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Review of the Broadwell model

Broadwell model:

Ou+ 0yu = o(wz —uwv), 0w — 0,0 = o(wz — uw),
ow + Oyw = o(uv — wz),

Oz — Oy

o(uv —wz).
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LZeroth-order approximation

Review of the Broadwell model

Broadwell model:

Ou au <m—|—p+q m+p—q) >
— = 0Mm — U
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wherem=u+v+w+z, p=u—v,and ¢ =w — 2.
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LZ(=.|'o':h-order approximation
:

General idea to simplify the model

When ¢ is small,

~

(m+p+q)(m+p—q)

(m=pt+qg(m—p-q)
dm ’ dm ’
Lmtptgm—p+tqg _(mtp-—g(m—p-q
4m ' 4m
Can we build a model for m, p and ¢7
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LZ(=.|'o':h-order approximation
:

Broadwell equations in new variables

Let

p=u-—1,

g=w-—2,
m=u+v+w+z, S=Uu+vVv—wW-—=z.
Then
D 1 -1 0 0 U
gl [0 O 1 -1 v
m|] |1 1 1 1 w
s 1 1 -1 -1 z
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LZeroth-order approximation

Broadwell equations in new variables

0 dp 0

8_7? % + a—Z =0, (mass conservation)

0 0 . :
8_]Z + o <m;— 8) =0, (horizontal momentum conservation)
dq X 0 (m—s\ _ 0, (vertical momentum conservation)
ot Oy 2 -

0s

ot

op 6q_@(p2—q2_8>

m

or Oy €
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LZeroth-order approximation

Zeroth-order approximation

When ¢ is small,

The conservation laws can be approximated by
om Jdp Oq
ot Tor "oy
@ a<m2+p2_q2)_0

0,
8t+8_x 2m
dq 8<m2—p2+q2>_0

oy 2m

E—Fay
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LZ(=.|'o':h-orde|f approximation

An alternative derivation
» Equation of p:

Op  O(u+wv)

E—F oz =0

Approximation:

u—+v
L (mtpt+g(m+p—q N (m—p+q)(m—p—q)
4m, 4m,
B m? 4+ p? — ¢2
N 2m

» Equation of ¢ can be derived similarly.
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Asymptotic expansion

ou

au_

Ou  Ou_ ((mt+p+qg(m+p—q)
ot  Ox

4m —u)
U
L= mEpra(m+p—q)
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L First-order approximation
:

Asymptotic expansion

ou

8u_

(m+p+q)(m+p—q)
ot %_Um( 4m —u>
\
L= mEpra(m+p—q)

1

ol =

4m + < >
Asymptotic expansion:

(m+p+q)(m+p—q)
4m

+—u1+—2uQ+---
g g



Lecture 4: Model Reduction in the Gas Kinetic Theory
LModeI reduction for the Broadwell model

L First-order approximation

Asymptotic expansion

E

4m

@u+8U_0_m((m+p+Q)(m+p—Q) _u>

_ (m+p+Q)(mU+p—Q) +O<1>

4dm

Asymptotic expansion:

(m+p+q)(m+p—q)
4m

_(m—p+q)(m—p—q)

1 1
+—u1+—2uQ+---
g g

1 1
+ —U1 + v+
dm o g2t
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L First-order approximation

Asymptotic expansion

E

4m

@u+8U_0_m((m+p+Q)(m+p—Q) _u>

_ (m+p+Q)(mU+p—Q) +O<1>

4dm

Asymptotic expansion:

_(m+p+q(m—p+aq)

1
dm +;w1+;w2+“'

_(m+p—q)(m—p—q)

1 1
+ =21+ =2+
4m ot g2
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Balancing terms of the same order
Let

_(m4pH+q)m+p—q)
Ug =
Then

4dm

Oyu + Ozu = om(ug — )

4

L0
ox

1
875 <’U,()+;’U,1+>

1
z—m(ul+—uQ+~-->
o

1
<U0+—U1+"')
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L First-order approximation

Balancing terms of the same order

Let
e = mApFa)(m+p—q)
0 4m '

Then

Oyu + Ozu = om(ug — )

U
Ay (PRI PRI LAY (R
ot to Jul or “o Uul

1
:—m(ul+—uQ+--->
o

Approximation: u; = —(0yug + 0up)/m + O(1/0)
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First-order approximation

Since
om (o 0
ot ox  dy)’
op 0 (mP4+pP—¢° 1
a——&(—zm 0 )
2 _ .2 2
00 _ 0 (m-ra) (1)
ot oy 2m o
we obtain
Qe mAp 0 (miAp =g’ g O (m-ptq
""" " om or 2m 2m Oy 2m
m?—p*+q¢* (Op Oq
- 2 £+a—y>+0
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First-order approximation
Approximation of u;:

