

\a X b|2 = (agbg — a3b2)2 + (agbl — a1b3)2 + (albg — a2b1)2
= |(CL|%2|+ E% +(a§)(b)%2+ bg + b%) - (a1b1 + agby + a3b3)2
= lal*|bl*—(a-b
= [a]*|b]* — |a]?*|b|* cos* 6
= |a|?/b|?sin? 6.

@Department of Mathematics 11
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Since 0 < 6 <, sinf > 0, we have |a x b| = |a||b|sin 6.
It follows from this result that |a x b| = |a||b| sin @ is the area of the parallelogram determined
by a and b.

Figure 12 Area=|a||b]|sinf

a x b is a vector perpendicular to the plane spanned by a and b with magnitude |a||b]|sin6,
where 0 < 0 < 7 is the angle between a and b.

axb

a b

Figure 13 axb
There are two possible choices of such a vector. It is the one determined by the right-hand
rule: a x b is directed so that a right-hand rotation about a x b through an angle 8 will carry
a to the direction of b.
To see this, first observe that the cross product is independent of the choice of the coordinate
system. See Exercise 2.29. To determine the direction of a x b, choose the x-axis along the
direction of a and choose the y-axis so that the vector b lies on the zy-plane and let z be
the axis perpendicular to the zy-plane so that z,y, z form a right-handed coordinate system.
With this choice of coordinate system, a = (a;,0,0) with a; > 0, and b = (b1, b2,0). Thus,
a x b = ajbok. Therefore, the direction of a x b is along the z-axis and it is along the positive
or negative direction of k according to whether by is positive or negative respectively. This is
precisely the right-hand rule described in the last paragraph.

COROLLARY 2.21. a and b are parallel if and only if a x b = 0.

PROPOSITION 2.22. Properties of the Cross Product
axb=-bxa

(ea) x b =a(a xb) =ax (ab)
ax(b+c)=axb+axc
(a+b)xc=axc+bxc
a-(bxc)=(axb)-c

ax (bxc)=(a-c)b—(a-b)c

S Grds Lo o~

Proof. Exercise.

The relation a- (b x ¢) = (ax b) - ¢ can be proved by direct expansion in component form. Al-
ternatively, it can be deduced by the property of the determinant: If two rows of a determinant
are switched, the determinant changes sign. Therefore,

@Department of Mathematics 12
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a; ag ag ay ag as c1 C2 C3
a-(bxc) = b1 bz bg =—|C C C3 |=| a1 a2 as
c1 C2 cC3 b1 b2 b3 b1 b2 bg
= c-(axb)=(axb)-c.
a; ag asg
In fact, a- (b xc) = | by b b3 | is the algebraic or sign volume of the parallelepiped
1 €2 ¢3
determined by a, b, c.
bxc
1 aL/__ _/’_I _____________ L7 l”
h = |a|cos @ ) / / ,/’
¢ /"/'\ Area of the base

i parallelogram = |b x c|

Figure 14 Volume = |a||b X c||cosf|= |a- (b x c)|.

COROLLARY 2.23. The vectors a,b,c are coplanar (i.e. they all lie on a plane) if and only if
a-(bxc)=0.

Figure 15 a,b,c are coplanar

EXAMPLE 2.24. Show that the vectors a = (1,4,-7), b = (2,-1,4), ¢ = (0,—-9,18) are
coplanar.

1 4 -7
Solution. Asa-(bxc)=|2 —1 4 |=0,it follows from 2.22 that a, b and ¢ are coplanar.
0 -9 18

EXAMPLE 2.25. Suppose a rigid body rotates with angular velocity w about an axis ¢ through
a point O. The angular velocity w is represented by a vector along ¢. If r is the position vector
from O of a point inside the rigid body, then the velocity at this point is given by w X r.

EXERCISE 2.26. Show that a x (b xc)+b x (cxa)+cx (axb)=0.

EXERCISE 2.27. Show that (ax b) x (cxd) =(a-(cxd))b—(b-(cxd))a
=(a-(bxd))c—(a-(bxc))d.

EXERCISE 2.28. Suppose the vectors a,b,c,d are coplanar. Show that (a x b) x (¢ x d) = 0.

EXERCISE 2.29. Let P = (p;;) be an 3 x 3 orthogonal matrix (P! = P~!) with determinant
1. Let {e1, ez, e3} be an orthonormal basis of R3. Let e; = p1j€e1 + pajes + p3jes, j = 1,2,3.
Suppose a = aje; + ages + azez = aj€| + ahe,, + asel and b = bie; + baes + bzez = ble] +
bhel, + bhel. Prove that

/ / /
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That is if we denote the cross products with respect to the bases {e;, es, e3} and {e}, e}, €5}
by x and x’ respectively, then a x b = a x’b.

2.5. Lines and Planes. Let L be a line passing through a point Py(zo,yo,20) in the
direction of the vector v = (a, b, c). Then any point P on L has position vector r = ro + tv for
some t € R.

Py A P

L

($0,y0,20> =Tp r

0

Figure 16 Vector equation of a line

Vector equation of a line:

Write r = (z,y, z). Then r = rg + tv is equivalent to (z,y, z) = (o, Yo, 20) + t{a,b,c).

Parametric equations of a line: ’ r=z9+at,y=1yo+bt,z =29+ ct
Eliminating ¢, we obtain

. . . . T—To _ Y=Y _ z—20
Symmetrlc equatlons of a line: e

The numbers a, b, ¢ are called the direction numbers of the straight line. If a,b or c is zero, we
may still write the symmetric equation of the line. For example, if a = 0, we shall write the
symmetric equations as
Y—Y% Z—Z20

b ¢’

T = xp,
which is a line lying on the plane x = xy.
ExAMPLE 2.30. Show that the lines

Li:x=14+t,y=-243t,z=4—1t,
Lo:x=2s,y=3+s,z2=—3+4s,

are skew, i.e. they do not intersect and are not parallel. Hence they do not lie in the same
plane.

Solution. L; and Ly are not parallel because the corresponding vectors (1,3,—1) and (2, 1,4)
are not parallel. The lines L1 and Lo intersect if and only if the system

1+t = 2s
—243t = 3+s
4—t = —3+4s

has a (unique) solution in s and ¢. The first two equations give ¢t = 11/5,s = 8/5. But these
values of ¢t and s do not satisfy the last equation. Thus, L; and Ly do not intersect.

Lo

/L1

Figure 17 Skew Lines
@Department of Mathematics 14
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Consider a plane in R® passing through a point Py(zo, 0, 20) with normal vector n. Let
P(z,y, z) be a point on the plane. Let r and ry be the position vectors of P and P, respectively.

z

Figure 18 n-(r—rp) =0

Then a vector equation of the plane is given by

’ n~(r—r0):0‘

If n = (a, b, c), then the above vector equation can be written as

’ a(x —xo) + by —yo) +c(z —20) =0 ‘

In general, a linear equation in x,y, 2, i.e. ax +by+ cz+d = 0 is an equation of a plane in R3.

EXAMPLE 2.31. Find an equation of the plane passing through the points P(1,3,2), Q(3,—1,6)
and R(5,2,0).

Solution. PQ = (3—-1,-1-3,6 —2) = (2,—4,4). PR = (4, —1,—2). Thus a normal vector
n to the plane is given by

i j k
PQxPR=|2 -4 4 |=(12720,14).
4 -1 -2

Therefore, an equation of the plane is given by (z — 1,y — 3,2z — 2) - (12,20, 14) = 0. That is
6z + 10y + 7z = 50.

EXERCISE 2.32. (a) Find the angle 6,(0 < 6 < 90°) between the planes x +y + z = 1 and
r—2y+3z=1.
(b) Find the symmetric equations for the line of intersection of the planes in (a).

PROPOSITION 2.33. The distance from a point Py (x1,y1,21) to the plane ax +by+cz+d =0
18

lazy + by + cz1 + d|
Va2 + 2+ 2
Proof. Pick a point Py(zo, Yo, 20) on the plane. Let b = PoP1 = (z1 — 0, y1 — Y0, 21 — 20)-
@Department of Mathematics 15
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Py

Py

Figure 19 Distance from a point to a plane
Then

INP;| = |projection of b along n|

|n-b|

n

la(21—20)+b(y1—yo)+c(21—20)]
Va2+b2+c2?

|(az1+by1+cz1)—(azo+byo+czo)|
Va2+b2+c?

laz1+by1 +cz1+d

Va2+b2+c?

EXAMPLE 2.34. Find the distance between the parallel planes 10z +2y—22z = 5 and Sz+y—=z =
1.

Solution. The planes are parallel because their normal vectors (10,2, —2) and (5,1, —1) are
parallel. Pick any point on the plane 10x + 2y — 2z = 5. For example, (1/2,0,0) is a point on
10z 4+ 2y — 2z = 5. Then the distance between the two planes is

5(1/2) +0(1) +0(—1) — 1] @
VEE+ 12+ (12 6

ExAMPLE 2.35. Find the distance between the skew lines:

Litx=14+t,y=-2+3t,z=4—1

Lo:x=2s,y=3+s,2=—-3+4s

Solution. As L; and Lo are skew, they are contained in two parallel planes respectively. A
normal to these two parallel planes is given by

k
—1 | = (13, -6, —5).
4

N
— O

Let s = 0 in Ly. We get the point (0,3,—3) on Ls. Therefore, an equation of the plane
containing Ls is (x — 0,y — 3,z — (—=3)) - (13,—6,—5) = 0. That is 13z — 6y — 52+ 3 = 0. Let
t =01in L;. We get the point (1,—2,4) on L. Thus, the distance between L; and Lo is give
by

|13(1) —6(—2) —5(4)+3] 8

V1324 (=6)2+ (=52 V230

EXERCISE 2.36. Find the equation of the straight line passing through the point Py(1,5, —1)
and perpendicular to the lines Ly :xa =5+t,y=—-1—t,z=2tand Ly : x = 11t,y =Tt,z =
—2t.

[12;1:@/—5—L+1]

—4 -3

@Department of Mathematics 16
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3. Cylinders and Quadric Surfaces

A cylinder is a surface that consists of all lines (called rulings) that are parallel to a given line
and pass through a plane curve.

EXAMPLE 3.1. A parabolic cylinder z = 22.

Figure 20 A parabolic cylinder

ExaMpPLE 3.2. Circular cylinders

Figure 21 22 +42=1 +22=1

A quadric surface is the graph of a second degree equation in x,y, z:

Ax? + By? + C22+ Day + Eyz + Faz + Gr + Hy + 12+ J = 0.

Using translation and rotation, the equation can be expressed in one of the following two
standard forms:

Ax? + By? + 02> +J =0 and Az? + By? + 1z = 0.

EXAMPLE 3.3. The graph of the equation x? + % + % =1 is an ellipsoid.
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Figure 22 2% + % + %

2
The vertical traces (or sections) in z = k are ellipses: % ’

§+%:1—k2,where —-1<k<1.
The vertical traces in y = k are ellipses: x? + % =1-&

5> where —3 < k < 3.
The horizontal traces in z = k are also ellipses: 2 + % =

1—%2,Where —2< k<2
EXAMPLE 3.4. The graph of the equation z = 422 + 32 is an elliptical paraboloid.

X

Figure 23 2 = 422 + 32
The horizontal traces in z = k are ellipses: 422 + y? = k, where k > 0.
The vertical traces in & = k are parabolas: z = y? + 4k2.
Similarly, the vertical traces in y = k are parabolas: z = 4x? + k2.

ExaMPLE 3.5. Sketch the surface %2 +9? - :

Figure 24 %—l—yz—%:l

. . 2 2
The traces in z = k are ellipses: %~ + =1+ %
@Department of Mathematics 18
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The traces in x = k are hyperbolas: yj — %Z =1- %2.
The traces in y = k are hyperbolas: % — % =1 — k2
z z z
x x x
-1<k<1 k=1 k<—-lork>1

Figure 25 Vertical Traces in y = k of % +y? - % =1
EXAMPLE 3.6. Identity and sketch the surface 422 — y? + 222 +4 = 0.

The equation can be rewritten in the standard form: —z? + % - % = 1. It is therefore a

hyperboloid of 2 sheets along the direction of the y-axis.

Figure 26 422 —y? +222 +4=0

EXAMPLE 3.7. Classify the quadric the surface 22 4+ 222 — 6z — y + 10 = 0.
z

(3,1,0)

X

Figure 27 224222 -6z —y+10=0
By the method of completing squares, the equation can be written as y — 1 = (z — 3)% + 222
If we make a change of coordinates: '’ = x — 3,y =y — 1,2 = z so that the new origin is at
(3,1,0), then the equation becomes y’ = 2/ + 222, Therefore it is an elliptic paraboloid with
vertex at (3,1,0).

EXERCISE 3.8. Describe the traces of the surface z = xy.
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EXERCISE 3.10. Find the equation of the surface obtained by rotating the curve y = 22 about

the y-axis.

The graphs of the quadric surfaces are summarized in the following table.

2 2 2
2y + ¥ + % = 1. The
traces are ellipses. When
a:b:c;éo,itisa

sphere.

z_ a? + ¥2 Horizontal
c T a2 b2

traces are ellipses. Verti-

cal traces are parabolas.

T
Elliptic Paraboloid

2

z _ 22 _
a2

1

1

1 i-
! < ;z- Hori
]

1

1

1

zontal traces are hyper-

bolas. Vertical traces are

parabolas. Here ¢ < 0.

Hyperbolic Paraboloid

N/

X

Double cone

Hyperboloid of one sheet

Hyperboloid of Two sheets

Table 1

4. Cylindrical and Spherical Coordinates

== i—z—l-z—; Horizontal
traces are ellipses. Verti-
cal traces in * = k and
y = k are hyperbolas for
k # 0 but pairs of lines

for k= 0.

2 2 2
25 + ¥ — & =1. Hori-
zontal traces are ellipses.
Vertical traces are hyper-

bolas.

72—272—2+z—§:1. Hor-
izontal traces in z = k
are ellipses if k > ¢ or
k < —c. Vertical traces
are hyperbolas. The two
minus signs indicate two

sheets.

4.1. Polar Coordinates. Given a point P with Cartesian coordinates (z,y), we may use
its distance r from the origin and the angle § measured in the counterclockwise sense made
with the z-axis to locate its position. This gives the polar coordinates (r,6) of P.

@Department of Mathematics
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(z,y)

)

Figure 28 Polar coordinate

The relations between Cartesian and polar coordinates are given by the following formulas:

r?=a?+y? tanf =Y

xr=rcosf, y=rsinf

The convention is that 6 is positive if it is measured in the counterclockwise sense, and is
negative otherwise. If r < 0, the radius is measured at the same distance |r| from the origin,
but on opposite side of the origin. Notice that (—r, ) represents the same point as (r, 0 + ).
For example, for the polar coordinates of the point () below, we may write either (-1, %) or

(1, %5).

Figure 29 Polar coordinates of P = (1, )

EXERCISE 4.1. Find the equation in polar coordinates of the curve 2 + y? = 2x.
[Answer : 7 = 2cosf.]

4.2. Cylindrical Coordinates. Given a point P with Cartesian coordinates (z,y, z) in
3-dimensional space, we may use the polar coordinates (r, ) for the position of the foot of the
perpendicular from P onto the xy-plane. Then the triple (r, 0, z) determines the position of
P, it is called the cylindrical coordinates of P.
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Figure 30 Cylindrical coordinates

The relations between Cartesian and cylindrical coordinates are given by the following formulas:

=22 +y? tanf =¥, 2 =2

r=rcosf, y=rsinf, z =z

EXAMPLE 4.2. The surface whose equation in cylindrical coordinates is z = r is a double cone
with the origin as the vertex.

Figure 31 A double cone
Let P be a point on this surface with cylindrical coordinates (r, 6, z). Since z = r, the triangle
OPQ in which ZOQP is a right angle is isosceles with OQ = r = z = P(@. Thus the cone
opens up an angle of 45° with the z-axis. To convert the equation to Cartesian form, we can
square both sides of z = r, thus 22 = 22 + y? is the Cartesian equation of the double cone. If
we take positive square root on both sides, the graph of the resulting equation z = /22 + 32
is the inverted cone on the upper half space z > 0.

EXERCISE 4.3. Find the equation of the ellipsoid 422 4 4y? + 22 = 1 in cylindrical coordinates.
[Answer : 22 =1 — 472 ]

4.3. Spherical Coordinates. Another coordinate system in 3-dimensional space is the
spherical coordinate system. Given a point P(z,y,2) with P’ the foot of the perpendicular
from P onto the zy-plane, let p > 0 be its distance from the origin, 6 the angle that O P’ makes
with the z-axis and ¢ the angle that OP makes with the z-axis. Here 6 is measured in the
counterclockwise sense from the z-axis with 0 < 6 < 27, and ¢ is measured from the z-axis
with 0 < ¢ < 7. Note that OP" = psin¢ and PP’ = pcos ¢.
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Figure 32 Spherical coordinates p > 0,0 <0 <7

The relations between Cartesian and spherical coordinates are given by the following formulas:

p =12+ y?+ 22,
COS¢:%, 0<o<m
ps?ndu

cosf =

’m = psingcosf, y = psin¢sinb, z = pcosd)‘

EXAMPLE 4.4. The point (0,2+/3, —2) is in Cartesian coordinates. Find the spherical coordi-
nates of this point.

Solution. First, we have p = \/02 +(2v3)2 + (—2)2 = 4. Next, cos¢ = z/p = —1/2. As
0 < ¢ < m, we have ¢ = 27/3. Lastly, cosf = x/(psin¢) = 0. Thus, § = 7/2 or 37/2. As
y=2vV3>0,0+# 3r/2. That is § = m/2. Therefore the spherical coordinates of the point is
(4,7/2,27/3).

ExaMPLE 4.5. The surface whose equation in spherical coordinates is p = R, where R is
positive constant, is a sphere of radius R centred at the origin.

EXAMPLE 4.6. Find the Cartesian equation of the surface whose equation in spherical coordi-
nates is p = sin 0 sin ¢.
Solution. 22432422 = p? = psinfsin ¢ = y. Completing squares, we have 2%+ (y — %)2 +22 =

%. Therefore, the surface is a sphere with centre (0, 4

,5,0) and radius %

5. Vector Functions

DEFINITION 5.1. A wector function r(t) is a function whose domain is a set of real numbers
and whose range is a set of vectors.

In other word,
r(t) = (f(t),9(t),h(t)) = f(t)i+ g()j + h(t)k.
f,g,h are called the component functions of r.

EXAMPLE 5.2. Consider the vector function r(t) = (t3,In(3 — t), V/#).

For each of the component functions to be defined, we must have 3 —¢ > 0 and ¢ > 0. Thus
the domain of r is [0,3). The image of r traces out a curve in R3.

In general if r(t) = (f(t),g(t), h(t)) is a vector function, then x = f(¢t),y = g(t), z = h(t) give
the parametric equations of a curve in R3.
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z

]

/ R3
. \
r(t)

T

Figure 33 A vector function

EXAMPLE 5.3. The vector function r(¢) = (1 +¢,2 + 5¢,—1 + 6t) defines a curve which is a
straight line in R3.

EXAMPLE 5.4. Sketch the curve whose vector equation is r(¢) = (cost,sint,t).

Solution. The parametric equations of the curve are x = cost,y = sint, z = t. Consider a point
P(z,y, z) on this curve. Since the x,y and 2z coordinates of P satisfy the relation 22 + 32 = 1,
it lies on the cylinder 2% + y? = 1.

T
Figure 34 A helix

Moreover, P lies directly above the point (z,y,0), which moves counterclockwise around the
circle 22 + y? = 1. Since z = t, the curve spirals upward around the cylinder as ¢ increases.
The curve is a Helix.

EXAMPLE 5.5. Find the vector function that represents the curve of intersection C of the
cylinder 2 + y> = 1 and the plane y+ z = 2.

Solution. Since C lies on the cylinder which projects onto the circle 22+4? = 1 on the zy-plane,
we can write x = cost,y = sint with 0 < t < 27. Since C also lies on the plane, its z,y, z
coordinates should satisfy the equation of the plane. Thus, z = 2—y = 2—sint. Consequently,
the vector equation of C' is r(t) = (cost,sint,2 — sint).
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Figure 35 An ellipse

The curve C is an ellipse with centre (0,0,2) and it inclines at an angle 45° to the horizontal
plane.
Let r(t) = (f(t),g(t), h(t)). The limit of r(¢) as ¢ tends to a is defined by:

lim e(t) = (Jim £(1), im g(), Jim h(2)).

EXAMPLE 5.6. Let r(t) = (1 +¢3,te!, #2L) Find %ir% r(t).
%

int
Solution. limr(t) = (lim 1 4 3, lim te™?, lim ﬂ> = (1,0,1).
0 t—0 t—0 t—0 ¢

DEFINITION 5.7. A wector function r(t) is continuous at t = a if }im r(t) =r(a).
—a

That is r(t) = (f(t),g(t), h(t)) is continuous at a if and only if f(t),g(t), h(t) are continuous
at a.

