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Dense gases

Boltzmann equation:
Wf+v-Vauf =Qf, f)
When f is large, we let f’ = ef and obtain
! ! 1 / !
O +v-Vaf = QU f).

Below we will omit the prime and focus on the steady-state
problem

vVl = 2QU. ).
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:

Review of the fixed-point iteration

Fixed-point iteration:

k
v Vg fFHD 4 &f(kﬂ) — 1

5Q(f(k)’ f(k)) + &f(k)’

€
where 1) is chosen such that Q(f®), f®)) + p®) k) > .
The convergence is slow when ¢ is small!
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Review of the Broadwell model

Broadwell model:

ou ou
ot  Ox
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ou _ow
ot 0y
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at 0Oy

We assume o = 1/e.

= o(wz — uv),
= o(wz — uv),
= o(uv —wz),

= o(uv — wz).
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Review of the Broadwell model

Broadwell model:

We assume o = 1/e.
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Fixed-point iteration for the Broadwell model

Fixed-point iteration: Let m =u+ v+ w + z.

au(kJrl)
T
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om ) k+1) 4 % — U(U(k)’l)(k) — w5 (k) + m(k)w(k)),
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Spatial discretization

Yj+2

Yj+1
Yj Ay IU"I‘;’/
Yi-1 Az
Yj—2
Tio Tio1 z; -%H—l Tito
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Spatial discretization

Upwind scheme:

Um_A—gz—la = o(Wi;Zij — Uy Vi
Vi — ‘fw = o(Wi;Zi; — UyVy
Wi; _AZV” = = o(UyViy — Wi Zy
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Spatial discretization

Fixed-point iteration:

pHD) _ D)
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:

Why is the convergence slow for large o7

Add up the four equations and we have

aMi(Jk)Mi(fH) + .= aMi(Jk)Mi(k)
I

I

W)
! aMi(f)
When o is large, the change of M;; is small.

(k+1) _
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Why is the convergence slow for large o7

Add up the four equations and we have
UMi(f)Mi(fH) + = aMi(f)Mi(f)
\

(k1) (R 1
My = M;; —m('“)
ij

When o is large, the change of M;; is small.

We can also show that the update of U;; — Vi; and Wy; — Z;;
is small when o is large.
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Why is the convergence slow for large o7

In general, for any algebraic equations

the iterative method

1
gmum) + T (gD = g( N(z®) + va®)
may converge slowly for small ¢ if there exists a vector a such
that
o’ N(x) =0, V.
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Symmetric Gauss-Seidel method

Idea: First update all the variables from left to right and from
bottom to top, and then update them in reverse order.



Lecture 3: Iterative Methods for Steady-State Boltzmann Equation
LSymmetric Gauss-Seidel Method for the Broadwell equation

Symmetric Gauss-Seidel method

Idea: First update all the variables from left to right and from
bottom to top, and then update them in reverse order.

Left-to-right, bottom-to-top scan:

U((c+1 U(k+1
ij i—1j O_(W(k-‘rl)Z(k-i-l) _ U(k+1)V(k+1)),

(k+1)
V-V o (WD 74D _ 1))y
Ax ij ij i i )

D _ W(k+1)
ij hi=l U(U(k+1)V(.k+1) W(k+1 Z(k+1))
Ay ij ij ij )

(k) (k+1)

g~ Zi

k+1 k+1 k+1 k+1
= o(USHIVED —wlh z0)y,
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Symmetric Gauss-Seidel method

Idea: First update all the variables from left to right and from
bottom to top, and then update them in reverse order.

Right-to-left, top-to-bottom scan:
U-((H_l) _ U(k)

i i-1,j (k+1) (k+1) (k+1)1 -(k+1)
Ax _U(VVij Zz’j _Uij Vz’j ),
E+1 E+1
V;EI-LJ') - V;g ) _ (W(k'i‘l)Z(k'f‘l) U(]‘H‘l)v(k"‘l))
- A = 0\ ij — Uy ij )
E+1 k
WZ(] ) — i(vj)_l _ (U(k+1)v(k+1) _ W(k+1)Z(k+1))
A = o0\Uy; ij ij ij )
Yy
E+1 k+1
Zi(,j-‘rl) - Zi(j :

k+1 k+1 k+1 k+1
— (UEIYHD _0 7040,
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Nonlinear equations

For each grid cell, we need to solve

1 1

Ui — 0 (WisZiy = UyVig) = = Uiea,
1 1

Ay Vo — oWiiZiy = UyViy) = Vs,
1 1

A_yWij - O'(Uijv;j - VVijZij) = A_yVVi,j—h
1 1

A—yZz‘j —o(UsViy — Wi Zij) = A_yZi,j-i-l-
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Nonlinear equations