B 1 8U0 8U0 1
““‘E(W*%)+O<E)
p 2 m? + p? — 2 g 2 m? — p? + ¢
-~ 2m2 0z 2m 2m2 Jy 2m
2 2 2 2 .2 2 1
_w@+w@+o( )

4m3 ox 4m3 dy o
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L First-order approximation

First-order approximation
Approximation of u;:

B 1 8u0 8U0 1
M= (W*%) +O(;)

p 0 (m2+p2—q2) qg 0O (m2—p2+q2)

T om2ox 2m C 2m20y 2m
m2 4 p?— a0 m2—p? 4o 1
B i) et G L P A
4m3 ox 4m3 dy o

Similarly, we can also get

Cp 0 (mEepr—g g 0 m? — p? + ¢
© 2m20x 2m 2m? dy 2m

m? +p*—q*0 m? —p?>+4¢%*0 1
_#_m#_qw( )

4m3 ox 4m3 dy o

(%1
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First-order approximation

U+ v

zuo+v0+—(u1+vl)+0(%>
g g
miepr—
- 2m
1[p 0 (m?+p*—¢* q 0
+;[W%< om >———<
m?+p? — ¢ Op

m? — p? + ¢
m?2 Jy 2m
2m3

m? — p* + ¢ dq
ox

2m?3 8y}'
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L First-order approximation

First-order equation for p

S = o(wz ), 50— Y = g(wz —w)
8{; 8x = 0o\wz uv), 81’; ax ol\wz uv
y
dp  O(u+v)
ot T T or Y
'

8p+ 0 m?+p?—¢?
ot Oz 2m

m?2 dy

+1 0 {p ) (m2—|—p2—q2) q 0 (mz—pQ—i-q

o 0r |m2ox 2m
m + p? —q28p+m —p* 4+ ¢% Oq

2ms3 ox 2m3 dy
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First-order equation for ¢

g O m?—p*+q¢®
ot Oy 2m

_10[p 0 (mip-g
oy | m?0x

L4 9 m* — p* + ¢*
2m m?2 Oy 2m
- mP+p'—¢*p

m? — p? + ¢% 0q
2m3 ox

2m3 ay} =0
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Final equations

Final equations: Let

m? + p® — ¢ h_m2_p2+q2
n 2m ’ - 2m '
Then the first-order equations are
om Op Oq
- +t—+—=0,
ot  Odx 0Oy

dp Jg

o "o
dq Oh

§+8y

10

cdr \m2dx m2dy m2ox
10 ([ p Og q Oh g Op
E@(W@‘W@E‘W%

(pag q Oh g Op

+h 6)q>=0,

m? dy

L aq):o.
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Boltzmann equation and conservative moments

Boltzmann equation:

of

1

where

T .

Vf (L) — f(v) f(vs)] dw dw..
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Boltzmann equation and conservative moments
Boltzmann equation:

of

1

where

QU Ml v.t) = /R/S (!v vl ”—#)

)f(v2) = f(v)f(v.)] dw dv...
Conservative moments:
» Density: p = m(f)
» Momentum density: pu: m(vf)
» Energy density: F = im/{|v|?f)
Here (-) stands for the mtegratlon w.rt. v.
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Conservation laws

Using
1
[, v |ernaw=o
R §|v|2

we obtain the conservation laws:

o (" 1

5 | Pu +Vz~/ v | mvf(x,v,t)dv =0.

E R 1|v)?

Can we get a closed system for p, pu, and F that
approximates the Boltzmann equation?
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Equilibrium and asymptotic expansion

Equilibrium:
p(x, 1) mlv — u(zx, t)?

t) = _
M(@,v.1) m[2rkpT (x,t)/m]3/? eXp< 2kpT (x,t)
Asymptotic expansion:

f=fotehitefot oo

Then
0 0 1
£+6£+U'szo+€’v'vwf1 +-= ZQ[fO,fo]

+ (QUfo, 1] + QUfv, fo]) + e(QLfo, f2] + QUfv, A1 + QLf2. fo]) + -+
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Chapman-Enskog expansion
O(1/€) terms:
Q[fo, fol =0 = fo is a Maxwellian (isotropic Gaussian).
With the extra assumption that
Jo=M,
the asymptotic expansion
f=M+efi+efot--

is called the Chapman-Enskog expansion.
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Zeroth-order approximation: Euler equations

Plugging the expression of f into the conservation laws, we
obtain the Euler equations:

dp B
§+Vm-(pu)—0,

3}
%+Vw-(pu®u+pI):0,
OFE

=+ V- [u(E+p)] =0,

ot
where 5 )

=2 (E—-=plul?).

p 3< 2p|u|>
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First-order approximation
The first-order term f; can be solved from

% +v - Vafo = Qlfo, il + Qf1, fol + O(e).