5.1. Derivative of a vector function. Given a vector function r(t). Its derivative is
defined by:

Ay — g SR ()
dt h—0
z z
PQ=r(t+h)—r() r'(t)
P Q P Q r(t+h}27r(t)

\/ F(t+R) \/
/O /O

Yy Yy
Xz Xz

Figure 36 Derivative of a vector function
If v/(¢) exists and is nonzero, we call it a tangent vector to the curve defined by r(¢) at the
point P. See figure 36. In this case, T(t) = r'(¢)/|r/(t)| is called the unit tangent vector.
THEOREM 5.8. Let r(t) = (f(t),g(t), h(t)), where f, g, h are differentiable functions of t. Then
r'(t) = (f'(8),g'(t), W' (1)) = f'(D)i+ g’ (D)i+ M (Dk.
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EXAMPLE 5.9. Let r(t) = (1 +¢3,2¢,1). Find the unit tangent vector to the curve defined by
r(t) at the point where ¢t = 0.

. . _ 2 _ Y 2
.SOhlthIl. First we have r'(t) = (3t%,2,0). Thus, r'(0) = (0,2,0) = 2j. Therefore, T(0) = 3 =
j-

ExAMPLE 5.10. Find parametric equations for the tangent line £ to the helix with parametric
equations x = 2cost,y =sint,z =t at t = 7.

Solution.

T
Figure 37 The tangent to the helix

The vector equation of the helix is r(t) = (2cost,sint,t). Thus, r'(t) = (—2sint,cost, 1)
and r'(§) = (—2,0,1) is a tangent vector to the helix at ¢ = . Therefore, the parametric
equations of the tangent line £ are given by: z = 0+ (-2)t,y = 1+ (0)t,z = § + (1)t. That is

r==2ty=1,2=5 +t

Given a vector function r(t), we may compute successively r'(¢), r”(t), r’’(t) etc, provided they
exist.

THEOREM 5.11. Let u and v be differentiable vector functions of t, ¢ a scalar and f a real-
valued function. Then we have the followings:

L gi(u(t) +v(1)) = w'(t) +v'(2).

2. C‘glt(cu( ) = cu(t).

3. &(f(Hut)) = f/(tu(t) + f(E)u'(1).

4o g u(t) - v(t) = (1) - v(t) +u(t) V().

5. gi(u(t) x v(t)) = w'(t) x v(t) +u(t) x v(t).

6. (Chain Rule) dt( u(f(¥)) = /(' (f(t)).

EXERCISE 5.12. Suppose |r(t)| = ¢, where ¢ is a positive constant. Show that r(¢) is orthogonal
to r'(t) for all t.

Let r(t) = f(t)i+ g(t)j + h(t)k be a continuous vector function. The definite integral of r(t)
from t = a to t = b is defined as:

/abr(t)dt = </abf(t)dt> i+ (/abg(t)dt>j+ (/jh(t)dt) k

jus

EXAMPLE 5.13. Let r(t) = 2 costi + sintj + 2tk. Find / * ().
0
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3 o i s 2
Solution. /2 r(t)dt = [2sint]g i— [cost]@ j+ [tZ]S k=2i+j+ %k.
0

6. Functions of several variables
6.1. Functions of 2 variables.

DEFINITION 6.1. A function f of 2 variables is a rule that assigns to each ordered pair of
real numbers (z,y) in a set D a unique real number denoted by f(x,y). Here D is called the
domain of f. The set of values that f takes on is called the range of f. That is Range of f =

{f(z,y) | (z,y) € D}.

We usually write z = f(x,y) to indicate that z is a function of xz and y. Moreover, z,y are
called the independent variables and z is called the dependent variable.
Y

* (z,y) , R

\ J Y w0
DN

Figure 38 f: D — R

EXAMPLE 6.2. Find the domain of f(z,y) = xIn(y? — ).

Solution. The expression zIn(y? — x) is defined only when y? —x > 0. That is 4> > 2. The
curve y? = x separates the plane into two regions, one satisfying the inequality y? > =, the
other satisfying y? < . To find out which region is determined by the inequality y? > . Pick
any point in one of the regions and test whether it satisfies the inequality. If it does, then by
‘connectivity’, that whole region is the one satisfying y? > x, otherwise, it must be the other
region. For example, pick the point (3,2). Since 22 > 3, the region satisfying 32 > z is the one
containing (3,2). Thus, domain of f is {(z,y) € R? | y? > z}.

Figure 39 Domain of zIn(y? — x)

ExXAMPLE 6.3. Find the domain and range of g(z,y) = /9 — 22 — y2.

Solution. The domain of g is {(z,y) € R? | 9 — 2% — y? > 0} = {(z,y) € R? | 22 4+ ¢? < 3?}
which is a circular disk of radius 3. Since 0 < g(z,y) = /9 — 22 — y2 < 3, the range of g lies
in [0,3]. Clearly every number in [0,3] can be expressed as g(z,y) for certain (x,y). Therefore
the range of g is the interval [0,3].
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DEFINITION 6.4. Let f be a function of 2 variables with domain D. The graph of f is the set
of all points (x,y,z) € R such that z = f(x,y).

z

flzy) 1 %

(@, f(2,9))

- D
x
Figure 40 The graph of f
In general, the graph of f(z,y) is a surface in R3.

EXAMPLE 6.5. The graph of f(z,y) =6 — 3x — 2y is a plane. See Figure 41.
z

(0,0,6)

(2,0,0) [/~

X

Figure 41 2z =6 — 3z — 2y

EXAMPLE 6.6. The graph of h(x,y) = 422 + 32 is an elliptic paraboloid.
z

-<— 4 +y* =k, k>0
“ Yy
x

Figure 42 z = 422 4 ¢?
The domain of h is R?. Since 422 + y? > 0, the range of h is [0,00). Each horizontal trace is
an ellipse with equation given by 422 + y? = k, where k > 0.

6.2. Level Curves.

DEFINITION 6.7. The level curves of a function of 2 variables are the curves in the xy-plane
with equation f(x,y) = K, where K is a constant. (K is in the range of f)
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T 20 ~f(z,y) =20
Figure 43 Level curves

EXAMPLE 6.8. Sketch the level curves of f(x,y) =6 — 3z — 2y for K = —6,0,6, 12.

Solution. The level curves are 6 — 3x — 2y = K which are straight lines.

K=12 K =6 K=-6

Figure 44 Level curves of f(z,y) =6 — 3z — 2y
EXAMPLE 6.9. Sketch some level curves of h(x,y) = 422 + 3.

Solution. If & < 0, then 422 + y?> = K has no solution in (z,y). Therefore, there is no level
curves for K < 0. If K = 0, then 422 + 2 = 0 has only one solution (0,0). Thus, the level
curve consists of one single point at (0,0).

- h(z,y) = 42° + y?

~ 42+ =k, k>0

Figure 45 Level curves of f(z,y) = 42 + y?

If K > 0, the, 422 + y? = K is an ellipse. We may write this equation in the standard form:

22 2
(EV—F(\/?)Q:L

2
@Department of Mathematics 29




Semester 11 (2018/19)

Thus, a larger K gives rise to an ellipse with longer major and minor axes.

EXERCISE 6.10. Sketch the level curves of p(z,y) = —xy for K = —4,—1,0,1,4. The graph of
p is shown in figure 46.

Figure 46 p(x,y) = —zy

6.3. Functions of three or more variables. Let f : D C R* — R be a function of
three variables. We can describe f by examining the level surfaces of f. These are surfaces in
R? given by the equations f(x,y,2) = K, where K € R.

EXAMPLE 6.11. Let f(z,y,2) = 2% + y? + 22. The level surfaces of f are concentric spheres
with equations of the form 22 + y? + 22 = K for K > 0. If K = 0, then the level surface
reduces to a point at the origin of R3. For K < 0, there is no level surface for f.

Figure 47 Level surfaces of f(z,y,2) = 2% + y? + 22

EXERCISE 6.12. Sketch the level surfaces of q(z,y, z) = 2% + y? — 22 for K = —4,-1,0,1, 4.

7. Limits and Continuity

DEFINITION 7.1. Let f be a function of two variables whose domain D includes points arbitrar-
ily close to (a,b). We say that the limit of f(x,y) as (x,y) approaches (a,b) is L and we write

( l)ln% ) f(x,y) = L if for any positive number €, there is a corresponding positive number 0
T,y — a,
such that

(2.9) € D and 0 < \/w—a)? + (y — b < § = |f(,y) — L] <.
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\
1
5717w o radius of the disc
(z,y) N 0= centred at (a,b)

Figure 48 lim z,y) =1L
8 (w,y)ﬁ(ayb)f( v)

Note that f is not required to be defined at (a,b). The idea is that as (x,y) approaches (a, b),

f(x,y) approaches L. In other words, f(x,y) can be made as close to the number L as we

wish by requiring (x,y) sufficiently close to (a,b). This is the meaning of the above definition.
Y

D

Figure 49 lim z,y) =1L
8 (w,y)ﬁ(ayb)f( v)

The implication in definition 7.1 says that all points (x,y) which are inside the disc centred at
(a,b) with radius § are mapped by f into the interval (L — ¢, L + €). See Figure 49.

‘

A

X

Figure 50 f(x,y) approaches L along different paths

It can be proved from the definition that if ( 1)1m( ) f(x,y) = L exists, then
z,Y —(a,

(i) its value L is unique, and
(ii) L is independent of the choice of any path approaching (a,b).
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PROPOSITION 7.2. Let x = a(t),y = B(t) be the parametric equations of a path in R? such that
(a(t), B(t)) lies in the domain of f(x,y) for allt in a certain open interval containing t, and

tl;nglo a(t) =a and tlgg B(t) =b. Suppose (z7y%;n%a7b) f(z,y) = L. Then tlgg fla(t),5(t)) = L.

Proof Let € any positive number. Since ( l)mt . f(x,y) = L, there exists a positive number §
T,y — a,

such that |f(z,y) — L| < e whenever 0 < v/(z —a)2 + (y — b)2 < 4.
Now because tllglo a(t) = a and tli_gi B(t) = b, there exists a positive ) such that |« (t) —a| < 6/2
and |B(t) — b| < §/2 for all ¢ satisfying 0 < [t — t,| < 7.
Thus for all ¢ satisfying 0 < |t — t,| < 1, we have
0<V(aft) —a)2+ (B(t) —b)2 < \/62/4+62/4 <6

so that
|f(a(t),B(t) — L| <e.
This shows that tli_gl fla(t),B(t)) = L.

EXERCISE 7.3. Prove that if lim  f(x,y) exists, then there its value is unique. That is

(z,y)—(a,b)
there is only one number L satisfying the definition 7.1.
2 _ 2
EXAMPLE 7.4. Show that  lim ziyz does not exist.
(z,9)—(0,0) = + Yy
2?2 — 42
Solution. Let f(z,y) = poa—t First let’s approach (0,0) along the z-axis.
L Yy
. . .22 —0? .
(x7y)h£>n(0,o) flw,y) = lim f(2,0) = lim 25 = lim 1 =1,
along y =0
Next let’s approach (0,0) along the y-axis.
02 _ y2
li =1l = lim —= = lim -1 = —1.
e oo f(z,y) liny f(0,y) e

along x =0
Since f has two different limits along 2 different paths, the given limit does not exist.

EXAMPLE 7.5. Show that  lim 2 does not exist.
(2,9)—(0,0) % + y?
Solution. Let f(z,y) = % First let’s approach (0,0) along the z-axis.
x Yy
. . . z-0
(%y)hi}n(o’o)f(%y) = lim f(z,0) = i{%m =0.
along y =0
Next let’s approach (0,0) along the y-axis.
0-y
li =1 0 =lim ——= =0
o0 f(x,y) lim f(0,y) W g2

along x =0
At this point, we cannot conclude anything as the limit may exist or may not exist. Now let’s
approach (0,0) along the path y = z.
2
T 1
lim z,y) = lim f(z,z) = lim —— = —.
(x,y)_)(w)f( ) =l fo,2) = lim —5——5 =2
along x =y
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Since f has two different limits along 2 different paths, the given limit does not exist.

2
zry . .
EXAMPLE 7.6. Let ,Y) = ————. Show that 1 , 1) does not exist.
fe.y) z? + yt v (%y)lE%O,O) fe) Hor e

Solution. Let’s approach (0,0) along the line y = ma, where m is any real number.

. T - (maz)2 ) x3m? . xm?

1 =lm————=lm - =lim—-5—- =0

(z,7) 1 (0,0) flay) = 250 72 (max)* Py x2(1 + m2a?) #5011 m22?

along y = mzx
Thus, the limit as (x,y) approaches to the origin along any straight line is zero. However, we
still cannot conclude anything as the limit may exist or may not exist. Now let’s approach
(0,0) along the curve y? = z.
2,2
lim f(z,y) = lim A =1
(z,y) — (0,0) y—=0 yt +y
along y2 =z

Since f has two different limits along 2 different paths, the given limit does not exist.
Y

Figure 51 Approach (0,0) along y? = x

32y
EXAMPLE 7.7. Prove that lim 5 =0
(z,9)—(0,0) 22 + 12

Solution. Let € a positive number. We wish to find a positive number § such that
322
0 < /a2 Y0
24y

In order to obtain the ¢ that enables the above implication to hold. We begin by estimating
2

< €.

the expression Y 0|. Note that
z? + y?
3% gl Zg ly| < 3ly| < 3/22 + 42
— = a .
x? 4 y? 22 == Y

Thus, if we choose § = ¢/3, then

3
0< Va4 y? <<5:>’ xy ‘<3\/:c2+y <30 =e.

3$y

By the definition of limit, we have  lim =0.

(2,)—(0,0) 22 + 32

REMARK 7.8. We remark that the usual limit theorems hold for limits of functions of two
variables. For example

lim z,y) + g(zx, = lim r,y)+ lim x,y).
(z’y)ﬁ(a’b)(f( y) +9(z,y)) (m’y)ﬁ(a’b)f( Y) (x,y)ﬁ(a,b)g( Y)
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DEFINITION 7.9. A function f of two variables is said to be continuous at (a,b) if

lim  f(z,y) = f(a,b).

(z,y)—(ab)
f is said to be continuous on D C R? if f is continuous at each point (a,b) in D.
EXAMPLE 7.10. Every polynomial in z,y is continuous on R?. Each rational function is con-

x2+x3y

Tty 1s continuous on

tinuous in its domain. For instance, the rational function f(z,y) =
D ={(z,y) €R? |z +y #0}.
32y

2 +y?

EXERCISE 7.11. Let f(z,y) = Where is f continuous?

0 if (z,y) = (0,0).

REMARK 7.13. One may compute limits using polar coordinates. This is especially convenient
for limits at the origin and for those expressions that are independent of . More precisely,
one can prove that

3x2y .
EXERCISE 7.12. Let f(x,y) = { z?+y? if (2,y) # (0,0) Show that f is continuous on R2.

li ,y) = li 0, 7rsinb).
(w’y)gn%o’o)f(x Y) Jim, f(rcos@,rsinf)
EXAMPLE 7.14. Find  lim (2% 4 %?) In(2? + o).
(z,y)—(0,0)

Solution. We shall change to polar coordinates.

li 2+ 2 1 2+ 2 — i 21 2
Jm @y G ) = lim I )

2Inr

2(1/r)

= Tl_jf& W using L’Hopital’s rule
= lim —r* = 0.
r—0+

REMARK 7.15. For functions of three or more variables, there are similar definition of limits
and continuity. See section 15.1 of [1]. More precisely, for functions of three variables, these
are stated as follows:

DEFINITION 7.16. lim f(z,y,2) = L if for any € > 0, there is a corresponding § > 0
(z,9,2)—(a;byc)
such that
(2,9,2) € D and 0 < (@ — ) + (y—BE + (= 2 < 6 = |f(z,9,2) — L <.
DEFINITION 7.17. A function f is called continuous at (a,b,c) if

lim x,y,2) = f(a,b,c).
(w’z)ﬁ(a’b’c)f( y,z) = fla,b,c)

8. Partial Derivatives

DEFINITION 8.1. Let f be a function of two variables. The partial derivative of f with respect
to x at (a,b) is
. fla+h,b)— f(a,b)
T )b = 1 .
fola,b) = lim A
The partial derivative of f with respect to y at (a,b) is
_ . fla,b+h) = f(a,b)
fy(av b) - }111—>H10 ]’L .

@Department of Mathematics 34




Semester 11 (2018/19)

There are different notations for the partial derivative of a function. If z = f(x,y), we write

0 0 0
few) = fo= =D fay) = &
_9r_ 9 _ 0z

fy($ay):fy @*afyf(%y)f oy’

In other words, in order to find f,, we may simply regard y as constant and differentiate f(x,y)
with respect to . Similarly, to find f,, one can simply regard = as constant and differentiate

f(x,y) with respect to y. That is fz(a,b) = %f(:c,b) , and fy(a,b) = dif(a,y)‘y:b.

EXAMPLE 8.2. Let f(z,y) = 23 4+ 22y — 2y%. Then f, = 322 + 2zy® and f, = 32%y? — 4y.
Thus for example, f5(1,1) =5 and f,(1,1) = —1.

r=

Geometrically, f;(a,b) measures the rate of change of f in the direction of i at the point (a,b).
If we consider the line y = b on the zy-plane parallel to the z-axis and passing through the
point (a,b), the image of this line under f is a curve C; on the surface z = f(z,y). Then
fz(a,b) is just the gradient of the tangent line to Cy at (a,b). Similarly, fy(a,b) is just the
derivative at (a,b) of the curve Cy traced out as the image of the line z = a under f.

the tangent line to the tangent line to
the curve C7 has the curve C95 has
4 gradient fz(a,b) 4 gradient fy(a,b)

X

Figure 52 Partial derivatives

ExamMpPLE 8.3. Find % and g—z if z is defined implicitly as a function of z and y by
224y + 23 4 6ryz = 1.

Solution. Take partial derivative with respect to 2 on both sides:

0 0
322 + 3228—; + 6y(z + xa—i) =0.

Solving for %, we have
0z 2?4+ 2yz
dr 22+ 2y
Similarly,
0z y? + 2zz
Oy 22+ 2zy
For functions of more than two variables, as such w = f(z,y, z), we can similarly define

(o 00 OfOFow dw dw
Ty JYsrJz 61‘76y’82’ a$78y782
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EXERCISE 8.4. Let f(z,y,2) = e Inz. Find f;, fy and f.. Show that xf, = yf,.

As in the case of function of one variable, we may also define higher order partial derivatives
of a function of several variables. Let f be a function of x and y. Then f, and f, are also
functions of x and y. Thus we may consider (fz)z, (fz)y, (fy)z and (fy)y. For convenience,
we shall simply denote them by f.., fzy, fye and fy, respectively. These are the second order
partial derivatives of f.

There are other notations for the higher order partial derivatives. Suppose z = f(x,y). Then

we also write:
L0 (o) o
o \Ox ) 0x2 O

f _ 0 [(OF _ 0% f B 0%z
ooy \ox ) oydx  Oyox
f 0 [(of\ _ *f 9%z
Y oz \ oy ) 0xdy  0xdy
L0 (ory o
ooy \oy)  0yr o Oy

EXAMPLE 8.5. Let f(z,y) = 2 + 22y® — 2y%. Find frz, fuy, fye and fyy.

Solution. First f, = 32” + 2zy° and f, = 32°y* — 4y. Thus, fuy = 62 + 2y°, f,, = 627y — 4,
fay = (fa)y = 6zy” and fye = (fy)e = 6y?.

THEOREM 8.6. (Clairaut’s Theorem) Let f be defined on an open disk containing the point
(a,b). If foy and fy, are continuous at (a,b), then fry(a,b) = fyz(a,b).