For each grid cell, we need to solve

1 1

EUM - O'(VVisz‘j - Uz‘jvz‘j) = EUi—l,jﬂ
1 1

A—JEVEJ' —o(Wi;Zi; — Ui Viy) = A—xWHm
1 1

A—yWij —o(UVij — Wi Zy;) = A—yWi,j—lv
1 1

A—yZz‘j —o(UsViy — Wi Zij) = A—yZm'H-

In order that the method can be generalized to the Boltzmann
equation, we need an iterative solver for these quadratic
equations.
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Inner iterations
Let Mij = Ui]‘ + ‘/;j + VI/@']' + Zl]

Fixed-point iteration:

1 )\ ;e 1 () (n) R ONT)
(EJFUMM )Uij = Ui +o (W25 + () = vio]
1 ™\ 1) 1 () (n) ) )y )
(E + UMij ) Vij = Ag L +o [sz Zij + (Mij - Uij )Vm ] )
1 ™\ ) _ L (n)y () M) (n)yrpr(n)
<A—y + oM ) Wi = 5, Wi e v+ ) - Z5hwid],
1 ™\ ym+ny 1 () () (n) (M) 1 (n)
(A_y +oM;; ) Zy = A—yZi,j-H +o [Uij Vi + (M7 = W) Zy; } :

The update of M;; is small when o is large!
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© Acceleration of inner iterations
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An alternative form of the collision term
For M =U+V +W + Z, we have

w+wmv+m_U>

U(WZ_UV):UM<U+V+W+Z

WZzZ-UV)
g U+V+W+Z2

<V+va+2)‘a7
AUV —W2Z) (W+U (W+V) W),
St

U+V+W+2Z
(Z+U)(Z+V) Z)

uv —WwWZz)
d U+V+W+Z
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An alternative form of the collision term
For M =U+V +W + Z, we have

o(WZ —UV) =0oM (U — U),
o(WZ —UV)=0cM (Voo — V),
o(UV —=WZ) =M (Wa — W),

o(UV —WZ)=oM (Zs — Z),
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An alternative form of the collision term
For M =U+V +W + Z, we have

o(WZ —-UV)=0M (Uy —U),
oc(WZ -UV)=0M (Voo = V),
o(UV =WZ) =M (We —W),
o(UV —WZ)=0M (Zy —Z),
where
g _UemMU+z) L (VAW)V +2)
O U+VHW+Z T U+V+W+Z’

(W U)W +V) 7 _(Z+U)Z+V)
U+ VAW Z T U+ VAW Z
are the equilibrium values of U, V', W, and Z!
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Equilibrium values
Let

M=U+V+W+2, P=U-V, Q=W —Z.

Then
U+W)U+Z2) (M+P+Q(M+P-Q)
T U+V+WHZ AM ’
VAWV +Z) (M-P+Q)(M—-P-Q)
T U+V+W+Z AM ’
W+ U)W +V) (M+P+Q)(M~-P+Q)
T U+ V+W+Z AM ’

(Z+U)Z+V) (M+P—-Q)(M—-P—-Q)

U+ V4+W+Z AM
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LAcceIeration of inner iterations

Nonlinear equations

We want to solve

1 1

ag Ui~ oMUy = Uig) = = Uiery,
A%CV%J' — o M;j(Veoij — Vij) = ALxVH-Lj’
Aiywij — o M;j(Weoij — Wij) = Ainz',jl,
Aiyzij — oMyy(Zoasy — Ziy) = Aiyzm-ﬂ.

For the fixed-point iteration, the update of
M = Uij+Vij+Wij+2Zy;, By =Uy—Vij, Qij = Wij—Zy;

is small when ¢ is large.
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Can we solve M;;, P, and @);; directly?
By taking the difference of the first two equations

1 1
MUij - UMij(Uoo,ij - Uz'j) = MUi—l,j;
1 1
A—sz‘j — 0o M;j(Veoij — Vij) = A—xviﬂ,j,
we get
Py =Uij = Vij =Ui—1j — Vi1
Similarly,

Qij = Wiy — Zij = Wijo1 — Zija.
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LAcceIeration of inner iterations

Can we solve M;;, P, and @);; directly?
By taking the difference of the first two equations

1 1
MUij - UMij(Uoo,ij - Uz'j) = MUi—l,j;
1 1
A—sz‘j — 0o M;j(Veoij — Vij) = A—xviﬂ,j,
we get
Py =Uij = Vij =Ui—1j — Vi1
Similarly,

Qij = Wiy — Zij = Wijo1 — Zija.