The first-order approximation of the Boltzmann equation is
the Navier-Stokes-Fourier equations:

Op+ Vg (pu) =0,
(pu) + Va - (pu®@u +pl — %) =0,
WE + Vg [u(E+p) —Zu+q]=0,

where
2
Y =pu |[(Vu) + (Vu) — §<V ~u)I|, q=-krVT.

The values of 1 and x depend on the collision kernel.
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LMcbdel reduction for the Boltzmann equation

Navier-Stokes and Fourier laws
Navier-Stokes law:
9
Y =pu|(Vu)+ (Vu)' — g(V ~u)I |,

which indicates how the stress tensor X is related to the
velocity gradient Vu.

Fourier law:
q = —krVo,

which indicates that the heat flux q is proportional to the
negative temperature gradient —V§0.
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LMcbdel reduction for the Boltzmann equation

Navier-Stokes and Fourier laws

Navier-Stokes law:
2
Y =pu|(Vu)+ (Vu)' — g(V ~u)I |,

which indicates how the stress tensor X is related to the
velocity gradient Vu.

Fourier law:
q = —krVo,

which indicates that the heat flux q is proportional to the
negative temperature gradient —V§0.

The Navier-Stokes-Fourier equations are usually considered
accurate when the Knudsen number is less than 0.01.
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Moments

Moments:
Fi1i2-~~in = m/ Vi Vg * vinf(a:, v, t) d’U,
R3

where iy, 1o, ... 1, € {1,2,3}.
Examples:
» n=0: F = p (Number density)
» n=1: F; = pu; (Momentum density)
Fii + Iy + Fis

> n=2: 5 = FE (Energy density)
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:

Moment equations

Moment equations

of = QLS /]
0

v, O f) = (Vg -0, QLS f])
J

aFiliQ in > 8E1122nk o
TR Dy ra AT

The equations yield a system of infinitely many equations!

=
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LA brief introduction to moment methods

Closure problem

Closure problem: For a given n, express Fj ;,..;, ., in terms
of EliZ“‘im with m S n.
Closure by reconstruction: Given~FZ~1¢2A..ie with ¢ < n,
reconstruct a distribution function f such that

F1i1i2~~-iz =m Viq Vig ---vief(:c,'v,t) d’U, /= 0,1,...,71,

R3

and then compute

E1i2~~-in+1 = m/ Vi Viy = 'Uin+1f(w’ v, t) dv.
R3
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Maximum entropy closure

Maximum entropy closure: Given F} ;,..;, with { <n, solve
the following optimization problem:

min | f(x,v,t)log f(a,v,t)dv,
;o JR3

s.t. Filizmz‘g = m/ Vi Vig =+ * vief(:c,fv,t) d’U,
R3

(=0,1,...,n.
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La brief introduction to moment methods

Maximum entropy closure

Maximum entropy closure: Given F; with ¢ < n, solve

the following optimization problem:

112°+%g

min [ f(z,v,t)log f(w,v,t)dv,

f JR3
st. Fiyigiy, =m [ vy0, v, f(x, v, 1) do,
RS
(=0,1,...,n.
Solution:
n 3
f(wa v, t) = €xXp (Z Z )‘i1i2'“ie (-’13, t)vhviz e viz) )
£=0 i1,....ig=1

where A ;,..;,(x, t) are Lagrange multipliers determined by the
constraints.
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Example: Gaussian approximation
For n = 2, the maximum entropy distribution function is

f(v) = exp(a + a;v; + a;;v;v;)

or using another set of parameters p, u;, 0;;:

fv) =

e (= ) - )
(27r)3/2m\/det[0ij]
where (/' is the matrix inverse of 0;;: 0;;607% = §;..
m(f) = p,
<'U7,f - p/u’h

) =
m(vv; f) = p(0y + uiny),
m(v;v;v,f) = p(uiBjr + u;Oi + upb; + wiujug).
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Example: Gaussian approximation
Moment closure:
FyiFy + Fy By + Fy Fy o 2FFF
F - F2

Fijr =
Moment equations:
CA N

(%ck
DRE
8a:k -

OF; | 23: FyFy+ FuFy + FuF,  2EFF,
815 &Uk F F2

Py
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A list of moment methods

Unfortunately, explicit formulas for the maximum entropy
closure are only available for n < 2.
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LA brief introduction to moment methods

A list of moment methods

Unfortunately, explicit formulas for the maximum entropy
closure are only available for n < 2.
Other moment methods:
» Grad’s moment method
f = (polynomial) x M
» Quadrature-based moment methods
f = (sum of Dirac delta functions)
» Regularized moment methods
Close the system by asymptotic analysis
» GENERIC framework
Find the closure with thermodynamical admissibility.
> ...
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Summary

Model reduction by Chapman-Enskog expansion:
» Zeroth-order approximation: Euler equations

» First-order approximation: Navier-Stokes-Fourier
equations

Model reduction by moment methods:
» Moment closure problem

» Method of maximum entropy
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