Proof. We assume f;, and fy, are defined in a small open disk D centered at (a,b). Let (z,y)
be a point in D. Fix = and consider the function [f(z,y) — f(a,y)] — [f(x,b) — f(a,b)] in y.
Apply Mean Value Theorem with respect to y. We have [f(z,y) — f(a,y)] —[f(z,b) — f(a,b)] =
[fy(z,¢1) — fy(a,C1)](y — b) for some (i between y and b. Next, we apply mean value theorem
to fy(z, (1) with respect to z. We get

[f(z,y) = fla,9)] = [f (2, 0) = f(a,b)] = fya(C2, C)(x — a)(y — D),

for some (2 between z and a. Now we can rewrite the expression [f(z,y) — f(a,y)] — [f(z,b) —
fla,b)] as [f(z,y)— f(z,b)]—[f(a,y) — f(a,b)]. Applying mean value theorem first with respect
to  and then with respect to y, we have

[f (@, y)=f(a, )= [f (z,0)=f(a, b)] = [f (x, y)=f(x, 0)]=[f(a,y) = f(a,b)] = fay(C3, Ca) (y—b)(z—0),

where (3 is between x and a and (4 is between y and b. Thus we have fy,((2, (1) = fy((3, G1).
Since fgy and f, are continuous at (a,b), so by taking limit as (z,y) tends to (a,b), we obtain

fxy((l, b) = fyx(a’v b)

EXAMPLE 8.7. Let

2 2

flz,y) = { vy if (,y) # (0,0)
b 0 . _

On can show that
2 Ar2y2 gt .
Fo(ey) = 4 L i () #(0,0)
’ 0 if (z,9) = (0,0)
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and

ozt —4022 —yt .
fo(e) = { A () # (0,0)
Y 0 . —

But f,,(0,0) = —1, while f,,(0,0) = 1.
EXERCISE 8.8. Let f(z,y, z) = sin(3z + yz). Find frzy. and fr.yz. Show that foryy = feyya-

8.1. Tangent Plane. Let f be a function of two variables. The graph of f is a surface in
R3 with equation z = f(z,y). Let P(z0, 0, 20) be a point on this surface. Thus, 2o = f(x0,%0)-
Assuming a tangent plane to the surface exists, we shall find its equation.

z

f(xo,90)

(z0,%0)

Figure 53 The tangent plane

Recall that the equation of a plane passing through P(zg, 3o, 20) is of the form A(z — z¢) +
B(y — yo) + C(z — 20) = 0. Assuming the plane is not vertical, we have C is not zero. Thus
we may write the equation of the plane as

2z — 29 = a(r — x0) + b(y — yo)-

The tangent line to Cy at P is obtained by taking y = g in the above equation. That is
z — 29 = a(r — xp). Since fy(xo,y0) is the gradient of the tangent line C at P, we have
a = fu(z0,y0). Similarly, b = fy(x0,y0). Consequently, the equation of the tangent plane to
the surface z = f(z,y) at P is

‘z = 20 + fa(xo, y0)(x — 20) + fy(z0, y0) (¥ — Yo) ‘

ExXAMPLE 8.9. Find the equation of the tangent plane to the elliptic paraboloid z = 222 4 32
at the point (1,1, 3).

Solution. Let f(x,y) = 222 + y*. Then fy(x,y) = 4z and fy(z,y) = 2y so that f,(1,1) =4

)
and f,(1,1) = 2. Hence, the equation of the tangent plane at (1,1, 3) is given by z = 3 +4(z —
1)+ 2(y —1). That is z = 4z + 2y — 3.

8.2. Linear Approximation. Since the tangent plane to the surface z = f(z,y) at P
is very close to the surface at least when it is near P, we may use the function defining the
tangent plane as a linear approximation to f. Recall that the equation of the tangent plane to
the graph of f(z,y) at P(a,b, f(a,b)) is

Rz = f(a’ b) + fl(a7 b)(.T - a) + fy(aab)@/ - b)
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DEFINITION 8.10. The linear function L whose graph is this tangent plane is given by
L(z,y) = f(a,b) + fa(a,b)(x — a) + fy(a,b)(y — D).

L is called the linearization of f at (a,b). The approximation

f(z,y) = L(z,y) = f(a,b) + fa(a,b)(x — a) + fy(a,b)(y = b)

is called the linear approzimation or tangent plane approximation of f at (a,b).

EXAMPLE 8.11. Let f(z,y) = xze™. Find the linearization of f at (1,0). Use it to approximate
F(1.1,-0.1).

Solution. First we have f(x,y) = e®™ + zye®™ and f,(x,y) = z%e®. Thus f,(1,0) = 1 and
fy(1,0) = 1. Then, L(z,y) = f(1,0)+ fz(1,0)(x—1)+fy(1,0)(y—0) = z+y. The corresponding
linear approximation is xe®¥ ~ = +y. Therefore, f(1.1,—0.1) ~ 1.1 + (—0.1) = 1. The actual
value of f(1.1,—0.1) is 0.98542 round up to 5 decimal places.

8.3. The differential. Let z = f(x,y). As in the case of functions of one variable, we
take the differentials dz and dy to be independent variables.

z
z= f(z,y)
A
Nz
dz
Y
f(a,b) !
| i i Y
i P —— 4 (a+dz,b+ dy)
i
x (a,b) dy

Figure 54 The differential

DEFINITION 8.12. The differential dz, or the total differential, is defined to be
dz = fo(x,y)dz + fy(z,y)dy.

Consider the differential of f at the point (a,b). The tangent plane approximation of f at
(a,b) implies that for a small change dx of a and a small change dy of b, the actual change Az
of z is approximately equal to dz. In other words,

Nz~ dz = fy(a,b)dx + fy(a,b)dy.

EXAMPLE 8.13. Let f(z,y) = 2% + 3zy — y®. Find dz. If x changes from 2 to 2.05 and y
changes from 3 to 2.96, compare the values of Az and dz.

Solution. dz = §dx + $dy = (2x + 3y)dz + (3= — 2y)dy. At the point (2,3), dz = ((2)(2) +
3(3))dz 4+ ((3)(2) — (2)(3))dy. That is dz = 13dx. Now we take dx = 2.05 — 2 = 0.05 and
dy = 2.96 — 3 = —0.04. Thus, dz = 13(0.05) = 0.65. For the actual change in z, we have
Az = f(2.05,2.96) — f(2,3) = 0.6449.
DEFINITION 8.14. Let z = f(x,y). f is said to be differentiable at (a,b) if

Nz = fola,b)Az + fy(a,b)Ay + et Az + e2A\y,
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where lim €1 =0 and lim €s = 0.
(Az,Ay)—(0,0) (Az,Ay)—(0,0)

EXAMPLE 8.15. Prove that f(z,y) = zy is differentiable at (a, b).

Solution. First fy(z,y) = y and fy(x,y) = . At the point (a,b), we have f;(a,b) = b and
fy(a,b) = a.

Az = fla+ Az, b+ Ay) = f(a,b)
= (a+ Az)(b+ Ay) —ab
= bAx+aly+ DxlAy
— fo(a.b)Da + fy(a, b)Y + Axdy.

Here €1 = 0 and €3 = Ax. Clearly, lim €1 =0 and lim €9 = lim Az
(Az,Ay)—(0,0) (Az,Ay)—(0,0) (Az,Ay)—(0,0)

= 0. Thus, f(x,y) = xy is differentiable at (a,b).

Note that from the definition of differentiability, if f(x,y) is differentiable at (a, b), then f;(a,b)
and fy(a,b) exist. However the converse is not necessarily true.

XY if 0.0
EXERCISE 8.16. Let f(x,y) = { e (@,9) 7 (0,0) Show that f;(0,0) and f,(0,0)

0 if (z,y) = (0,0) -
exist but f is not differentiable at (0, 0).

EXERCISE 8.17. Prove that if f(x,y) is differentiable at (a,b), then f(z,y) is continuous at
(a,b).

THEOREM 8.18. Suppose fr(x,y) and fy(x,y) exist in an open disk containing (a,b) and are
continuous at (a,b). Then f is differentiable at (a,b).

Proof. Write
Nz = fla+ Az, b+ Ay) — f(a,b)
= [fla+Az,b+ Ay) — f(a+ Az, b)) + [f(a+ Az, b) — f(a,b)].
By assumption, f, and f, exist near (a,b). Thus when Az and Ay are sufficiently small, we
may apply the Mean Value Theorem to each of the above differences. Then,

Nz = fyla+ Az, b+ a1 Ay) Ay + fr(a+ oAz, b) A,

where c1, ¢ € (0,1). Moreover, by the assumption that both f, and f, are continuous at (a, b),
we have

fy(a + Am,b—" ClAy) = fy(f% b) + €2,
fela+ oAz, b) = fr(a,b) + €1,

where (A:p,Alg)na(o,o) eo =0 and (Am,Alg)na(o,o) e1 =0. Thus, Az = fu(a,b)Azx + fy(z,y)Ay +

e1Ax + ea Ay, with both the limits of €; and e tend to 0 as Ax and Ay tend to 0. Therefore
f is differentiable at (a,b).

That f, and f, exist in an open disk containing the point and are continuous at that point
are only sufficient conditions for the differentiability of f at the point. They are by no means
necessary. See the following exercise.

2 a1
EXERCISE 8.19. Let f(x,y) = { (()x Fy7)sin o i E?Zi f 28’8;

entiable at (0,0) but f; and f, are not continuous at (0, 0).
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THEOREM 8.20. (The chain rule, case 1) Suppose z = f(x,y) is a differentiable function of x
and y, where x = g(t), y = h(t) are both differentiable functions of t. Then z is a differentiable
function of t and

dz Ofdx Ofdy

at " ordt Oy dt

Proof. We give a proof of the chain rule under the additional assumption that the partial
derivatives of f are continuous. Note that z = f(x(¢),y(t)) is a function of ¢. Let’s check the
definition of differentiability of f(x(¢),y(t)) at a point ¢t = tg. Denote (z(to),y(to)) as (o, yo)-

By definition,
&2 ) FEO.5(0) = Flatt).yit)
dt Y T St t—to '

We may write

fa@),y(t) — flxlto), y(to)) _ f(x(t),y(t)) — f(x(to), y(t))
t—t t—t
0 L Jlto) (1) = fa(to).y(t)
t—to ’
By mean value theorem applied to f as a function of x, we can assert that for some ¢ between

z and xg,

F(o.y) ~ T, y) = L (o) o).

Thus
f(®),y(t) = f(x(to),y(to)) _ Of z(t) —x(to) | Of y(t) — y(to)
— = %(Cay(t))ﬁ +8fy($(to)’d)ﬁj
where ¢ and d lie between z(t), z(t9) and y(t),y(to) respectively. By taking limit as t — to,

and using the continuity of the partial derivatives %, %, and the fact that ¢ and d converge

to z(tp) and y(to) respectively, we obtain the required formula.

d
EXAMPLE 8.21. Let z = 2%y + 3zy*, where z = sin 2t, y = cost. Find d—i

Solution.

dz Ozdx 0Ozdy A ) , .
— =gt =(2 2 cos 2t 12203) (— sin £
dt Oz dt ' Oydt (2xy + 3y™)(2cos 2t) + (x* + 122y°)(—sint)

THEOREM 8.22. (The chain rule, case 2) Suppose z = f(x,y) is a differentiable function of x
and y, where x = g(s,t), y = h(s,t) are both differentiable functions of s and t. Then z is a
differentiable function of s and t and

0z Ofox Of 0y
ds  Oxds  Oyos’
0z Ofox Of 0y
ot " ovol  ayor

0 0
EXAMPLE 8.23. Let z = e®siny, where x = st?, y = s*t. Find 8—2 and a—j
s

Solution. 5 92 o ot
0z 020z 020y _ . . o o
0s Oz Os + dy Os (e siny)t” + (e” cosy)(2st).

0: _ 9200 0:0y _ S
5% = Ba Ot + 0y 0t (e"siny)(2st) + (e* cosy)(s?).
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EXERCISE 8.24. Suppose z = f(z,y) has continuous 2nd order partial derivatives and x =
0 0?
r?2 + 5%, y = 2rs. Find 8—i and 8Tj
8.4. Implicit Differentiation. Suppose F(z,y) = 0 defines y implicitly as a function of
x. That is y = f(x). Then F(z, f(z)) = 0. Now we use the chain rule(case 1) to differentiate
F with respect to z. Thus

dx dy
F,— + F, =0.
Y dx + Ydr —
Therefore,
dy _ I
de  F,°

d
ExAMPLE 8.25. Find d—y if 23 4 3 = 6xy.
X

Solution. Let F(z,y) = 2> + y> — 62y. The given equation is simply F(x,y) = 0. Therefore,
dy  F; 322 — 6y

dr ~ F, 3y -6z
Next, suppose z is given implicitly as a function of x and y by an equation F(z,y,z) = 0.
In other words, one may solve z locally in terms of x and y in the equation F(z,y,z) = 0 to

obtain z = f(z,y). Then F(z,y, f(z,y)) = 0. We wish to find g and g in terms of F, Fy
L Y

and F,. To do so, we use the chain rule to differentiate the equation F'(x,y,z) = 0 keeping in
mind that z is regarded as a function of z and y. We thus obtain:

Ox dy 0z
F,— + F, F,— =0.
vgr Py gy
Note that a— =1 and @ = 0. Thus F, + an— = 0. Hence,
ox ox ox
9z _ ks
dr  F,
Similarly,
9z _ _F
oy  F,

EXERCISE 8.26. Three ants A, B and C crawl along the positive z, y and z axes respectively.
A and B are crawling at a constant speed of 1 cm/s, C is crawling at a constant speed of 3 cm/s
and they are all traveling away from the origin. Find the rate of change of the area of triangle
ABC when A is 2 cm away from the origin while B and C are 1 cm away from the origin. [The
area of the triangle A(x,0,0)B(0,y,0)C(0,0, 2) is given by 3/22y? + y222 + 2222.]

[Answer : 4 cm?/s.]

8.5. Directional Derivatives and the Gradient Vector.

DEFINITION 8.27. Let f be a function of x and y. The directional derivative of f at (xo,yo)
in the direction of a unit vector u = (a,b) is

f(wo + ha,yo + hb) — f(x0,y0)
h

.D = l.
ul (1;07 yO) hln(]l
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Figure 52 Directional Derivative

Note that D; f(xo,y0) = fz(20,y0) and Djf(xo,y0) = fy(xo,yo), where i and j are the standard
basis vectors in R2.

THEOREM 8.28. Let f be a differentiable function of x and y. Then f has a directional
derivative in the direction of any unit vector u = (a,b) and

Duf(z,y) = fo(r,y)a+ fy(z,y)b = (fo(z,y), fy(z,y)) - u.
Proof. Consider g(h) = f(xo + ha,yo + hb). Clearly ¢'(0) = Dyuf(zo,y0). By the chain
rule, ¢'(h) = %g—i %%' At h = 0, we have ¢'(0) = fz(zo,y0)a + fy(xo,y0)b. Hence,
Dy f(zo,y0) = fa(xo,y0)a + fy(zo, yo)b.

EXAMPLE 8.29. Let f(z,y) = 2% — 32y + 4y®. Find D, f(1,2), where u is the unit vector
making an angle of & with the positive z-axis.

Solution.
)

./_(__fi_% (cos %, sin %)
(1,2)

Figure 53 Directional Derivative of f
First, f, = 322 — 3y, f, = —3z + 8y. Thus f,(1,2) = —3 and f,(1,2) = 13. Therefore,
Dyuf(1,2) = (—3,13) - (cos Z,sin §) = (13 — 3v/3) /2.

DEFINITION 8.30. Let f be a differentiable function of x andy. The gradient of f is the vector
function
of. of.
Vi) = o). o) = i+ 5
Thus we have the following formula for the directional derivative in terms of the gradient of f.
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’Duf =Vf-u, where u is a unit vector. ‘

EXAMPLE 8.31. Let f(x,y) = %y — 4y. Find the directional derivative of f at (2, —1) in the
direction 3i + 4j.

Solution. The unit vector along 3i+4j is u = %i—l— %j. The gradient of f is Vf = (2zy?3, 322y —
4). Thus V f(2,—1) = (—4,8). Consequently, Dy f(2,—1) = Vf(2,—1)-u= (—4,8)-(2,2) = 4.
DEFINITION 8.32. Let f be a function of z,y and z. The directional derivative of f at (zo, yo, 20)
in the direction of a unit vector u = {(a,b,c) in R? is

f(zo + ha,yo + hb, zo + he) — f(x0, Yo, 20)
h

Duf(x(]ay()vz()) = IEIE)%

if this limit exists.
Similarly, the gradient of a differentiable function f is defined to be

0 0 0
VF = for for fo) = 8—£i + a‘gj + 8—£k.

The formula Dy f = V f - u is also valid for any function f of more than 2 variables.

EXERCISE 8.33. Let f(z,y,2) = zyz2. Let u be the unit vector %i + %i - %i. Find
Dyuf(1,1,1).

THEOREM 8.34. Let f be a differentiable function of 2 or 8 variables. Let P be a point in the
domain of f. The mazimum value of Dy f(P) is |V f(P)| and it occurs where u has the same
direction as the gradient vector V f(P).

Proof. First Dy f(P) = Vf(P)-u = |[Vf(P)||lu|cosf = |V f(P)|cosf, where 6 is the angle
between V f(P) and u. Therefore, D, f(P) attains its maximum value |V f(P)| when 6 = 0,
i.e. when u has the same direction as the gradient vector V f(P).

EXERCISE 8.35. Let f(z,y) = ze¥, P = (2,0) and Q = (3,2).

22
(a) Find the rate of change of f at P in the direction PQ. In other words, find Dy f(P).

(b) In which direction does f have the maximum rate of change? and what is this maximum
rate of change?

Contour of f(z,y) = ze¥

Figure 54 V f is the direction of steepest ascend

Theorem 8.32 implies that f has the maximal rate of increase at a point P when P is moving
along the direction of the gradient. In other words, Vf(P) is along the direction of steepest
ascend. See figure 54 for the example in the above exercise.
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8.6. Tangent Planes to Level surfaces. Let S be a surface with equation F(z,y,z) =
k, where k is a constant. That is S is a level surface of F. Let P(zg,yo,20) be a point in S.
Let’s find the equation of the tangent plane to .S at P.

F(z,y,2) =k

Figure 55 Tangent plane

Take any curve r(t) = (z(t),y(t),2(t)) on the surface S such that r(0) = (zo,yo0,20). It’s
tangent vector r’(0) shall lie on the tangent plane to S at P. Now if we use the chain rule to
differentiate F'(z(t),y(t),z(t)) = k with respect to ¢, we have

dx dy dz
Fp— + Fy— + F,— = 0.
vt v T

In other words, VF - r/(t) = 0. At t = 0, we have VF(P) -r/(0) = 0. Therefore, VF(P) is
perpendicular to the tangent plane.

’Equation of tangent plane: (z — xo,y — yo, 2 — 20) - VF(x0, Y0, 20) = 0. ‘

ExAMPLE 8.36. Find the equation of the tangent plane and the normal line at the point
(—=2,1,-3) to the ellipsoid
2 2

x 9 2

— — =3.

1TV Ty
Solution. Let F(x,y,z) = %2 + 2 + %. Then VF = (z/2,2y,22/9). Thus VF(-2,1,-3) =
(—1,2,—2/3). Therefore, the equation of the tangent plane is: (x+2,y—1,2+3)-(—1,2,—-2/3) =
0. That is 3x — 6y + 22 + 18 = 0. Also the equation of the normal line in symmetric form is
given by

r+2 y—-1 =2+3
-1 2 =%

In the special case in which the surface S is the graph of a function z = f(z,y), S can be
regarded as the level surface

F(z,y,z) = f(z,y) — 2z =0.
In other words, the graph of z = f(z,y) is simply the level surface of F(x,y,z) at level 0.
In this case, VF = (fg, fy, —1) is a normal vector to the tangent plane of S at (z,y, f(z,y)).
Therefore, if we consider a point P(xg, yo, f(zo, yo)) on the graph of z = f(x,y). The equation
of the tangent plane is given by

( — 20,y — Y0, 2 — f(z0,%0)) - (fz, fy, —1) = 0.
That is
z = f(zo,y0) + fz(@0,y0)(z — z0) + fy(20,90)(y — yo)-
This is the same formula obtained in 8.1.
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9. Maximum and Minimum Values

DEFINITION 9.1. f(z,y) has a local mazimum (minimum) at (a,b) if f(z,y) < f(a,b) (
f(z,y) > f(a,b) ) for all points (x,y) in some disk with center (a,b). The number f(a,b)
is called a local maximum value (local minimum value).

X <>
AR

Figure 56 A local maximum A local minimum

THEOREM 9.2. If f has a local mazimum or a local minimum at (a,b) and f.(a,b) and fy(a,b)
exist, then fz(a,b) =0 and fy(a,b) =0. That is V f(a,b) = 0.

DEFINITION 9.3. A point (a,b) is called a critical point of f if fz(a,b) =0 and fy(a,b) =0,
or if one of these partial derivatives does not exist.

Figure 57 A critical point

Note that if f has a local minimum or a local maximum at (a,b), then (a,b) is a critical point
of f. However not all critical points of a function give rise to local maximum or local minimum.
In other words, at a critical point, a function could have a local maximum, or a local minimum
or neither.

EXAMPLE 9.0.1. Let f(z,y) = 22 +y? — 2 — 6y + 14. Find the local maxima and local minima
of f.

Solution. First f, = 2z — 2 and f, = 2y — 6. Thus, f, = 0 and f, = 0 if and only if
(z,y) = (1,3). Therefore f has a critical point at (1,3). So f has a possible local maximum
or local minimum at (1,3). As f(z,y) =4+ (x — 1)2 + (y — 3)? > 4, we see that f has a local
(in fact absolute) minimum at (1, 3).

EXAMPLE 9.0.2. Find the local extrema (i.e. local maxima or local minima) of f(x,y) = y*—z2.

Solution. First f, = —2z and f, = 2y. Therefore, the only critical point is (0,0). However, f
has neither a maximum nor a minimum at (0,0). To see this, consider the function f along
y =0, f(2,0) = —22 < 0 for z # 0. So f has a local maximum along y = 0. On the other
hand, if we consider f along x = 0, we have f(0,y) = y? > 0 for all y # 0. Thus f has a local
minimum along z = 0. Therefore f has neither a maximum nor a minimum at (0,0). Such a
point is called a saddle point.
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Figure 58 A saddle point

DEFINITION 9.4. f is said to have a saddle point at (a,b) if there is a disk centered at (a,b)
such that [ assumes its mazimum value on one diameter of the disk only at (a,b), and assume
its minimum value on another diameter of the disk only at (a,b).

In other word, f has a saddle point at (a,b) if there are some directions along which f has a
local maximum at (a,b) and some directions along which f has a local minimum at (a,b).

EXERCISE 9.5. Let f(z,y) = 2> — 32y?. Draw the contours of f near (0,0). The point (0,0)
is called a monkey saddle.

THEOREM 9.6. (The Second Derivative Test) Suppose frz, fzy, fye and fyy are continuous on
a disk with centre (a,b) and suppose fi(a,b) =0, f,(a,b) =0. Let

D= fm;((l, b)fyy(a’ b) - fl’y(av b)2'
(a) If D > 0 and fyz(a,b) >0, then f has a local minimum at (a,b).
(b) If D > 0 and fyz(a,b) <0, then f has a local mazimum at (a,b).
(c) If D < 0, then f has a saddle point at (a,b).

Note that if D = 0, then no conclusion can be drawn from it. The point can be a local
maximum, a local minimum, a saddle point or neither of these. Interested readers are invited
to come up with examples for all these cases.

Proof. Consider first an example. Let f(h, k) = Ah?+2Bhk+ Ck?. Suppose A # 0. We may
write f in the form

f(h,k) = A[(h+ Bk/A)* + (AC — B*)k?/A?] .

Assume AC — B? > 0 and A > 0. Then f(h,k) > 0 and f(h,k) = 0 only if (h,k) = (0,0).
Thus f has a minimum at (0,0). Similarly, if AC — B? > 0 and A < 0, then f has a maximum
at (0,0). Next suppose AC — B? < 0 and A > 0, then f has a minimum along the line k = 0
at (0,0) but a maximum along the line Ah + Bk = 0, thus giving a saddle point at (0,0).

Returning to the proof of this result, let’s compute the second-order directional derivative of
f in the direction u = (h, k). First we have Dyf =V f-u= fyh+ f k. Thus
Dif = Du(Duf) = Du(feh+ fyk) = (£ (foh + fyk), & (foh + fyk)) - (B, k)

= <fm:h + fyxka fa:yh + fyy> : <h, k>
= fuxh?® + 2foyhk + fy k? by Clairaut’s theorem.

Completing the square for this expression, we obtain
) e\ L )
Duf = fox | R+ k) + (fm:fyy - x‘y)'
f.Z’Z' fl‘ﬂ?

(a) Suppose fyz(a,b) > 0 and D(a,b) > 0. Since frr and D = furfyy — f2, are continuous

functions, there is an open disk B with center (a,b) and radius 6 > 0 such that fy.(z,y) >0
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and D(z,y) > 0 for all (z,y) in B. It follows from the above equation that D2 f(z,y) > 0 for all
(z,y) in B. This means that if C' is the curve obtained by intersecting the graph of f with the
vertical plane through the point P(a,b, f(a,b)) in the direction u, then C is concave upward
on an interval of length 20. This is true in the direction of every vector u. Thus if (z,y) in B,
the graph of f lies above its horizontal tangent plane at P. Consequently f(x,y) > f(a,b) for
all (z,y) in B. This shows that f(a,b) is a local minimum.

(b) and (c) can be proved in a similar way.

ExAMPLE 9.0.3. Find the local maxima, local minima and saddle points (if any) of f(x,y) =
ot + oyt —day + 1.

Solution. First, f, = 423 — 4y and fy= 4y3 — 4. Now we proceed to solve 423 — 4y = 0 and
4y3 — 42 = 0 for the critical points. The two equations are equivalent to y = x> and = = 3.
Substituting one into the other, we obtain #% —x = 0. That is z(z+1)(z—1)(22+1) (z*+1) = 0.
Thus the real solutions are x = 0, —1, 1. Therefore, the critical points are (0,0),(—1,—1) and
(1,1). To apply the second derivative test, we compute the second order partial derivatives.

Jow = 1222, fyy = 1202, foy = —4. Thus D(z,y) = feafyy — f2, = 1442%y* — 16.

At (0,0), D(0,0) = —16 < 0. Hence, f has a saddle point at (0,0). At (—1,—1), D(—1,—1) =
128 > 0 and fyz(—1,—1) = 12 > 0. Hence f has a local minimum at (—1,—1). At (1,1),
D(1,1) =128 > 0 and f,,(1,1) =12 > 0. Hence f has a local minimum at (1,1).

DEFINITION 9.7. A bounded set in R? is one that is contained in some disk. A closed set in
R? is one that contains all its boundary points.

Bounded sets and closed sets

not bounded not closed not closed

Figure 59 Sets in R?

THEOREM 9.8. (Extreme Value Theorem) If f is continuous on a closed, bounded set D in R?,
then f attains an absolute mazximum value f(x1,y1) and an absolute minimum value f(x2,y2)
at some points (x1,y1) and (x2,y2) in D.

The following is a procedure to find the absolute maximum and the absolute minimum value
of a function defined on a closed and bounded set.
1. Find the values of f at the critical points.
2. Find the extreme values of f on the boundary of D.
3. The largest of the values from 1. and 2. is the absolute maximum value and the
smallest of the values from 1. and 2. is the absolute minimum value
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EXAMPLE 9.9. Find the absolute maximum and minimum values of f(z,y) = 2% — 2zy + 2y
on the rectangle D = {(z,y) | 0 <z <3,0 <y < 2}.

Solution. First f,(x,y) = 2o — 2y and f,(z,y) = —2x + 2. Thus f.(z,y) =0 and fy(z,y) =0
if and only if (z,y) = (1,1). That is (1,1) is the only critical point in the interior of the
rectangle.

Y

(0,2)

Ly

Figure 60
Along Ly1: y = 0. That is f(x,0) = 22 for x € (0,3) which is increasing, thus giving no critical
point along L.
Along Lo: = 3. That is f(3,y) =9 — 6y + 2y = 9 — 4y for y € (0,2) which is decreasing,
thus giving no critical point along Ls.
Along L3: y = 2. That is f(z,2) = (z — 2)? for # € (0,3). It has a critical point (a local
minimum) at = 2. That is at the point (2, 2).
Along Ly: © = 0. That is f(0,y) = 2y for y € (0,2) which is increasing, thus giving no critical
point along L.
Now let’s compute the values of f at all the critical points (including the four vertices of the
rectangle).
f(1,1) =1, f(2,2) = 0,f(0,0) =0, f(3,0) =9,f(3,2) =1, f(0,2) = 4. Thus the absolute

maximum value of f is 9 and the absolute minimum value is 0.

EXERCISE 9.10. Find the maximum and minimum values of f(z,y) =2?+%?> —2 —y+ 1 on
the triangular region R with vertices (0,0), (2,0), (0,2). See Figure 61.
[Answer : Maximum value = 3, Minimum value = 1/2.]

Figure 61

10. Lagrange Multipliers

In this section we consider the problem of maximizing or minimizing a function f(z,y) subject
to a constraint g(z,y) = 0.
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g(z,y) =0

Figure 62

If we confine the point (x,y) to lie on the curve g(x,y) = 0 on the zy-plane, its image under
f gives a curve on the graph of z = f(x,y). We are looking for the highest and lowest points
of this curve. Suppose the extreme value of f(z,y) subject to the constraint g(z,y) = 0 is k
and is attained at the point (zg,yp). By examining at the contour of f, we see that at the
extreme point, the curve g(x,y) = 0 must touch the level curve f(z,y) = k, because if the curve
g(z,y) = 0 cuts across the level curve f(z,y) = k, one can still move the point along g(z,y) =0
so as to increase or decrease the value of f. In other words, the gradients of f and g must be
parallel at the extreme point (zg,%0). Consequently, we must have V f(zg,y0) = AVg(zo, y0)

if Vg(xo,y0) # 0.
() vf

f(:r,y) =12
f(:r,y) =11
f(:r,y) =10

f(:r,y) =9
f(z,y)

x0

Yo

9(@,y) = 0

=38
xT

Figure 63 Lagrange Multiplier

The same principle applied to functions of three variables. Let’s state the method of Lagrange
Multiplier in this setting. The objective is to find the extreme values of f(x,y,z) subject to
the constraint g(z,y, z) = 0 (assuming that these extreme values exist). Below is an outline of
the procedure.

(a) Find all z,y, z and A such that

Vf(x,y,z) = )\Vg(x,y,z) (*)

and g(x,y,z) = 0. (Assuming at each of these solutions Vg # 0.)
(b) Evaluate f at all points (z,y,z) obtained in (a). The largest of these values is the
absolute maximum of f; the smallest is the absolute minimum of f.

The number A is called a Lagrange Multiplier.
The equation () is equivalent to fy = Age, fy = Agy, f- = Ag-.
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EXAMPLE 10.1. Find the extreme values of f(z,y) = 22 + 2y? on the circle 2 + y% = 1. See
figure 62.

Solution Since the circle is a closed and bounded set and f is a continuous function, there
is always an absolute maximum and an absolute minimum of f over it. They are among
the extreme values of f defined over the circle. To find them, first V f(z,y) = (2z,4y) and
Vyg(z,y) = (2z,2y). Thus Vf(x,y) = AVg(z,y) is equivalent to

2r = A2z,
dy = N2y.

Together with the constraint 22 4+ y? = 1, we need to solve the following system of equations
in z,y and A:

2e(A—1) = 0,

2+ 2 = 1
The first equation gives either x =0 or A = 1.
If z = 0, then the constraint equation gives y = +1. Thus we have the solutions (0, —1), (0, 1).
If A =1, then the second equation gives y = 0. Thus, by the constraint equation, we have the
solutions (—1,0),(1,0).
Consequently, we have four solutions (0, 1), (0, —1), (—=1,0),(1,0). Now f(0,1) =2, f(0,—-1) =
2, f(—=1,0) = 1, f(1,0) = 1. Therefore, the absolute maximum value is 2 and the absolute
minimum value is 1.

EXERCISE 10.2. Find the rectangular box with the largest volume that can be inscribed in the
ellipsoid
2 2 2
x Yy z
2Epta=h
8abc
5]

[Answer:
32

Figure 64

EXERCISE 10.3. Find the point on the sphere 22 4+ y? + 22 = 4 that are closest to and farthest
from the point (3,1, —1). (Consider the line passing through (3,1, —1) and the centre of the
sphere, it intersects the sphere diametrically at two points.)

. i — 6 2 —2 _ —6
[Answer: Min = /11 — 2 at (\ﬁ’ T ﬁ)’ Max = v/11 + 2 at (T’

EXAMPLE 10.4. Find the extreme values of f(z,y) = 22 + 2y? on the disk
D ={(x,y) | 2 +y* <1}.

Solution. First we find the critical points of f in the interior of D. As f,(z,y) = 2z and
fy(z,y) = 4y, the only critical point in the interior of D is (0,0). Next we shall find the critical
points on the boundary of D, i.e. on the circle 2 + 32 = 1. Using the method of Lagrange

)]

H
— [
ﬁ‘w
=
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multipliers as in example 10.1, we obtain 4 critical points (—1,0), (1,0),(0,—1),(0,1). Now,
£(0,0) = 0, f(0,—1) = 2,f(0,-1) = 2, f(—1,0) = 1, f(1,0) = 1. Therefore, the absolute

maximum value is 2 and the absolute minimum value is 0.

REMARK 10.5. If we define a new function L(x,y; \) = f(x,y) —Ag(z,y). Then ‘3—{; = fo— A9z,
% = fy—Agy and % = g. Therefore, the critical points of L correspond to the extreme points
of the original problem. The L is a called a Lagrangian.

The method of Lagrange Multipliers can be applied to the case of more than one constraints.
Consider the problem of maximizing or minimizing f(z, y, z) subject to the constraints g(x, y, z)
= 0 and h(z,y,2z) = 0. If f attains an extreme value at (zg, 3o, 20) , then

V f(xo0, %0, 20) = AVg(xo, Yo, 20) + £V h(x0, Yo, 20)-

(For this linear combination to be valid, we need to assume Vg(zo, 30, 20) # 0 and Vh(xo, yo, 20)
# 0 and that they are not parallel.)

Solving this vector equation and the constraint equations give all the possible extreme points.
Equating components, these equations are equivalent to the following system:

fo(z,y,2) = Ago(z,9,2) + phe(z,y, 2)
fy(z,y,2) = Agy(z,y, 2) + phy(z,y, 2)
f(x,y,2) = Agu(x,y,2) + ph(z,y,2)
g(x7 y7 Z) = 0
h(z,y,z) = 0

In this case, we have two multipliers.

ExXAMPLE 10.6. Find the maximum value of f(z,y, z) = x+2y+3z on the curve of intersection
of the plane z — y + z = 1 and the cylinder 2% + y? = 1.

Solution. We wish to maximize f(z,y,z) = x + 2y + 3z subject to the constraints g(x,y, z) =
r—y+z—1and h(z,y,2) = 2% +y> — 1.

Figure 65

First we have Vf = (1,2,3), Vg = (1,—1,1) and Vh = (22, 2y,0). Thus we need to solve the
system of equations: Vf = AVg + uVh, z —y + 2z =1, 22 + y?> = 1. That is

1 = A+2zp (1)
2 = —=A+2yu (2)
3 = A+0 (3)
r—y+z =1 (4)
2?4+ =1 (5)
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From (3), A = 3. Substituting this into (1) and (2), we get x = —% and y = % Note that
w1 # 0 by (2) and (3).
Frorn(4),Wehavez:1—x+y:1+%+%:1+%. (6)

Using (5), we have (—i)2 + (%)2 = 1. From this, we can solve for y, giving u = +£¥22.

- __2 - 2 i 5 _ 5 i
Thus x = T35 0T T = g The corresponding values of y are NGTURRVGTE Using (6), the
corresponding values of z are 1 + \/%, 1-— \/%.

_ 2 5 7 _
= U@ vl t yg) and P2 =
(\/%,—%,1 — \/%) As f(P)) = 34+ v/29 and f(P,) = 3 — /29, the maximum value is
3 + /29 and the minimum value is 3 — v/29.

Therefore, the two possible extreme values are at Pj

11. Multiple Integrals

11.1. Volume and Double Integrals. Let f be a function of two variables defined over
a rectangle R = [a, b] X [c,d]. We would like to define the double integral of f over R as the
(algebraic) volume of the solid under the graph of z = f(x,y) over R.

z
d
Y
a
b

R = [a,b] x [c, d]

x ={(z,y) ER? |a<z<bec<y<d}
Figure 66

To do so, we first subdivide R into mn small rectangles R;;, each having area AA, where
i=1,---,mand j = 1,--- ,n. For each pair (4,7), pick an arbitrary point (x;‘j,yfj) inside
R;;. We then use the value f (:E;fj,y;‘j) as the height of a rectangular solid erected over R;;.
Thus its volume is f (m;}-, y;‘j)AA. The sum of the volume of all these small rectangular solids
approximates the volume of the solid under the graph of z = f(x,y) over R. This sum

DD IR UCHR AV}

i=1 j=1
is called a Riemann sum of f. We define the double integral of f over R as the limit of the
Riemann sum as m and n tend to infinity. In other words,

DEFINITION 11.1. The double integral of f over R is

//R flay)dd= lm 37" f(ahui)04

i=1 j=1

if this limit exists.
THEOREM 11.2. If f(x,y) is continuous on R, then // f(z,y) dA always exists.
R
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If f(z,y) > 0, then the volume V of the solid lies above the rectangle R and below the surface

z = f(x,y)is
=/ f(z,y)dA
R

11.2. Iterated Integrals. Let f(z,y) be a function defined on R = [a,b] X [c,d]. We

d
write / f(x,y)dy to mean that x is regarded as a constant and f(z,y) is integrated with
C

d
respect to y from y = ¢ to y = d. Therefore, f(z,y)dy is a function of x and we can

(&
integrate it with respect to z from x = a to x = b. The resulting integral

/a b / ey

is called an iterated integral. Similarly one can define the iterated integral / / f(z,y)dxdy.

3 2
ExAMPLE 11.3. Evaluate the iterated integrals (a) / / 22y dydz, ( / / 22y dxdy.
1

3 r2 22y
Solution. (a)/o /1 x2y dydx :/0 [} / —dm = [2] =27/2.
=0
2 r3 2 3 qz=3
b)/ / x2ydxdy:/ [x y} dy —/ 9y dy = [Qy ] —27/2.
1 0 1 3 =0 2 y=1

Consider a positive function f(x,y) defined on a rectangle R = [a,b] X [¢,d]. Let V be the
volume of the solid under the graph of f over R. We may compute V' by means of either one
of the iterated integrals:

/ab /Cd f(z,y)dydx, or /Cd /abf(x,y)dxdy.

z:f(x,y)

Figure 67 fab f:l f(z,y)dydz Figure 68 fcd f: f(z,y)dzdy
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THEOREM 11.4. (Fubini’s Theorem) If f(x,y) is continuous on R = [a,b] X [c,d], then

//Rf(af,y)dA:/ab/cdf(a:,y)dyda::/cd/abf(x,y)da:dy.

More generally, this is true if f is bounded on R, f is discontinuous only at a finite number of
smooth curves, and the iterated integrals exist. Furthermore, the theorem is valid for a general
closed and bounded region as discussed in the subsequent sections.

ExAMPLE 11.5. Find the volume of the solid S that is bounded by the elliptic paraboloid
22 + 2y% + z = 16, the planes x = 2, y = 2, and the 3 coordinate planes. See figure 69.

2 2
Solution. Volume = // 16 — 2% — 2y2dA = / / 16 — 2% — 2y2dxdy = 48.
R o Jo

z =16 —x% — 2y?

Figure 69 [[, 16 — 2? — 2y*dA

EXAMPLE 11.6. Let R = [0, §] x [0, §]. Evaluate // sinx cosy dA.
R

2 (2 2 2
Solution. // sinzcosy dA = / / sinz cosy dydx = / sina:d:v/ cosydy=1x1=1.
R o Jo 0 0

In general, if f(x,y) = g(z)h(y), then

g(@)h(y) dA = bg(w)dw dh(y)dy :
R a c

where R = [a,b] x [¢,d].

11.3. Doubles Integral over General Regions. Let f(z,y) be a continuous function
defined on a closed and bounded region D in R?. The double integral / / f(z,y) dA can be
D
defined similarly as the limit of a Riemann sum.
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z=f(x,y)

0

y

/

X

Figure 70 Double integral over a more general region

In particular, if D is one of the following two types of regions in R?. We may set up the
corresponding iterated integral to compute it.

If D is the region bounded by two curves y = g1(z) and y = go(x) from = = a to z = b, where
g2(x) > g1(z) for all z € [a, ], we called it a type 1 region. In this case, the double integral of
f over D can be expressed as an iterated integral as given in figure 71.

Similarly, if D is the region bounded by two curves x = hy(y) and = = ha(y) from y = ¢ to
y = d, where ha(y) > hi(y) for all y € [c,d], we called it a type 2 region. In this case, the
double integral of f over D can be expressed as an iterated integral as given in figure 72.

Y y = g2(x)

femaa= [ [ty dyas
/], [

//D f(z,y) dA:/cd/}::j) f(z,y) dzdy

Figure 72 Type 2 region

EXAMPLE 11.7. Evaluate // (x +2y) dA, where D is the region bounded by the parabolas
D
y=2z?and y =1+ 2%

Solution. The region D is a type 1 region as shown in figure 73.
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8

Figure 73

1422 1 142
// (x4 2y)dA = / /2 (x4 2y) dyda;—/l[a:y+y2]z;:2 dz

/ —32% — 23 + 222 + o 4 1) dz = 32/15.
-1

EXERCISE 11.8. Evaluate // xydA, where D is the region bounded by the line y = z — 1
D
and the parabola y? = 2z + 6. [Answer: 36]

1 1
ExaMpPLE 11.9. Evaluate the iterated integral I = / / sin(yQ) dydx by interchanging the
0 T

order of integration.

Solution. The region of integration is the triangular region bounded by the lines y = z,2 =0
and y = 1.

Y
L B 11
I:/ / sin(y?) dydz
x
x 1
Y
1 1
- p
Y y=ua I:/ / sin(y?) dxdy
0o Jo
x
y o1

Figure 74

1

/01 /Oy sin(y”) dady = /01 [wsin(y)] =y dy = /01 ysin(y?) dy = [—; COS(yZ)] = 1(1—cos1).

0
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ExAMPLE 11.10. Find the volume of the solid bounded by the cylinder 2% 4+ y? = 1 and the
plane z = 0 and z = y. See figure 75.

N the plane

z=Y

S I

Figure 75

Solution. Since the plane z = y is the top face of the solid, we may use the function defining this
plane as the height function of this solid. The function whose graph is the plane z = y is simply
f(x,y) = y. Therefore, the volume of the solid can be computed by integrating this f over the
bottom face of the solid which is the semi-circular disk D = {(z,y) | 2? +3* < 1,y > 0}.

Volume—//fa:y )dA= / / ydxdy—/ol [xy]zz_\l/_ly_% dy
:/0 2y\/1—y2dy = {— (1-v°) ]0—2/3-

Properties of Double Integrals

0[] e s st it = [f snans [[ atana
>

cf(z,y)dA = c// f(x,y)dA, where ¢ is a constant.
D

(NI

()Iffxy)>g(myforall(a:y)EDthen//fxydA>// g(z,y)d
//fxydA // fxydA—l—/ f(z,y) dA, where D = Dy U Dy and Dy, Do

do not overlap except perhaps on their boundary

Figure 76
// dA( // 1dA> (D), the area of D.
(6) If m < f(z,y) < M for all (z,y) € D, then mA(D / f(z,y)dA < MA(D,).
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11.4. Double Integrals in Polar Coordinates. Consider a point (r,6) on the plane
in polar coordinates as in figure 77. An increment dr in r and df in 6 give rise to an area
dA = rdfdr. This is the area differential in polar coordinates.

y Y
dr b
/ Area dA = rdfdr R
T/I rdf
//210,//’ (T» 9) ﬁ a
C-\ T a4 T
Figure 77 Figure 78 A polar rectangle

Let f be a continuous function defined on a polar rectangle
R={(r0)|0<a<r<ba<b<p}

where 0 < 8 — a < 27. The double integral of f over R can be expressed in polar coordinates

as follow:
B b
// f(z,y) dA:/ / f(rcosf,rsin@)rdrdd.
R a Ja

EXERCISE 11.11. Evaluate / / (3z + 4y2) dA, where R is the region in the upper half-plane
R
bounded by the circles 22 4+ y? = 1 and 22 + y? = 4. See figure 79.

[Answer: 157 /2]

R={(r0)|1<r<20<6<7}

1N

1 2

T

Figure 79 A semi-circular annulus
In general, if f is continuous on a polar region of the form

D={(r6) | a<8<p8,m(0) <r<h6)}

then

B rha(0)
// f(z,y) dA—/ / f(rcos@,rsin@)rdrdd.
D a Jhi(6)
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r = ha(0)
r = h1(0)

0]

X

Figure 80 A general polar region
ExAMPLE 11.12. Find the volume of the solid that lies under the paraboloid z = z? + y?2,
above the zy-plane, and inside the cylinder z? + y? = 2.

Solution. The cylinder 22 + y? = 2z lies over the circular disk D which can be described in
polar coordinates as

D:{(T,H) ‘ -

Yy Figure 81

The height of the solid is the z-value of the paraboloid. Hence the volume V' of the solid is

2cos 0
V:// (% 4+ y?)dA = / / r2rdrdf = 37 /2.
D 3

EXERCISE 11.13. Show that the volume of the solid region bounded by the three cylinders
224+y2 =1,y +22=1and 22 + 22 =1is 16 — 8V2.

12. Surface Area

Let f be a differentiable function of 2 variables defined on a domain D. We wish to find the
surface area of the graph of f over D. It is simply equal to [/ p dS. Therefore we need to
express the differential of the surface area dS in terms of the differential dA of the domain. To
do so, take any point P'(z,y) in D and let P be the corresponding point on the graph of f.
Consider an increment dz along the z-direction and an increment dy along the y-direction at
the point P’. Thus dA = |dzdy|. These increments sweep out an increment of surface area on
the surface at P. The differential dS of this area at P is given by the corresponding area on
the tangent plane to the surface at P.
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Figure 82 Surface Area

Let PQ be the vector on the tangent plane at P with x-component dz, and PR the vector
with y-component dy. Thus, PQ = (dz,0, f,(x,y)dz) and PR = (0, dy, f,(z,y)dy). The area
of the parallelogram spanned by PQ and PR is the magnitude of the cross product PQ x PR.

i j k
PQxPR=|dx 0 fudo |=(—fu,—f,,1)dzdy.
0 dy fydy

Therefore, dS = [(—fz, — fy, L)dxdy| = / f2 + fZ + 1dA. Consequently,

Surface area = // \ 2+ f2+1dA.
D

EXAMPLE 12.1. Find the area of the part of the paraboloid z = 2% + 3? that lies under the
plane z = 9.

Solution. The paraboloid lies above the circular disk D = {(r,0) | 0 < 6 < 27,0 <r < 3}.

Surface area = [[,/f2+ f2+1dA

= ffD 1+ 4(22? +y?)
= fo V14 4r2 rdrdﬁ (change to polar coordinates)

= (37\F— 1).

13. Triple Integrals

Let f : B C R® — R be a continuous function, where B = [a, b] x [¢, d] x [r, 5] is a rectangular
solid. Divide [a, b], [c,d] and [r, s] into I, m and n equal subintervals, respectively. Thus B is
divided into [ x m x m small rectangular solids. Label each small rectangular solid by Cj;p,
where 1 <4 <[, 1<j <mand 1<k <n. Inside each such Cjj, pick a point (xfjk,yfjk, Z;'kjk)‘
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Denote the volume of Cj;, by AV. Then we may form the Riemann sum:
I m n
SN @ i 2 AV
i=1 j=1 k=1

The triple integral of f over B is defined to

n

I m
///B f(z,y,2)dV = lmhnni)oo;Z f(z zjmyfjk’ijk)AV
z

7=1k=1

B =[a,b] X [¢,d] X [r, s]

w= f(z,y,2)
———

€ Figure 83
The limit exists if f is continuous. The triple integral of a continuous function defined on a
more general closed and bounded solid in R? can be defined in a similar way.

THEOREM 13.1. (Fubini’s Theorem for triple integrals) If f(x,y,z) is continuous on B =
[a,b] X [c,d] X [r,s], then

// flz,y,2)dV = ///fxy, d:cdydz—///fxy, )dydzdz = etc.

(Note that there are 3!=6 such iterated integrals involved and they are all equal.) Furthermore,
the theorem is valid for a general closed and bounded solid.

EXAMPLE 13.2. Evaluate /// zyz?dV, where B = [0,1] x [-1,2] x [0, 3].
B

3 02 gl
/// zyz* dV = / / / zy2? dedydz = 27/4.
B 0o J-1Jo

13.1. Triple Integrals over a General Bounded Region. For each of the following
three types of solid regions, we may write down the triple integral as an iterated integral of a
double integral and a simple integral.

Solution.

z z = uz(x,y)

dA

z =ui(x)y) uz(z,y)
| [ tewaav = [[ | [ ey a:
' Yy E D u1(z,y)

:

* Figure 84 Type 1 solid region
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/®
.
. 7
. ’
/

A ffpemon= [ e

T = uz(y, 2)

dA

* Figure 85 Type 2 solid region

®|yul<m) o e[ [ /(())f(:cy)dy aA

Flgure 86 Type 3 solid region

Note that if f(x,y,z) =1 for all (z,y,2) € E, then /// 1dV is just the volume of E.
E

EXAMPLE 13.3. Evaluate /// Va2 4+ 22dV, where E is the solid region bounded by the
E
paraboloid y = z? + 22 and the plane y = 4. See figure 87.

Solution. F is a type 3 solid region whose projection onto the xz-plane is

D={(x,2) | 2*+ 22 <4} ={(r,0) | 0<0 < 27,0 <r <2}

4
/// Va2 +22dV = /// Va2 + 22dy dA
E x2+z2
4
x2+z2 dA
:1:2+z2
f\/m2+z2 4—2%—2%)dA

/ (4 —r)r drdf (change to polar coordinates)
= 1287r /15.
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Figure 87 A type 3 solid

EXERCISE 13.4. Evaluate / / / zdV, where E is the solid tetrahedron bounded by the planes
E
r=0,y=0,z=0andz4+y+2=1.
[Answer: 1/24]

EXERCISE 13.5. Find the volume of the solid tetrahedron bounded by the planes x = 2y, z =
0,z=0and z+2y+ 2 =2.

[Answer: 1/3]

13.2. Triple Integrals in Cylindrical Coordinates. Consider a rectangle in cylindrical
coordinates as in figure 88:

={(r,0,z) | a<0<ﬂ,h1( ) <7 < ho(0),ui(r,0) <z <ua(r,0)}.

The triple mtegral of f(x,y,z) over E can be expressed as:

// f(z,y,2)dV = // [/ f(rcos@,rsind, z)dz| dA
u1 7“9)
ug(r@
/ / / (rcos@,rsinf, z) rdzdrdf.
h1(6)

z
z = ua(r,0)
z=wu1(r,0)
\:\)- ~~~~~~~~~~ y
r = hy(6) T = ha(0)

Figure 88 A cylindrical rectangle
EXAMPLE 13.6. Let E be the solid within the cylinder 2 + y? = 1, below the plane z = 4,

and above the paraboloid z = 1 — 22 — y?. Evaluate /// Va2 +y2dV.
E
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Solution. The solid can be described in cylindrical coordinates as:
E={(r0,2)|0<0<21,0<r<1,1-7?<z<4}.

z

T
\

iy

z=1—-2°—y

z
Figure 89

2 1 4
/// \/x2+y2dV:/ / / rrdzdrdd = 127 /5.
E o Jo Jip2

2 A—2Z 2
EXERCISE 13.7. Evaluate / / / (z% + o>
2 J Va2 J\ S22 2

Thus,

) dzdydzx.

[Answer: 167/5]

13.3. Triple Integrals in Spherical Coordinates. Consider the volume element in
spherical coordinates. To do so, take any point P(p,6,¢). Make an increment in each of
the coordinates. See figure 90. Let’s calculate the volume of the solid arising from these
increments. The projection of OP onto the xy-plane has length psin ¢. Thus the thickness of
this volume element is psin¢df. It opens up a sector of width of pd¢. Thus, the volume is
dV = p? sin pdpdfdé.

psin ¢df
P

ﬁ

>
=
LS
AN
S

\/

dV = p? sin pdpdfdep

x
Figure 90 The volume element in spherical coordinate
Now consider a spherical rectangular solid
E={(p,0,¢) |la<p<ba<f<pc<o<d}
where a > 0, f—a < 27w, d— ¢ < 7. The triple integral of f over E can be expressed as follow:
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d B b
/// f(z,y,z)dV :/ / / f(psin¢cos b, psin ¢psin b, p cos ¢) p sin ¢pdpdfde.
E c a Ja
3
ExaMmpPLE 13.8. Evaluate /// e(@+y?+2%)2 dV, where B is the unit ball {(z,y, 2) | 22 +y* +
B
22 <1}

Solution. Using spherical coordinates, we have

3 ™ 21 1 3
I ety < 77 [ 2 sin gapanas = Gete 1)
B 0 0 0 3

Note that the corresponding triple integral formulated in Cartesian coordinates is very hard
to evaluate.

EXERCISE 13.9. Use spherical coordinates to find the volume of the solid that lies above the
cone z = \/x? + y? and below the sphere x? + y? + 22 = 2. See figure 91.

[Answer: /8]

X

Figure 91

EXERCISE 13.10. Let B be the solid ball in R? of radius R centered at the origin. The 4-
dimensional ball H in R* of radius R centered at the origin is the 4-dimensional solid given by
{(z,y,z,w) | 2> +y?+ 22 +w? < R?}. The volume of H can be expressed as the triple integral

2v/R2? — 22 — 42 — 22 dV. Using spherical coordinates, show that this volume is 72R*/2.
B

14. Change of Variables in Multiple Integrals

Let T be a transformation from the uwv-plane to the zy-plane. That is (z,y) = T(u,v) or
r = z(u,v),y = y(u,v). We assume that T is a C'-transformation, i.e. both x(u,v) and
y(u,v) have continuous partial derivatives with respect to w and v. We also assume T is an
injective function so that its inverse 7! exists (from the range of T back to the domain of T).
Thus T maps a region S in the uv-plane bijectively onto a region R in the xy-plane.
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Figure 92

For example if T is the transformation to polar coordinates 7'(r,0) = (rcos@,rsin@), then T
maps a rectangle [ry,rs] X [61,62] in the rf-plane to a polar rectangle in the xy-plane.

6 Y

6, 1 ry

(r,0) 1,

6; 1 A
, R /l/l'\gl 02

1 2

Figure 93 Polar coordinates

EXAMPLE 14.1. Consider T(u,v) = (u? — v?,2uv). Find the image of the square S =
{(u,v) |0<u<1,0<v <1}

Solution. First let’s find out the boundary of the image. Label the edges of the square S by
51,592,535 and Sy as shown in figure 94.

v y
(0,1) 53 (1,1) (0,2)
v =1+ 3y’ v=1- 3y’

st s

54 S Sg T 3 2

— R
0 S (Lo " (-L,0) 55 0 S (L0}
Figure 94

S1 is described by v = 0
u? — 0% = vy = 2u(0

,0 < w < 1. Thus the image S7 in the zy-plane is given by =z =
described by y = 0,0 <z <

<
0. That is « = u? for 0 < u < 1 and y = 0. Therefore, Sy is
1, which is just the line segment on the z-axis from (0, 0) to (1,0).

Next S is described by v = 1,0 < v < 1. Thus the image S} in the xy-plane is given by
r =1— 02,y = 2v. Eliminating v, we obtain x = 1 — in. As0<wv <1, we have 0 <y < 2.
Therefore, S4 is described by z =1 — in for0 <y < 2.
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Similarly, we find out S5 as © = —1+ %yz for y from 2 to 0 and S} as y = 0 for  from —1 to 0.

The boundary of the image of S encloses a region R. We are going to show that T" maps S
bijectively onto R. We leave it the reader to verify that T is a bijective function for u,v > 0. As
we traverse the boundary of S in the counterclockwise direction, the above calculation shows
that the image of the boundary of S also traverses in the counterclockwise direction. In fact,
T preserves orientation. In other words, points on the left hand side of the boundary of S go
under T to points on the left hand side of the boundary of R. Therefore, T" maps S onto R.
To confirm this, we can simply pick a point P, say (1/2,1/2) inside S and check that T'(P) is
inside R. Then the region S must be mapped by T into R.

Before we derive the formula for change of variables in a multiple integral, let’s review the
formula for functions of 1 variable. Let the continuous function f(x) be integrated over the
interval [a,b]. Suppose we make a substitution x = g(u) so that a = g(c¢) and b = g(d). Thus
we obtain:

/abf(x) da = /cdf(g(u))g/(u) du.

Here the formula is valid provided g is differentiable and ¢’(u) # 0, except possibly at a finite
number of points. The function g is also required to be bijective so that g—! exists. Observe
that ¢ may not be less than d. More precisely, if ¢’(u) > 0 for all u between ¢ and d, then
g and hence g~! is increasing. Thus g~! preserves orientation or ordering. This means that
¢ < d and [¢,d] is an interval. On the other hand, if ¢’(u) < 0 for all u between ¢ and d, then
g and hence ¢! is decreasing. Thus g~! reverses orientation or ordering. This means that
¢ > d and it does not make sense to write [c, d] though we could still integrate from ¢ to d. In
this case, the formula can be rewritten as:

b c
/a f(x) do = /d F(9(w) (g (w)) du,

so as to keep the lower limit of integration smaller than the upper limit.
Therefore, if the interval [c,d], (¢ < d) is mapped onto the interval [a, b] under x = g(u), then
the formula for change of variables can be stated as:

f@)de= [ f(g(u))lg'(u)| du.
[a,b] [e,d]

It is this formula that we are going to generalize.

How does a change of variables affect a double integral? Let T be a transformation mapping
a point (ug,vp) to a point (zg,yp). Consider a small increment du and dv at the point (ug,vp)
along the v and v directions respectively. These increments generate a rectangle of area dudv
whose image under T' is a curved parallelogram in the xy-plane. The area of this curved
parallelogram up to the first order approximation is given by the area of the parallelogram
generated by the two tangent vectors adu and bdv at (xo,yo), where a is the derivative of the
curve T'(u,vg) at (ug,vp), and b is the derivative of curve T'(ug,v) at (ug,vp). That is

dT (u, 0
a= (duuUO) u=uo N <c‘7x(“°’”°)’ B (u0, ),
_ dT(ug,v) _ 0= -2
b= o MO_<‘9 (uo,vo),8 (uo,v0))-
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v Y
T(u,0) = (.9) g’
dvd  dudv ’ ’ /
(ug,vg) du (20, 40) T(u,v0) = (z(u,v0),y(u,v0))
u x
Figure 95

Therefore, the area element dA in the xy-plane is dudv times the magnitude of

ox Oy Ox Oy - <8x3y 6x8y>k

(0 30 % * {5y B0 Pude  Bvdu

That is dA = |92y _ 0z 9y

ou Ov ov Ou dudv.

DEFINITION 14.2. The Jacobian of the transformation T given by x = x(u,v),y = y(u,v) is

owy) | % % | _oxdy_oxoy
O(u,v) = 3 Oudv  Ovou
Therefore,
_ |9z, y)
dA = ’8(u,v) dudv.

THEOREM 14.3. Let T'(u,v) be a bijective C-transformation whose Jacobian is nonzero except
possibly at a finite number of points. Suppose T maps a region S in the uv-plane onto a region
R of the xy-plane. Suppose f is continuous on R. Then

O(z,y)

J[ remaa= [[ o S0

ExXAMPLE 14.0.1. Find the Jacobian of the transformation from polar coordinates to Cartesian
coordinates.

’ dudv.

Solution. x = rcos# and y = rsinf. Thus,

cosf —rsinb

oxr Oz
-| % &|-|5 -
a(r,0) = & sinf  rcosf

Therefore,

//Rf(f”’y) dA://Sf(rcosﬁ,rsine)rdrdﬂ.

EXAMPLE 14.0.2. Use the change of variables z = u? — v%, y = 2uv to evaluate the integral

fl e

where R is the region bounded by the parabolas y? = 4 — 4z and y?> = 4 + 4z, and the z-axis.

Solution. The transformation is the one discussed in example 14.1. First, let’s compute the
Jacobian of T.

a2 2
2% 2u = 4u” + 4v“°.
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Therefore,

1,1
dudv = / / (2uv)4(u? + v*)dudv = 2.
0o Jo

ffpaa- ]

zt
ExAMPLE 14.0.3. Evaluate the double integral ey dA, where R is the trapezoidal region
with vertices (1,0), (2,0), (0,—2), (0,—1).
Solution. Under the change of variables u = x + y and v = x — y, the trapezoid R = ABCD
is mapped bijective onto the trapezoid R’ = A’B'C'D’, where A’ = (-2,2),B' = (2,2),C" =

(=1,1) and D’ = (1,1). The inverse transformation is z = (u + v) and y = 1(u — v) and its
Jacobian is

dz,y) % 5|1
o(u,v) | 35 —% 2
v Y
A'(-2,2) _ B'(2,2) z=1(u+v)
y=3(u—v)
u
Figure 96

A(O? - 2)
Therefore,

s ffolgetaa- [fosoa- [] b
_ 2/1 [ve“/”] :_U dv = 2/1 v(e —e Ndv =

Note that the above transformation reverses orientation.

Y

(e —e™h).

[ [SN]

For the case of triple integrals, we have a completely analogous formula for change of variables.
Suppose T'(u,v,w) = (x(u,v,w),y(u,v,w), z(u,v,w)) is a C'-transformation from R? to R3
mapping a solid region S bijective onto the solid region R. First, the Jacobian of T' is defined
to be

oxr Oz Oz
Oy, 2) | 3y 8y %
B(u, v, w) v gy Ju
ou Ov ow

If f(z,y,2) is a continuous function defined on R. Then

///fxy, )dV = ///f x(u, v, w) (uvw)z(uvw))‘g((zg’w))

EXERCISE 14.4. Show that the Jacobian agm’ ;g of the transformation from spherical coordi-

dudvdw.

nates to Cartesian coordinates is —p? sin ¢.
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15. Vector Fields

DEFINITION 15.1. Let D C R%. A wvector field on D is a function F that assigns to each point
(z,y) in D a two dimensional vector F(x,y).

Y

F(z,y)

Figure 97

We may write F(z,y) in terms of its component functions. That is
F(z,y) = P(z,9)i+ Q(z,y)j = (P(z,y),Q(z,y)),
or simply F = Pi+ Qj.

DEFINITION 15.2. Let E C R3. A wector field on E is a function F that assigns to each point
(z,y,2) in E a three dimensional vector F(z,y, z).

That is F(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(z,y, 2 )k = (P(%,y,2), Q(z,y, 2), R(z, y, 2)).

EXAMPLE 15.3. A vector field on R? is defined by F(z,y) = —yi + xj. Show that F(z,y) is
always perpendicular to the position vector of the point (z,y).

Solution.

Figure 98

Figure 98 shows the vector field F. Note that (z,y) - F(z,y) = (z,y) - (—y,z) = 0. Also
|F(x,y)| = /22 + y2. The vector assigned by F to the origin is the zero vector.

DEFINITION 15.4. A wvector field F(x,y) = (P(z,y), Q(z,y)) defined on a domain D in R? is
continuous on D if P(x,y) and Q(x,y) are continuous functions on D.

A wvector field F(z,y,2) = (P(z,y,2),Q(z,y,2), R(x,y,2)) defined on a domain D in R3 is
continuous on D if P(x,y,z), Q(x,y,z) and R(x,y, z) are continuous functions on D.

For example, F(z,y) = 22yi + (22 — 3y?)j is a continuous vector field on R2.

@Department of Mathematics 70



Semester 11 (2018/19)

15.1. Gradient Fields.

DEFINITION 15.5. If f : R? — R is a differentiable function, then V f is a vector field on R?
and it is called the gradient vector field of f.

Similarly, if f : R3 — R is a differentiable function, then Vf is a vector field on R? and it is
called the gradient vector field of f.

EXAMPLE 15.6. Find the gradient vector field of f(z,y) = 2%y — y3.

Solution. Vf(x,y) = 2zyi + (2% — 3y?)j. The gradient field and the contours of f are drawn
on the diagram in figure 99.

Y
1
0 0
1 1
— —>T
1
Vi(z;y)
1
Figure 99

Notice that the gradient vectors are perpendicular to the level curves as is proved in 8.6 using
the chain rule.

EXERCISE 15.7. Find the gradient vector field V f of f(z,y) = /22 + y2. Sketch V.

DEFINITION 15.8. A wector field F is called a conservative vector field if it is the gradient of
some scalar function, that is there exists a differentiable function f such that F =V f. In this
situation, f is called a potential function for F.

For example, F(z,y) = 2xyi + (22 — 3y?)j is conservative since it has a potential function
fla,y) = 2%y —y.

Not all vector fields are conservative, but such fields do arise frequently in physics. For instance,
the gravitational field given by

—-mMGz - -mMGy —-mMGz
(@242 4227 (a2 4y2+22)2 (224924 22)0

is conservative because it is the gradient of the gravitational potential function

mMG
f@,y:2) = —mm—m—s
TeF Y+ 2z
where G is the gravitational constant, M and m are the masses of two objects. Think of
the mass M at the origin that creates the field and f is the potential energy attained by the
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mass m situated at (z,y,z). In later sections, we will derive conditions when a vector field is
conservative.

16. Line Integrals

Consider a plane curve C : x = z(t),y = y(t) or r(t) = z(t)i+ y(¢)j, a <t < b. We assume C
is a smooth curve, meaning that r’(t) # 0, and r/(¢) is continuous for all ¢t. Let f(x,y) be a
continuous function defined in a domain containing C.

To define the line integral of f along C, we subdivide arc from r(a) to r(b) into n small arcs of
(equal) length As;, i = 1,---,n. Pick an arbitrary point (z, y;‘) inside the ¢th small arc and
form the Riemann sum Y7, f(z},y)As;. The line integral of f along C' is the limit of this
Riemann sum.

DEFINITION 16.1. The integral of f along C is defined to be
[ty ds = im 3 fat s
i=1

We can pull back the integral to an integral in terms of ¢ using the parametrization r. Recall
that the arc length differential is given by ds = |r/(¢)||dt|. Thus,

/C f(a,y)ds = / " w0t = / bf(x(t),y(t))\/ (féf)l (ﬁ)@t

Note that since a <t < b, |dt| = dt.

EXAMPLE 16.2. Evaluate / (2 + 22y)ds, where C is the upper half of the unit circle traversed
C
in the counterclockwise sense.

Solution. We may parametrize C' by = = cost,y = sint,t € [0,7]. Thus /(2+x2y)ds =

™

s ™ 1
/ (2 + cos® tsint)V/sin? t + cos? t dt = / (2 + cos® tsint)dt = {275 ~3 cos® t} =2m + 2.
0 0

0
DEFINITION 16.3. A piecewise smooth curve C' is a union of a finite number of smooth curves
C1,Cy, -+, Cy, where the initial point of Cijy1 is the terminal point of C;, i =0,--- ,n—1. In
that case, we write C =C1 +Coy+ -+ C,.
C2
Cs

C1

Figure 100 C =Cy +Cy + Cs

Then the line integral f along C' is defined to be

/f(x,y)dsz f(n:,y)ds+---+/ Fl ) ds.
C (o)

n
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EXERCISE 16.4. Evaluate / 2z ds, where C consists of the arc C; of the parabola y = x? from
C
(0,0) to (1,1) followed by the vertical line segment Co from (1,1) to (1,2).
[Answer: £(5v/5 + 11)]

Next we define two more line integrals:

DEFINITION 16.5. Given a smooth curve C': z(t)i+y(t)j, a <t <b.

/fwyw—/f 2 (1) dt,
/C fa,y) dy = / Fla(t), y@)' @) dt,

are called the line integrals of f along C with respect to x and y.

Sometimes, we refer to the original line integral of f along C, namely,

[swnas— [ bf<x<t>,y<t>>\/ (&) 4 (%) a

as the line integral of f along C' with respect to arc length.

We make the following abbreviation:

/C P, y)de + Q(a, y)dy = /C P, y)dz + /C Q. y)dy

ExaMPLE 16.6. Evaluate / y2dx + xdy, where

C
(a) C' = C is the line segment from (—5,—3) to (0, 2),
(b) C = Oy is the arc of the parabola z = 4 — y? from (-5, —3) to (0,2).

Solution. (a) Cy :x =5t —5,y=5t—3,0 <t < 1.

Figure 101
1 1
Thus, / y?dz + xdy = / (5t — 3)25dt+/ (5t — 5)5dt = —5/6.
Cq 0 0
(b) Cy:x=4—t y=1t —-3<t<2
2 2
Thus / y2dr + xdy = / t2(—2t)dt + / (4 —t?)dt = 245/6.
Ca -3 -3
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A parametrization r(t) = (z(t),y(t)), t € [a, b] determines an orientation of C'. In other words,
C' is an oriented curve. Note that if we reverse the orientation of C, we obtain a curve with
the opposite orientation of C'. We denote this oriented curve by —C.

/C/B fC/B
A A

Figure 102

For example the upper semicircle C' in the zy-plane centered at the origin with radius 1 joins
the point (1,0) to (—1,0). It has a vector equation in the form ri(¢) = (cos(wt),sin(nt)),
t € [0,1]. Then —C can be parametrized by ra(t) = (cos(m(1 —t)),sin(n(1 —1¢))), ¢t € [0,1] and
—C joins (—1,0) to (1,0).

Note that because the sign of 2/(t) and y/(t) reverses in —C, we have

/_Of(:v,y)d:v:—/cf(x,y)dac and /—cf(:v’y)dy:_/cf(x’y)dy'

But because the arclength differential is always positive,

/Cf(%y)ds—/cf(m,y)ds.

For line integral of a function f(z,y, z) along a parametrized space curve C, we have the similar
definitions:

[ sewas= [ o= [ bf<x<t>,y<t>,z<t>>\/ (&) + (&) + (&)

b
/ F(a,y,2) de = / Fa(t), y(t), ()’ (1) dt,
C a

b
/ F(ayy, ) dy = / P () y(0), 2(6)y (8) dt.
C a

b
/ f(I)y7 Z) dz = / f(x(t),y(t), Z(t))Z/(t) dt.
C a

EXAMPLE 16.7. Evaluate /ysinzds, where C' is the circular helix r(t) = (cost,sint,t),
C
t € [0,2n].

Solution.
2m 9 2m
/ ysinzds = / (sint)(sin t)\/sin2 t+cos?t+1dt = \g / (1 —cos(2t)) dt
c 0 0
2 1 2
= £ [t - = sin(2t)] =/2nm.
2 2 .
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17. Line Integrals of Vector Fields

DEFINITION 17.1. Let F be a continuous vector field defined on a domain containing a smooth
curve C given by a vector function r(t), t € [a,b]. The line integral of ¥ along the curve C is

/CF-dr—/abF(r(t))-r'(t)dt.

Note that / F.dr= —/ F - dr as r/(t) changes sign in —C.
-C C

EXAMPLE 17.2. Evaluate / F - dr, where F(z,y, 2) = (zy,yz, zx), and C is the curve r(t) =
C
{t,t2,13), t € [0,1].

Solution. First r'(t) = (1,2t,3t?). Thus F(r(t))-r'(t) = (t-t2, 123,43 -1) - (1,2¢, 3t%) = 3 + 5¢5.
Therefore,

1 1
~dr = r(t))-r = 3 6dt = )
/CF d /0 F(r(t)) - r'(t) dt / £ 4 565 dt — 27/28

0

Let’s rewrite / F - dr in the component form. Suppose
C

F(z,y,2) = P(z,y,2)i+ Q(z,y,2)j + R(x,y, 2)k,
and
Cix(t) = 2(t)i + y(Of + 2(Ok, L€ [a,b]
Then

b
/CF dr = /abF(r(t)) -1 (t)dt
= / (P(x(t),Q(x(t)), R(x(t))) - (2'(t),y'(t), 2/ (t)) dt
@b b b
= / P(r(t))a'(t) dt + / Q(r(t))y'(t)dt + R(r(t))2'(t) dt
= / Pdzx + Qdy + Rdz.
C

Sometimes, it is helpful to think of F - dr as (P,Q, R) - (dz,dy,dz) = Pdx + Qdy + Rdz.

18. The Fundamental Theorem for Line Integrals

Let’s recall the fundamental theorem for Calculus:

b
/ F'(w)dz = F(b) — Fla).
It has the following generalization in terms of line integrals:

THEOREM 18.1. Let C be a smooth curve given by r(t), t € [a,b]. Let f be a function of 2 or
3 variables whose gradient V f is continuous. Then

/C Vf-dr = f(r(b)) — f(r(a)).

Proof. Let r(t) = (x(t),y(t), 2(t)), t € [a,b].
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Figure 103

b
Vf-dr—/ Vf(r(t) r'(t)dt
brofdr ofdy ofdz

o Ay dt ' Oz dt
b
d
= ﬁf(r(t)) dt by Chain Rule
= f%r(b)) — f(r(a)). by Fundamental Theorem of Calculus
. o mMG
ExAMPLE 18.2. Consider the gravitational (force) field F(r) = —WI‘, where r = (z,y, 2).
r

mMG

Vi + 2422
tional field in moving a particle of mass m from the point (3,4, 12) to the point (1,0,0) along
a piecewise smooth curve C.

Recall that F = Vf, where f(z,y,2) = Find the work done by the gravita-

Solution.WE/F-dr—/Vf-dr—f(l,(),O)—f(3,4,12)—12mMG/13.
C C

19. Independence of Path
Let F be a continuous vector field with domain D.

DEFINITION 19.1. The line integral / F - dr is independent of path in D if F.dr =
C Cy

/ F - dr for any 2 paths C1 and Co in D that have the same initial and terminal points.
Cs

DEFINITION 19.2. A path is called closed if its terminal point coincides with its initial point.

THEOREM 19.3. F - dr is independent of path in D if and only if/ F-dr =0 for every
C
closed path in D.

Proof. To prove the necessity, let C' be a closed path starting from the point A and ending at
A. Pick any point B on C other than A. Denote the subpath along C' from A to B by C; and
the subpath along C from B to A by Cy. Then C = C; + Cy. See figure 104. Now both Cy
and —C are paths from A and B.
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Oy &
B B
A - A -,
Figure 104 C=0C+Cq Figure 105 C=C1—-0Cy

Wehave/F~dr:/ F'dr+/ F-dr:/ F-dr—/ F - dr = 0, since both C] and
C Cl Cz C1 —CQ
—(C5 are paths from A and B and the line integral is by assumption independent of path.

To prove the sufficiency, consider 2 paths C7 and Cy having the same initial point A and

terminal point B. See figure 105. Then C' = C; — Cs is a closed path. Thus, 0 = [ F.dr =
C
/ F-dr:/F-dr—/ F-dr.Hence,/F-dr:/F~dr.
C1—Cz Cl CQ Cl C2

Consider the following statements:
(1) F is conservative on D.

(2) / F - dr is independent of path in D.
C

(3) / F - dr = 0 for any closed path C' in D.
C

By 18.3 and the fundamental theorem for line integrals, we have the following implication and
equivalence: (1) = (2) <= (3).
In fact, the implication (2) = (1) is true with some suitable assumptions on the domain D.

DEFINITION 19.4. A subset D in R? (or R?) is said to be open if for any point p in D, there
is a disk (ball) with center at p that lies entirely in D. (This means D does not contain any

boundary points.)
(2,

|

Figure 106  An open set D in R? Figure 107 D is not open

DEFINITION 19.5. A subset D in R? (or R3) is said to be connected if any two points in D can
be joined by a path that lies in D.
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Figure 108 D is connected Figure 109 D is not connected

THEOREM 19.6. Suppose F is a vector field that is continuous on an open connected region D.
If/ F - dr is independent of path in D, then F is conservative. That is there exists a function

C
f such that Vf =F.

Proof. Let’s prove the case in R2. The case in R? is similar. Fix a point A(a,b) in D. Let

(z.y)
f($7y):/ F'dI‘,

(a,b)

where (z,y) € D and the line integral is taken along a path C' in D joining (a,b) to (z,y).
Since / F - dr is independent of path in D, f is well-defined. As the domain D is open, there

C
exists a disk centered at (z,y) that lies entirely in D. Pick a point (x1,y) in the disk with
x1 < x. Let C consist of any path C; from (a,b) to (z1,y) followed by the horizontal line
segment Cy from (z1,y) to (z,y). See figure 111. Then

(w1,y)
f(x,y)z/ F~dr+/ F-dr:/ F-dr+/ F - dr.
C1 Co (a,b) Ca

Thus, or =0+ 9 / F - dr because the first line integral along C is independent of z.
ox or Jo,
Let’s write F = Pi+ @j. Then / F - dr :/ Pdx 4+ Qdy. On Cs, y = constant so that
CQ 02

Qdy = 0. Hence,
Co

of 0 o [
Ox Oz /02 dr 8x/ dx (@,y)

1

@Department of Mathematics 78



Semester 11 (2018/19)

Figure 110 Figure 111

Similarly, by considering a path from A(a,b) to a point (z,y;) with y; < y inside the disk

followed by the vertical segment from (x, ;) to (x,y), we can prove that ol Q(x,y). There-
Y
fore,
0 0
F=Pi+Qj= —fi+—fj =V/f.
ox oy

The openness of D is to ensure the points (z1,y) and (z,y;) exist corresponding to every (z,y)
in D.

There is an obvious necessary condition for a vector field on R? to be conservative due to
Clairaut’s Theorem

THEOREM 19.7. Let F(z,y) = P(z,y)i+ Q(z,y)j be a vector field on D C R?, where P and Q
have continuous partial derivatives in D. If F is conservative, then

or_
oy Oz’

Proof. As F is conservative in D, there exists a differentiable function f(z,y) in D such that
Vf=F. That is f, = P and f, = Q. By Clairaut’s Theorem,

0P _ o o9
oy  Oydxr Oxdy Ox’

The converse is true for a special kind of domain in R?.

DEFINITION 19.8. A simple curve is a curve which does not intersect itself.
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Gy

a simple curve not a simple curve
Figure 112

DEFINITION 19.9. A simply-connected region in the plane is a connected region such that every
stmple closed curve in D encloses only points that are in D.

simply-connected not simply-connected

Figure 113

THEOREM 19.10. Let F(x,y) = P(z,y)i+Q(x,y)j be a vector field on an open simply-connected
orP 0
region D C R?, where P and Q have continuous partial derivatives in D. If i a—Q, then
Y x
F is conservative.

This is a consequence of Green’s Theorem in the next section.

EXAMPLE 19.11. Determine whether the vector field F(z,y) = (3 + 22y)i + (22 — 3y?)j is
conservative.

Solution. As
0(x? — 3y?) oy (3 + 2zy)
oz B oz ’

and the domain of F is R? which is open and simply-connected, F is conservative by the
Theorem 18.10.

EXAMPLE 19.12. Let F(z,y) = (3 + 22y)i+ (2% — 3y?)j. Find a function f such that Vf = F.

Also evaluate / F - dr, where C is the curve given by r(t) = e’sinti+ costj, t € [0, ].
C
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Solution. As Vf = F, we have f,(z,y) = 3 + 2zy. Integrating with respect to x, we get
f(x,y) = 3z + 2%y + g(y), where g(y) is an integration constant, but it could be a function of
y. Thus f,(z,y) = 22 + ¢'(y) so that 2 + ¢'(y) = #? — 3y*. That is ¢'(y) = —3y*. Integrating
¢’ (y) with respect to y, we obtain g(y) = —y> + K, where K is a constant. Consequently,
f(z,y) =3z + 2%y — > + K.

Since F is conservative, the line integral / F - dr is independent of path. In fact, f is

C
a potential function for F. Thus by the fundamental theorem for line integrals, we have
/ F.-dr = f(0,—-1)— f(0,1) = 2.
C

EXERCISE 19.13. If F(z, vy, 2) = y%i+ (22y+e3?)j+3ye37k, find a function f such that Vf = F.
[Answer: f(x,y,2) = xy? + ye¥* + C]

20. Green’s Theorem

Green’s Theorem gives the relationship between a line integral along a simple closed curve C
on the plane and the double integral over the plane region D that C bounds.

By the Jordan curve theorem, every simple closed curve C' on the plane bounds a region D.
The positive orientation of C refers to the orientation of C' such that as one traverses along C
in the direction of this orientation, the region D that it bounds is always on the left hand side.

positive orientation negative orientation

Figure 114

For example, if D is a circular region on the plane, then the boundary C' of D oriented in
the counterclockwise sense is the positive orientation. We use the notation 0D to denote the
boundary of D with the positive orientation.

THEOREM 20.1. (Green’s Theorem) Let C' be a positively oriented, piecewise-smooth, simple
closed curve in the plane and let D be the region bounded by C. If P(x,y) and Q(x,y) have
continuous partial derivatives on an open region that contains D, then

/CPd:E—I—Qdy://lj(é;icg—?;) dA.

The line integral / Pdx 4+ Qdy, where C' is positively oriented has other notations such as
C

j{ Pdzx + Qdy, or y{ Pdz + Qdy.
¢ oD
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They all indicate that the line integral is calculated using the positive orientation of C.

Proof. We shall first verify that Green’s Theorem is true for D being a region which is both
of type I and Type II. (See figure 71 for type I and type II regions.) The general case can be
proved by cutting the region into a finite number of regions of both type I and type II and
applying the result to each of them. Let’s consider a type I region. The proof for type II region
is similar.

Y C=0D
Cs y = Ya(x)
D Co
Cy
C
—47 = Yi(o)
} : t T
a x b
Figure 115

In this case, the lower and upper boundaries of D consist of simple smooth curves C; and Cs
respectively, and the left and right boundaries are vertical lines Cy : * = a and Cs : © = b.
See figure 115. Let C; and C3 be parametrized as the graphs of y = Yj(z) and y = Ya(x)
respectively for = € [a,b]. Here we assume Ya(z) > Yi(z) for all x € (a,b) so that C3 is higher
than C. Thus C is given the orientation which goes from left to right, whereas C3 is given
the orientation which goes from right to left so that C = C7 + Cy + C3 + C4. Then

b Ya(x)
o [ 2
a Y1 (z) ay
b
- / (P, )22 da
ab
P(a: Ys) — P(x, Y1) dx

b

dx

P(z,Y1) dx—/ P(x,Ys2)dx
b

f de— Pdx

Ch

/Pd:c—/ de—/ Pdx — Pdx
C1 Cs Cy

Pdzx.
C

Note that / Pdx and / Pdzx are in fact zero because Cy and Cy are vertical segments:
C2 c4
xz =band x = a, so that dx = 0.
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Similarly, using the fact that D is also a type II region, / / dxdy / Q dy. Therefore,

7§dex+c2dy—//D (‘Zf—g]D dA.

Now to extend this result to the general case, first consider a region D which is a union of two
regions Dy and Dy meeting along a curve L in their common boundaries. See figure 116. Thus
0D1 =L+ L, 0Dy = —L + Ly and 0D = Lq + Ly. Suppose Green’s Theorem holds for the

regions D; and Ds.
oD Ly Lo

Figure 116

Then, suppressing the terms involving P, @) etc, the following calculation shows that Green’s
theorem holds for the region D.

~/8D /Ll +Lo /Ll /LQ ~/Ll / / /[:z
L1+L —L+L2 8D1 0D>

S

Now any simple closed curve in the plane bounds a region which can be cut into regions both
of type I and type II. See figure 117. Thus, by the above consideration, Green’s Theorem is
valid for any simple closed curve in the plane.

D

\ar/

Figure 117

Lastly, the proof of Theorem 19.10 follows from Green’s Theorem and Theorem 19.6.

ExaMPLE 20.2. Evaluate z*dz + zydy, where C is the triangular curve consisting of the
C
oriented line segments from (0, 0) to (1,0), from (1,0) to (0,1) and from (0, 1) to (0,0).

Solution. The functions P(z,y) = z* and Q(x,y) = xy have continuous partial derivatives on
the whole of R?, which is open and simply connected.
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(0,1)

(0,0)

Figure 118

By Green’s Theorem, / 2idr + zydy = // [8(333/ 9z ] dA
C D Ox 6y

:/ y dydzx
IP 1—x
:// ydydz
0J0
_1
5

ExXAMPLE 20.3. Evaluate j{ (3y — %) dx + (Tx + \/y* + 1)dy, where C'is the circle 22+ =
C
9.

Solution. C' bounds the circular disk D = {(z,y) | 22 +y> < 9} and is given the positive
orientation. By Green’s Theorem,

i 4 _ sinx
¢ D

Y

4dA
D
= 4(73?) = 36.

20.1. Application of Green’s Theorem to Find Area. Recall that the area of a region

P
D in R? is 1dA. Therefore, if we choose P(z,y) and Q(z,y) such that ZQ - (?3 =1,
€ Y

D
then by Green’s Theorem we have

Area ofD:// 1dA = Pdx + Qdy.
D oD

There are various choices of P and @) that satisfy this requirement. For example:

Therefore,

Area of D = xdy— y{ :f xdy — ydzx.

v _
b2
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Solution. Let the parametric equations for the ellipse be z = acost,y = bsint, for t € [0, 27].
Then, Area = 3§, zdy — ydz = %fo%r(a cost)(beost) — (bsint)(—asint)dt = 3 02” abdt =
mab.
EXERCISE 20.5. Evaluate by Green’s Theorem ¢ e “sinydx + e * cosydy, where C is the
C
rectangle with vertices at (0,0), (,0), (7, 7/2), (0,7/2).
[Answer: 2(e”™ — 1)]
-y . T
1+
/.%'2 + y2 /1.2 + y2

F is not conservative. Show that / F - dr = 2ma, where C is a circle centred at the origin

EXERCISE 20.6. Let F(z,y) = j be defined on R\ {(0,0)}. Show that

C
with radius a traversed in the counterclockwise direction.

20.2. Non Simply-Connected Regions. Green’s Theorem is also valid for non simply-
connected regions, that is regions with holes. Consider the region D in figure 119 in which
0D = C1 + C5. We may cut the region D by two line segments L and Ls into two simply
connected regions D’ and D”.

0D =C=0C1+Cy

Figure 119

o (8- or- 1 (G2 5) e (35 o

:/ Pdm—i—Qdy—i—/ Pdz + Qdy

Jok oD
:f de—l—Qdy—i—/ Pdx + Qdy
C1 CQ

= Pdz + Qdy
C1+Co

= / Pdx + Qdy.
C

Here the third equality is obtained by re-grouping the line integrals and canceling the line
integrals along L; and Ls.

EXAMPLE 20.7. Let F(z,y) = . +yy2i + . iyzj. Show that /CF -dr = 27 for every simple
closed curve that encloses the origin.

Solution. Note that the vector field F is defined on R?\ {(0,0)}. Let C be any closed curve that
encloses the origin. Choose a circle C’ centered at the origin with a small radius a such that
('’ lies inside C'. We can parametrize C' by = acost,y = asint, t € [0,27]. Let D be the
region bounded between C' and C’. We give both C' and C’ the counterclockwise orientation.
Thus 0D = C — (" is given the positive orientation with respect to the region D.
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Y

)

U/

Figure 120

By Green’s Theorem applied to D, we have

0 T 0 y? — 22 y? — 22
F.dr = — - = A= — A=0.
/aD o //D Ox <w2+y2> dy <w2+y ) ! // (22 +y?)? (w2+y2)2d ’

Thus,/ F~dr:/F~dr+ F-dr:O.Inotherwords,/F-dr: F - dr.
oD C -C’ C c’

Therefore, / F.dr = / F.dr
© o
= / F(r(t)) - r'(t)dt

0
_ /27r (—asint)(—asint) 4+ (acost)(acost)
—Jo (a%cos?t + a?sin?t)

dt

= 2.

21. The Curl and Divergence of a Vector Field
Let F = Pi+ Qj + Rk be a vector field on R3. The curl of F is defined by

_ (R _0Q\, (0P OR\., (0@ 0P
CurlF_(@y 8z>1+<8z 8$>J+<8az 8y>k

The curl of a vector field F is a vector field which measures the rotational effect of F. The
geometric meaning of curl F' can be seen after we learn Stokes’ Theorem. At this point, let’s
introduce the del operator V. We let

0 0 0
V=i—+j—+k—.
Ox +']6y + 0z
We regard V as a 3-dimensional vector consisting of the operators of partial differentiations
with respect to x,y,z. We can multiple V by a scalar function (on the right), take the dot
product with a function, or the cross product with a vector field. For example, we may regard

the gradient of a function f as being the scalar multiplication of V and f. That is

f of , of
d — i Y
grad f=Vf = + 8y +k P
The curl of a vector field F = Pi+ Qj + Rk can be regarded as the cross product between V
and F'.

1 _] k
curl F=V xF = a% 8% %
Q R

P
OR 0Q oP ORY, 0Q 0P K
- (&5 (m-w)it (5 -5
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EXAMPLE 21.1. Let F(z,vy, 2) = xzi + xyzj — y*k. Find curl F.
Solution.
i k
curl F=V xF = 6% 6% % = —(2y + zy)i+ xj + yzk.
vz wyz —y>

THEOREM 21.2. If f(z,y,2) has continuous 2nd order partial derivatives, then curl (Vf) = 0.
Proof.

curl Vf =

A A B AN AW
 \Oydz 020y 0z0x  0x0z 0xdy  Oyox
= 0. by Clairaut’s Theorem

COROLLARY 21.3. If F is conservative (i.e. ¥ =V f), then curl F = 0.
REMARK 21.4. If F = Pi+ Qj is a vector field on R?, we may regard F as the vector field

Yoo =

Bzsle ~
HeSloe

0 oP
F = Pi+ Qj + Ok in R? with zero k component. Then curl F = <8Q — 8) k. Thus in this
L Y
R . 0Q .
case, if F' is conservative, then — = —— which is 19.7.
x oy
For example F(z,y, z) = z2i + yzj — y?k is not conservative because curl F = —(2y + zy)i +

xj +yzk # 0.
Using Stokes’ Theorem in the next section, one can prove the following;:

THEOREM 21.5. Let F be a vector field on R® whose component functions have continuous
partial derivatives. If curl F = 0, then F is conservative.

EXERCISE 21.6. Show that the vector field F = x2%i +12j+ 2°k is conservative. Find a function
f such that Vf =F.

Let F = Pi+ Qj + Rk be a vector field on R3. The divergence of F is defined by
or , 0Q , oR

divF = —
v 8x+8y+82

.0 .0 0 . .
= <1a$ +Jay+kaz) -(Pi+ Qj+ Rk).

=V.F.
EXAMPLE 21.7. Let F(z,y, 2) = xzi + xyzj — y*k. Find div F.

0 0 0
ution. divF = V.F— 2 o O oy .
Solution. div \% 5 (xz) + dy (xyz) + 82( y)=z+zz

THEOREM 21.8. Let F = Pi+ Qj + Rk. Suppose P,Q, R have continuous 2nd order partial
derivatives. Then div curl F = 0.
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: 0 (OR 0Q 0 (0P OR 0 (0Q 0P
1F= = (222 2 (2 22 L 2 (2 22
div cur 8$<8y 6z>+8y<0z 8x>+8z<8x 8y>

Proof.

B 0’R B 0%Q N 0*P B 0’R n 0%Q B 0*P
 Oxdy  0x0z  Oydz Oydxr  020x 020y

= 0.
because the terms cancel in pairs by Clairaut’s Theorem.

For a velocity vector field F, div F measures the amount of flow radiating at a point. If the
flow is uniform and without compression or expansion, then div F = 0. Thus, if div F = 0, we
say that F is incompressible. Whereas curl F measures the rotational effect of the vector field
F. Therefore, if curl F = 0, then we say that F is irrotational.

-~ E O S
- \ E O O S
N
//["é\TT\T E U G
a7
N A U G O
N
\ — N I G o
—> S Y
curl F #0 curl F=0
irrotational
> N N
Ed
= § > > E U - O
T3>
BN = L N
= e
divF =0
divF #0 . .
incompressible
A
7 > NS
A
AAT 7 =N R NI
Sy any
A7 \ NEWREIY
o AE
AR N
N RN i{\ N
NI £ fp \ M N
F(z,y) = ;g:;wi' F(z,y):%*y@jnear (3,3)
F is irrotational for (z,y) # (0,0) F is irrotational for (z,y) # (0,0)

Figure 121
Another differential operator occurs when we compute the divergence of a gradient vector field
Vf. If fis a function of three variables, we have
o*f O f  O%*f
v (VA= V- (V) =G5+ 55+ 50
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We abbreviate this expression as V2f. The operator V? = V -V is called the Laplace operator
because of its relation to Laplace’s equation:
0? 0? 0?

S
ox oy 0z
We can also apply the Laplace operator V? to a vector field F = Pi+ Qj 4+ Rk in terms of its
components:

Vif =

V?F = V?Pi+ V?Qj + V*Rk.
EXERCISE 21.9. Let r = /22 + 32 + 22. Find V3(r3).
EXERCISE 21.10. Prove that div(fF) = fdivF +F - V /.

21.1. Green’s Theorem in Vector Forms. Let F = Pi+ ()j be a vector field. Green’s

Theorem says that
oQ 0P
F-dr:// <—> dA.
/6D p \ 0z oy

0 oP
Regard F as a vector field in R3. That is F = Pi+ Qj + Ok. Then curl F = <8Q — 8) k,
z Y
oQ 0P . .
so that 9 or (curl F) - k. Therefore, we may state Green’s Theorem in the following
€z Yy

form:

/aDF-dr://D(curlF)-de.

To get a better meaning of this equation, let 9D be parametrized by the vector equation
r(t) = (z(t),y(t)) fort € [a,b].

We assume the pararmetrization gives the positive orientation of 9D. Then the unit tangent
vector is
a'(t) Y1)

()] [ (2)]

() = 0 )

Thus

N b / B b .r'(t) /
[)DF-dr_/a F(r(t))-r(t)dt—/a P(e(t) - I (0]

b
— [ ®Gte) 1) WOt = [ Foras
oD

a
where ds = |r/(t)| dt is the arc length differential. Then, we can also state Green’s Theorem in

the following form:
/ F-Tds:// (curl F) - kdA.
oD D

In this form, the equation expresses the line integral of the tangential component of F along
0D as the double integral of the vertical component of curl F over the region D. This is a
special case of Stoke’s Theorem in which D is not necessarily a planar region but is a surface
in R? with a boundary curve 9D.

We could also derive a formula involving the normal component of F along 0D. In that way,
Greens’ theorem will be stated in terms of the divergence of the vector field F. Using the above

@Department of Mathematics 89



Semester 11 (2018/19)

parametrization of C, one can easily verify (by taking dot product with T) that the outward
unit normal vector to 0D is given by

yt) ()
@)1 Ir'(#)]

(It is the outward pointing normal because C' is given the positive orientation.) Now we
consider the line integral of the normal component of F along dD.

n(t) = )-

:// divF dA.
D

Therefore,
/ F~nd8:// divF dA.
oD D

This version says that the line integral of the normal component of F along 9D is equal to
the double integral of the divergence of F' over the region D. This result can be generalized to
the case of closed surface enclosing a solid region in R? which is the content of the Divergence
Theorem.

In the next two exercises, we assume D satisfy the hypotheses of Green’s Theorem and the
appropriate partial derivatives of f and ¢ exist and are continuous. The first exercise is a
consequence of 21.10.

EXERCISE 21.11. Prove that // fV2gdA = / f(Vg) -nds — // Vf-VgdA.
D oD D

EXERCISE 21.12. Prove that //D(fv2g —gV2f)dA = /BD(f(Vg) —g(Vf)) nds.

22. Parametric Surfaces and their Areas

DEFINITION 22.1. Let r(u,v) = (z(u,v),y(u,v), z(u,v)) be a vector-valued function defined on
a region D in the uv-plane. Then

S={(z,y,2) | x = z(u,v),y = y(u,v),z = z(u,v), (u,v) € D}

is called a parametric surface. The equations: © = x(u,v),y = y(u,v),z = z(u,v) are called
the parametric equations of S.
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v z
D r(u,v)
U Yy
(0]
T
Figure 122

ExXAMPLE 22.2. Identity the surface with vector equation r(u,v) = (2cosu,v,2sinu).

Solution. The point (z,y,2) = (2cosu,v,2sinu) lies on this surface if and only if 22 + 22 =
4 cos? u + 4sin? u = 4. Therefore, the surface is the cylinder 22 + 22 = 4. The domain of r can
be taken as the infinite strip D = {(u,v) | 0 < u < 27, —00 < v < oo}. The function r simply
identifies the two vertical sides of this strip to form the cylinder. Here we omit the line u = 27
so that r is injective. We could take the domain of r to be the whole xy-plane. In that case, r
takes the whole zy-plane and wraps it up around the cylinder infinitely many times.

r(u,v)

Figure 123

ExaMPLE 22.3. Find a vector function that represents the plane that passes through the point
Py with position vector rg and contains two non-parallel vectors a and b.

Solution. Let O be the origin. For any point P on the plane, its position vector r can be
expressed as
— —
r =0F, + PyP=ry+ ua+ vb,

for some numbers v and v.

Py a ua

Figure 124
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Therefore, r(u,v) = ro+ua+ vb is the vector equation of the plane. If we let rg = (x¢, y0, 20),
a = (a1, ag,a3), b = (b1, ba,bs), then the parametric equations of the plane are : x = zy +
uay + vby,y = yo + uag + vba, z = 2y + uas + vbs. Here u and v are the parameters.

EXAMPLE 22.4. Find a parametric representation of the sphere 2 + y2 + 22 = a2.

Solution. We use the angles ¢ and 6 in spherical coordinates. For a point on the sphere, p = a.
Thus x = asingcos b,y = asin ¢sinf, z = acos ¢. That is

r(¢,0) = (asingcos b, asin psinb, acos ).

EXAMPLE 22.5. Find a vector function that represents the elliptic paraboloid z = 22 + 23/2.
Solution. We simply use x and y as the parameters. Thus, r(z,y) = (z,y, 2% + 2y?).

In general, if the surface S is the graph of a function z = f(z,y), then a natural parametric
representation of S is

r(z,y) = (z,y, f(z,9)).

EXAMPLE 22.6. Find a parametric representation of the cone z = 21/x2 + 32.
Solution. Since the cone is the graph of the function z = 2y/22 + y2, we can simply take
r(z,y) = (z,y,2V 2% + y?).

Alternatively, we can consider cylindrical coordinates. The equation of the cone z = 21/22 + 32
in cylindrical coordinates is z = 2r. Thus if we use polar coordinates (r, ) of the zy-plane, we
can write r(r,6) = (rcosd,rsinf, 2r).

22.1. Tangent Planes. Let S be a parametric surface defined by

r(u,v) = (z(u,v),y(u,v), z(u,v)).
We shall find the equation of the tangent plane to S at a point Py with position vector
rg = I'(UQ, 7)0).
Consider the horizontal line v = vg in the uv-plane and within the domain of r, its image under r
is a curve C} on S passing through the point Py. This curve C; has a vector equation r(u, vy) =
(x(u,v0),y(u,vp), z(u,vp)). The tangent vector to C; at Py is given by %r(u,vo) lu=ug » Which

is simply
Oz y 0z
Ty = (%(uo, UO)? %(UO, UO)a %(u()a UO))'

D r = r(u,v) %
- D - A,

C1 is the image of the line v = vg

1

T C3 is the image of the line u = ug

Figure 125
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Similarly, the image of the vertical line u = up under r is a curve Cy whose tangent vector at
Py is given by
Oz y 0z
ry, = (= (uo,v0), == (w0, v0), 7— (10, v0))-
0 = (G o, v0), 5 (1o, v0), 5 1o, o)

Both vectors r,, and r, lie in the tangent plane to S at Py. Therefore, the cross product r, X r,,
assuming it is nonzero, provides a normal vector to the tangent plane to S at Fy. Therefore,
(r—rp)-(ry, xr,) = 0 is the equation of the tangent plane. At this point, lets’ make a definition.

DEFINITION 22.7. The surface S is said to be smooth if v, X r, # 0 for all points (x,y) € D.

Thus a smooth surface always has a tangent plane at each of its points. Basically, a smooth
surface is one which has no corners and no breaks.

ExaMPLE 22.8. Find the equation of the tangent plane to the surface with parametric equations
r=u?y=1v%2=u+ 2v at the point (1,1, 3).

Solution. The vector equation of the surface is

2

r(u,v) = (u?, 0%, u + 20).

Therefore, r, = (2u,0,1) and r, = (0,2v,2). Thus, a normal vector to the tangent plane is
r, X r, = (—2v, —4u,4uv). At the point (1,1,3), we have (u,v) = (1,1). Then, the normal
vector at (u,v) = (1,1) is (—2,—4,4). Therefore, the equation of the tangent plane to the
surface at (1,1,3) is ({x,y,2) — (1,1,3)) - (—2,—4,4) = 0, or equivalently,  + 2y — 22+ 3 = 0.

22.2. Surface Area. If a smooth parametric surface is given by
r(u,v) = (z(u,v),y(u,v), z(u,v)), (u,v) € D,

and r is injective except possibly on the boundary of D, then the surface area of S over D is

defined to be
A(S) = // vy, X ry|dA.
D
2

EXAMPLE 22.9. Find the surface area of the sphere z2 + y? 4 2% = a?.
Solution. A parametric representation of the sphere is given by

r(¢,0) = (asin ¢ cos b, asin ¢sin b, a cos @),
where 0 < ¢ < 7 and 0 < 0 < 27. Thus,

i j k
ry Xrg = | acos¢costl acospsing —asing
—asin¢sinf asin ¢ cosf 0

= (a®sin® ¢ cos 0, a? sin? ¢ sin 6, a? sin ¢ cos B)

Therefore, |ry X rg| = a?sin ¢. Hence,

27 i
A(S)=// !ru><rv|dA:/ / a? sin ¢ dpdl = dra>.
D 0 0

@Department of Mathematics 93



Semester 11 (2018/19)

22.3. Surface Area of the Graph of a Function. Let S be a surface which is the graph
of a function f(z,y) defined on a domain D C R?. Then a parametric representation of S is

r(z,y) = (z,y, f(z,y)). Thus, r, = (1,0, f;) and r, = (0,1, fy) so that ry xr, = (= fz, —fy, 1),
and |ry x ry| = /14 f2+ fg Therefore, the surface area of S over D is given by

S)_//D,/1+f3+fy2dA.

This is the same formula derived in section 12.

EXERCISE 22.10. Suppose S is the surface obtained by rotating the curve y = f(z) for = € [a, b]
through an angle 27 about the z-axis, where f(x) > 0, and f/(z) is continuous. Show that S
has a parametric representation given by r(z,8) = (z, f(x) cos @, f(x)sin@), for z € [a,b] and
6 € [0, 2x]. Show that the area of S is given by

b
2 / f@)VIT [ @R de.

EXERCISE 22.11. On the zz-plane, the circle (z — b)? + 22 = a? (b > a) is rotated through an
angle 27 about the z-axis to form a torus T. Find the surface area of T

[Answer: 472ab)

22.4. Surface Integrals. Let S be a parametric surface with vector equation r(u,v) =
(x(u,v),y(u,v), z(u,v)), where (u,v) € D. Let f(x,y,z) be a continuous function defined on

S.

DEFINITION 22.12. The surface integral of f over S is

// f(x’y’z>d5:// F(x(u,v))|ry X 1| dA.

If S is the graph of z = g(«,y), then

//fxy, )dS = //fxy, (z,9))\/1 + g2 + g2 dA.

ExAMPLE 22.13. Evaluate // 22 dS, where S is the unit sphere z2 + 32 4 22 = 1.
S

Solution. A parametric representation of the unit sphere is given by
r(¢,0) = (sin ¢ cos §, sin ¢ sin 0, cos ¢),
where 0 < ¢ <7 and 0 < 6 < 27. From example 22.9, we have |ryg X rg| = sin ¢. Therefore,

//33 s = // (sin ¢ cos 0)%|ry x rg| dA
/ / sin® ¢ cos® 0 dpdb
2
:/ sm3¢>d¢/ cos? 0 df

= 47 /3.

ExaMPLE 22.14. Evaluate / / zdS, where S is the surface whose side face Sy is part of the
S

cylinder 22 4+ 32 = 1 bounded by the bottom face Sy which is the zy-plane and the top face
Ss which is part of the plane z = x + 1 above the xy-plane. See figure 126.
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Solution. The surface integral is the sum of three surface integrals:

//SzdS://SlzdS—l—//&zdS—i—//SBzdg'

z S3:z=1+4=zx

Figure 126

Let’s first calculate the surface integral over S;. The surface 57 is a cylinder. By example 22.2,
it has a parametric representation r(6, z) = (cosf,sin6, z), where 0 <0 < 21,0 <z <14z =
1+ cosf. Thus, ry x r, = (cosf,sinf,0) and |ry X r,| = 1. Therefore,

2 1+cos 6 2 1 3
// zdS:/ / zdzdé’:/ —(1+4cosf)*df = —.
S o Jo 0o 2 2

On S5, we have z = 0. Thus the integrand of / / zdS is zero so that the integral has value
Sa

// zdS = 0.
Sa

The surface Sj is the graph of the function z = 1 4+ x. Therefore, using polar coordinates, we

have
//sgzdsz //D(””“’)\/mdfl://])(lw)ﬂdfl

27 p1
= / / (1+7cos®)V2rdrdd = /2.
0 Jo

zero. Therefore,

3
Consequently, / / zdS = % + V2.
S

EXERCISE 22.15. Evaluate // 22 dS, where S is the portion of the cone z = /22 + y2 for
S
which 1 < 22 —|—y2 < 4.

[Answer: 157+/2/2]
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23. Oriented Surfaces

A surface S is said to be orientable if it is two-sided, otherwise it is non-orientable. For
example, a sphere is orientable because it has an inside and an outside. Whereas the Mobius
strip in figure 127 is non-orientable. When one walks on one side along the center curve of the
Mobius strip, one arrives after one turn to the same position on the opposite side. This means
the Mobius strip is only a one-side surface and is non-orientable.

Figure 127 A Mobius band

If S is orientable, then it is possible to choose a unit normal vector n at every point .S so that
n varies continuously over S. In that case, .S is called an oriented surface and the choice of n is
called an orientation of S. There are only two orientations of an orientable surface S, namely
one for each side of the surface S which corresponds to the choice where all the unit normal
vectors point away from that side of the surface.

n

S -5
Figure 128  There are two possible orientations of S.

If S is the graph of z = g(x,y), then
<_g$7 _gy7 1)

V9t +1

is the upward orientation of S because the k-component is positive.
If S is a smooth orientable surface given in parametric form by a vector function r = r(u,v),
then it is automatically supplied with the orientation of the unit normal vector

Iy X Iy

n—

- [ty X 1y|
The opposite orientation is denoted by —n and the corresponding oriented surface is denoted
by —S.
As an example, consider the unit sphere. It has a parametric representation given by
r(¢,0) = (sin ¢ cos d,sin ¢psin 6, cos ¢),
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where 0 < ¢ < 7 and 0 < 0 < 27. From example 22.9, we have
rs X g = (sin® ¢ cos 6, sin? ¢ sin 0, sin ¢ cos ¢)

and [ry x rg| = sin ¢.

T T

The positive orientation The negative orientation

Figure 129  The sphere

ToX%0 — (sin ¢ cos 0, sin ¢ sin 6, cos ) = r(¢, ), which is the outward pointing

Therefore, n = =
[rg x|

normal.

For a closed surface (i.e. a surface which is the boundary of a solid region E), the convention
is that the positive orientation is the one for which the normal vector points outward from FE,
and the inward-pointing normal gives the negative orientation.

24. Surface Integrals of Vector Fields

Let F be a continuous vector field defined on an oriented surface S with unit normal vector n.
The surface integral of F over S is

//SF-dS://SF-ndS.

This integral is also called the flux of F over S.
If S is the graph of a function z = g(x, y) over a region D in the xy-plane, and F = Pi+Qj+ Rk,

then
//F-dS://F-ndS
S S < 1)
— [ poum Sl g
D

92+gi+1
= //D(—ng—ng—l-R) dA.

EXAMPLE 24.1. Evaluate // F - dS, where F(z,y,2) = (y,x, z), and S is the boundary of the
S

solid region E enclosed by the paraboloid z = 1 —z? — y? and the plane z = 0. Here S is given
the positive orientation with respect to F.

Solution. Let S be the paraboloid above the zy-plane and S5 the unit disk D on the zy-plane.
Then S is the union of the surfaces S; and S;. The surface integral over S is the sum of the
surface integrals over S; and So.
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Figure 130

First let’s compute the surface integral over S7. The surface S; is the graph of the function
g(z,y) = 1—22 —y? over the disk D = {(z,y) | 2% +y* < 1}. We have g, = —2z and g, = —2y.

Therefore, / /S F.dS = / (—Pgs — Qg, + R) dA
1 // —(=2y)+ (1 — 22 — %) dA
//” (14 oy — 2 — ) A

/ / (1 + 472 cos@sm@—r)rdrd9—§

The disk Sy is oriented downward, so its unit normal vector is —k. Then, / / F.dS =
Sa

// k)dS = // —2dS = 0, since z = 0 on Sy. Therefore, //F.dsz”.
So So s 2

If S is a parametric surface defined by a vector function r = r(u,v) : D — R?, then

[fras=[]F s
-/

i [F( (u,0)) - ’rzird Ity X o] dA
- //D F(r(u,v)) - (fy X ry) dA.

Therefore,

//F a8 = [[ Flru0)- (ruxr,)da,

ExXAMPLE 24.2. Let F(z,y,2) = (z,y,x). Evaluate // F - dS, where S is the unit sphere
S

22 + 9% 4+ 22 = 1, oriented with the outward pointing normal.
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Solution. A parametric representation of the unit sphere is given by
r(¢,0) = (sin ¢ cos §, sin ¢ sin 0, cos ¢),

where 0 < ¢ <7 and 0 <0 < 27. We have
ry X rg= (sin” ¢ cos B, sin” ¢ sin 6§, sin ¢ cos @), and F(r(¢,0)) = (cos ¢, sin ¢sin §, sin ¢ cos §).

Thus, F - (ry X rg) =2 sin? ¢ cos ¢ cos 0 + sin® ¢ sin? . Therefore,

27
//F dS—/ / (2sin® ¢ cos ¢ cos 6 + sin® ¢ sin® 0) dpdh
S

2w
—2/ sin gbcosd)dqb/ cos@d0+/ Sln3¢d¢/ sin? 0 df
0
= 0+4n/3.

25. Stokes’ Theorem

THEOREM 25.1. (Stokes’ Theorem) Let S be an oriented piecewise-smooth surface that is
bounded by a simple, closed, piecewise-smooth boundary curve C with positive orientation.
Let F be a vector field whose components have continuous partial derivatives on an open region

in R? that contains S. Then
/F-dr://(curl F)-dS
C S

n C

Figure 131  Stokes’ Theorem / F.dr= / (curl F) - dS
C S

Proof of a special case of Stokes’ Theorem.
Assume S is the graph of z = g(z,y), over a region D which is of type I and II in the zy-plane,
and ¢ has continuous 2nd order partial derivatives.

@Department of Mathematics 99



Semester 11 (2018/19)

H

Cy

Figure 132

Let F = Pi+ @Qj + Rk. Then

//curlF -dS = // (Ry — Q2)9x — (P. — Ry)gy + (Qe — Py) dA.

Let x = z(t), y = y(t), t € [a,b] be a parametric representation of the boundary curve C; of
D. Then x = z(t),y = y(t),z = g( (t),y(t)) is a parametric representation of C. Therefore

b dZL‘ dz
/F dr—/ a Q +Rdt]dt
O dx dx dy
_/ E+Q +R(gxdt+gydt)} dt
—/b (P + Rg) ™ 4 (@ + Rg) ™| at
N 92) ) gt

/ (P + Rgy)dx + (Q + Rgy)dy

// [ (Q + Rygy) — 88 (P + Rgm)} dA by Green’s Theorem on D
+ Rz%)gy + ngz

// Qe+ Q.2 ((R »

+Rzay)gx ngy
// (R, ngx—(P Ro)gy + (Qu — Py) dA

:/ (curl F) - dsS.
S

Note that Q(z,y,z) = Q(x,y,g(x,y)) is a function of x and y in D. By chain rule, we have

@ - Qma Qy% + Qz%- That is @ =Q, + Qz% = Qg + Q.g,. Similarly, we have
Ox Ox ox

ox
8R

=R, + R.g,.
O + g

ExXAMPLE 25.2. Evaluate / F - dr, where F = —y?i + zj + 2%k, where C is the curve of

C
intersection of the plane y 4+ z = 2 and the cylinder z? + y?> = 1, and C is oriented in the
counterclockwise sense when viewed from above.
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Solution. Let S be the surface enclosed by C' on the plane y + z = 2. S is the graph of
z = g(z,y) = 2 — y over the disk D = {(z,y) | 2% + 3 < 1}.

z

Figure 133
i j k
Also curl F = 8@ 3% % = (1 + 2y)k. By Stokes’ Theorem,
- R
2
/F dr—//curlF dS—// 1+2y)dA = / / (1 + 2rsin @)rdrdd
0 5 g Sln 6) d9 = Tr.

ExaMmPLE 25.3. Use Stokes’ Theorem to compute // curl F - dS, where F(z,y,z) = yzi +

S
xzj + wyk and S is the part of the sphere 22 4+ y? 4+ 22 = 4 that lies above the cylinder
22 + 4% = 1 and above the zy-plane. S as part of the sphere is given the outward orientation.

Solution. The cylinder z? + y? = 1 intersects the upper hemisphere z = /4 — 22 +%2 in a
curve C' at height z = v/3. The curve C has a vector equation given by r(t) = (cost,sint,/3)
and r'(t) = (—sint, cost,0). Also F(r(t)) = (v/3sint,v/3cost,costsint). By Stokes’ Theorem,

Figure 134

//ScurlF.dS = /CF.dr: /CF(I‘(t))-r’(t)dt — /QW(—\/gsiDQt+\/§coszt)dt: 0.

0

Note that one can compute a surface integral simply by knowing the values of F on the
boundary curve C. This means if we have another oriented surface with the same boundary
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curve C, then we get exactly the same value for the surface integral. If S and S’ are oriented
surfaces with the same oriented boundary curve C and both satisfy the hypotheses of Stokes’

theorem, then
//(curlF)-dS:/ F-dr:// (curl F) - dS.
S C /

This fact is useful when it is hard to integrate over one surface but easy to integrate over the
other.

COROLLARY 25.4. If curl F = 0 on all of R3, then F is conservative.

Proof. By Stokes’ Theorem, / F.-dr = / / curl F - dS = 0 for all simple closed curve C in
C S
R3. By cutting any closed curve into a finite number of simple closed curves, the line integral

is zero for any closed curve. Thus F is conservative by 19.6.

EXERCISE 25.5. Let S be the capped cylindrical surface shown in figure 135. S is the union of
the surfaces S; and Sy where S; = {(z,9,2) | 22 +9y* =1,0< 2z < 1} and Sy = {(z,y, 2) | 22+
vP+(z—1)2=1,2 > 1}. Let F(z,y,2) = (22 + 2%y + 2)i + (2%yz + y)j + z*2°k. Evaluate

/ / curl F - dS, where S is oriented by the outward pointing normal.
S

[Answer. 0]
So

S

Figure 135
EXERCISE 25.6. Let S be a closed oriented surface and let F a vector field on R?® whose
component functions have continuous partial derivatives. Show that curl F-dS = 0.
S

EXERCISE 25.7. Let S be an oriented surface and let F' be perpendicular to the tangent to the

boundary of S. Show that // curl F-dS = 0.
S

26. The Divergence Theorem

THEOREM 26.1. (The Divergence Theorem or Gauss’ Theorem) Let E be a solid region which
is both of type I, II and III, and let S be the boundary of E, given with the positive (out-
ward) orientation. Let F be a vector field whose component functions have continuous partial
derivatives on an open region containing E. Then

J[F-as= [[[ awrav

Proof. Let F = Pi+ (Q)j + Rk. Then div F = P, + @, + R.. Thus,

///EdivFdV://Edev+//Edev+//EdeV

Let n be the unit outward normal of S. Then
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//SF.dS://g(Pi+Qj+Rk).ndS://qPi-nd5+/LQj.nd5+//SRk,ndS'

We shall show

//SPi-ndS:///EPde,//SQj.ndS:///EdeV,and//SRk.ndS:///Edev.

So 2z =wua(x,y)

)
3

S1:z=wui(x,y)

:

Figure 136 Type 1 solid region

To prove the third equation, we use the fact that E is a type I solid region:

E={(z,y,2) | wi(z,y) < z <wug(z,y), (z,y) € D},

where D is the projection of E onto the zy-plane. The boundary of E consists of 57, S2, and
Ss.

On S3, n is perpendicular to k. Thus // Rk -ndS =0.
S3

The surface Sy is given as the graph of z = uQ(a; y) with (z,y) € D. On Sy, the outward
normal is given by n = (—(ug)z, —(uz)y, 1)/((u2)7 + (u2); + 1)2. Thus,

//SZRk nds — // (2, us(z, y)) dA.

The surface S; is given as the graph of z = wu(z,y) with (x y) € D. On Sp, the outward
normal is given by n = ((u1)q, (u1)y, —=1)/((u1)z + (u1); + 1)z. Thus,

//Sle nds == [[ Ry a

Therefore, // Rk -ndS = // R(z,y,u2(z,y)) — R(x,y,ui(x,y)) dA
S D

) @Y) OR
_ z—u2(x7y A = a A
//D I:R(x; y7 Z)]z:u1 (17 y d // /1;1 37 y) 8Z dz d
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- [|[ rav.

Similarly, using the fact that F is a type II and III solid region, one can prove the second and
first equation. Combining the three equations, we get the Divergence Theorem.

EXAMPLE 26.2. Let F(x,y, 2) = zi+ yj+ zk. Evaluate // F - dS, where S is the unit sphere
S

22 + 9% 4+ 22 = 1 given with the outward orientation.

Solution. By the Divergence Theorem, // F-dS = /// div FdV = /// 1dV = volume
s E E

of the unit ball = 47 /3.

EXAMPLE 26.3. Evaluate // F - dS, where F = zyi + (y2 + ¢**")j + sin(zy)k and S is the
S
surface of the region F bounded by the parabolic cylinder z = 1—22 and the planes z = 0,y = 0

and y + z = 2. S is given the outward orientation.
Solution. The solid region E can be described as

E={(z,y,2) | —1<2<1,0<2<1-2%0<y<2— 2z}

(0,0,1)

Figure 137

By the Divergence Theorem, we have

1 1—22 2—z 184
//F-dS:///diVFdV:///3de:3// / ydydzdr = —.
s E E ~1Jo 0 35
EXERCISE 26.4. Let S be the surface of a solid region E. Show that

// r - dS = 3volume (E),
S

EXERCISE 26.5. Let S be a surface and let F be perpendicular to the tangent to the boundary
of S. Show that // curl F-dS = 0.
S

where r(z,y,z) = xi + yj + zk.
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EXERCISE 26.6. Let S be a closed surface and let F a vector field on R? whose component
functions have continuous second order partial derivatives. Show that / / curl F-dS =0.

S

EXERCISE 26.7. Prove that // Dy(f)dS = /// V2fdV, where Dy(f) is the directional
OF E

derivative of f along the direction of the unit normal n to the surface OF.

10.

11.

27. Further Exercises

Let L be a line with vector equation r(t) = (a, b, c) + t(«, 5,7), where (a, 3,7) is a unit
vector and P = (z9, 0, 20) a point in R3. Show that if d is the distance from P to L, then

d* = (z0 — a)* + (yo — b)* + (20 — ©)* — [a(wo — @) + Blyo — b) + (20 — )]
Find the distance between the surface z = 22 + y? and the plane x + y — 2z = 8.
Let Cy : p1 = p1(0) and Cy : p2 = p2(0), 0 < 6 < 27 be two simple closed curves on the
planes z = 0 and z = h, (h > 0) respectively such that each encloses the z axis in its
interior. Let A; and As be the areas of the regions R; and Ry enclosed by C7 and Cy
respectively. Suppose E is a solid with bottom and top faces R; and Ry such that any
vertical plane through the z-axis intersects the boundary of F in a quadrilateral. Show
that the volume of FE is given by

27
50+ 40— 15 [ (01(0) = pa(0)? s

Let f be a continuous function. Show that

/OI/Oy/OZf(t)dtdZdy:;/Ox(x_t)Zf(t)dt'

Let u be a unit vector. Prove that for any vectors v and w,
uxux(uxv)]-w=-u-(vxw).
Prove that if a, b, ¢ are vectors in R?, then
(axb)-[(bxc)x(cxa)=][a-(bxc)?

Suppose r = r(t) is a parametrization of the curve which is the intersection of the surfaces

= /4?2 — 22 —y2 and = siny. Let J =r x r’. Show that v’ = (J x r)/|r|?.
Let a,b,c be linearly independent vectors in R3, and r = (z,y, z). Let E be the solid
defined by the inequalities 0 <a-r<a,0<b-r< 3,0 <c-r <~. Show that

_ (aBy)?
/// a-r)(b-r)(c-r)dV = Sa- (bx )|
1,1 )
Evaluate / / 4w gy dy,
0o Jo

12 3,5 4 4,4
(i) Determine if  lim Ty Ty
(zy)—(00) 20+ 4y8
12 3,4 4 4,4
(ii) Determine if  lim Yty
(wy)—(00) a0+ 4y
Let «, 8 be nonnegative real numbers. Prove that

exists. Justify your answer.

exists. Justify your answer.

al°lyl®
()= (0.0) |2 + [y
if and only if a + 3 > 1.
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2 2
Let C be the ellipse :% + Z—Q = 1. For each point (x,y) on the ellipse, let p(x,y) be the
a

distance from the origin to the tangent line at (x,y) to the ellipse. Evaluate the line

2 2
. e+
integral / i ds.
c p(z,y)
Suppose that the function h : R? — R has continuous partial derivatives and satisfies the

equation

oh oh
h(z,y) = a%(m,y) + b@(x, Y)

for some constants a,b. Prove that if there is a constant M such that |h(z,y)| < M for
all (x,y) € R?, then h is identically zero.
Find the volume of the region of points (z,y, z) such that

(22 + 92 + 22 + 8)2 < 36(2? + ¢?).

Let (a1,az,a3) be a unit vector. Let B be the solid ball in R? centred at the origin with
radius . Show that

/// cos(arz + agy + azz) drdydz = 4.
B

Let D be the region on the zy-plane bounded by the curves y = /z,y = 2\/z, 2% +y% =1
and 22 + y? = 4. Evaluate the double integral

2 2 2
//wdA,
D Ty

Suppose that f(z,y) is a continuous real-valued function on the unit square 0 < z < 1,0 <
y < 1. Show that

/01 </01f(o:,y)dm>2dy+/01 </01f(33,y)dy>2dx
< (/Ol/olf(x,y)d:):dy)2+/ol/ol (f(z,y))? de dy.

Let H be the unit hemisphere {(z,y,2) : 22 + 3?> + 22 = 1,2 > 0}, C the unit circle
{(z,5,0) : 22 + y?> = 1}, and P the regular pentagon inscribed in C. Determine the
surface area of that portion of H lying over the planar region inside P, and write your
answer in the form Asin o + B cos 3, where A, B, «, 8 are real numbers.

Let S be the closed surface in the zyz-plane defined using cylindrical coordinates (r, 6, z)
by r =24 cosu,0 =t,z =sinu, where 0 <t <27, 0 < u < 27. Show that the volume of
the solid bounded by S is 472

Let C be a simple closed curve in the plane ax 4+ by + cz +d = 0. Let R be the region
enclosed by C' and oriented by n = (a, b, ¢). Prove that the area of R is

1
—_— j{ (bz — cy)dx + (cx — az)dy + (ay — bx)dz,
2n| Jo

where C' is the positively oriented boundary of R.

3 1
Consider the vector field F(x,y,2) = V(zp~2), where p = (22 + 32 + 22)2. Let S be a
closed surface enclosing the origin of R? oriented with the outward normal vector. Evaluate

[[sF-ds.

@Department of Mathematics 106



22.

23.

24.

25.

26.

27.
28.

Semester 11 (2018/19)

Suppose fi1(z1, o, x3), fo(x1, v, 23), f3(21, 2, 23) are functions on R with continuous

second order partial derivatives such that gﬂ{ L % is a constant function for all 7 and j.
J 7

Prove that there is a function g(x1, xe, z3) such that f; + % is linear for i = 1,2, 3.
Show that the volume of the solid bounded by the hyperboloids z2 + 3% = 1+ 22, y? + 22 =
142222 +22=1+4?is 8In2.

Let a,b,¢ > 0 and let E be the solid region which is the intersection of the 3 spheres:
22 +y? + 22 = 2ax, 2% + % + 2% = 2by, 2> + y® + 2% = 2cz. Prove that

9 1 1 1
AV = = (= 4 — 4+ =)3,
///sz V=yslgteta

Let ¢; and ¢ be two skew lines in R® with distance d apart, and let 6 be the angle
determined by the direction vectors of /1 and #5. A line segment of length a lies on ¢ and
a line segment of length b lies on ¢5. Find the volume of the tetrahedron determined by
the 4 endpoints of these two segments.

Find the surface area of the monkey saddle z = z(z? — 3y?) over the unit disk D =
{(z,y) e R? | 22 + % < 1}.

Evaluate [/ R m dA, where R is the unit disk centered at the origin on the zy-plane.
Evaluate [[ R m dA, where R is the unit disk centered at the origin on the zy-plane.
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