However, we cannot solve M;; directly.
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Approximation of M;;

Adding up the four equations yields

Ui + Vi " Wi + Zij _ Uic1,j + Vi, n Wij1+ Zijn
Ax Ay Ax Ay '

For large o, we perform the following split:
Uij = Uoo,ij+5Uij; ‘/ij = Voo,ij+5‘/'ij;
~—— = ~—— =
large small large small
Wij = Weoij + Wiy, Zij = Zooij+02Z;5 .
—— =~ —— =~

large small large small
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Approximation of M;;

Ussij + Voosij
Az

Wi + Zooij
Ay

Cij7
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Approximation of M;;

Uoo,ij + Voo,z‘j X Woo,ij + Zoo,ij

—C,,
Az Ay !
where
Ui—1j+Vigry; Wi+ Zijn
sz — 5] 5] 5] 5J
! Ax * Ay
_0U; 40V Wiy 462y
Ax Ay
_ Ui +Viny n Wij1+ Zij
Ax Ay

_2(U3Vij — Wi Zij) (L 1 )
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Approximation of M;;

@ Use the current solution to approximate C;; (Cj;
@ Solve M;; from the equation

Uso,ij + Voosij
Az

Weij + Zoij

— oM
Ay g

~

.

ij
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Approximation of M;;

@ Use the current solution to approximate C;; (Cj; C’i(f)).
@ Solve M;; from the equation
Uooiij + Vooij | Wooij + Zooij _ cm,
Ax Ay J
Summary:
P = U1y = Vi, QY =Wija—Zigu,
1 1\
Y (Aw i Ay)
1

C«i(;l) + \/(Ci(jﬂ))Q _ {(PZ(J*)>2 _ (QS))Q} (ALZUZ _

Ay?

)
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Inner iterations
We would like to solve

a:Uij = oMij(Useij — Uyj) = 25Uim1,
1 Vg — oMy (Vaeij — Vij) = EViJrl,ja
ALsz'j — o Mi;(Waoij — Wij) = A%,Wi,j—l’
ALyZij — 0 M;j(Zooij — Zij) = ALyZi,j+1-

General procedure:

U(n V(n) W Z") —)P(*) (%) M(*)

1y ’Lj ? 1y Z_] ?

N U(*) V(*)~- W Z(*)

00,177 Y 00,557 ' 00,457 L 00,ij

— U0 vl i, e,
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:

@ Symmetric Gauss-Seidel method for the Boltzmann
equation
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Discretization of the distribution function

Yj+29
Yj+19
() Ayl feis
Yi-14 Ax
Yj—2¢
Ti_o Tig x; -%H—l fZi+2
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Steady-state Boltzmann equation

af

of
Ux% —+ Uy =

Two-dimensional steady-state Boltzmann equation:
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Steady-state Boltzmann equation

Two-dimensional steady-state Boltzmann equation:

vg+vg—1
0 Yoy e

Upwind method: v, = ¢L/N,

+ fl;ij - fl;i—l,j +u- fE;H—l,j - ff;ij
b Az 2.t Ax
1oyt flﬂ;ij - fe;z',j—l T fe;z',j+1 - fz;z‘j
Y.L Ay y,L Ay

_Q(fv f)

= %Qﬁ(fija fz])
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Steady-state Boltzmann equation

Two-dimensional steady-state Boltzmann equation:

of  of 1
'U:r% +vya_y - EQ(faf)

Upwind method: v, = ¢L/N,

+ fl;ij - fl;i—l,j — fﬂ;i+1,j - ff;ij
z,l + Y
: Ax ’ Ax
+ feij — feij—1 _ Jeige— fey 1

Can you write down the symmetric Gauss-Seidel method for
this equation?
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Inner iterations

Nonlinear equations: For each grid cell, we need to solve

Vg v 1
<‘A;| | y£|) Jeij = gQZ(fija f’L]) + Geijs

where g, ;; is a known function.

» For the fixed-point iteration, The density p;;, momentum
m;;, and energy F;; are updated slowly when ¢ is small.

> Accelerated iterative method:

fg” — Mz(j — fi; (nt1),
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Step 1: fg?) — M
Let

v
Then

|v]?
(N Vy.t 1
<|A:v| | > |)f1J:EQ£(fijafij)+glm

4
%:QO(W) <|Ux,z|

|Uy£|
Az

) Jej Z P (ve)ge.ij
£
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Step 1: fg?) — M
Let

v
Then

|[v]?
|vael Ivyel
A:v

) f Lij — éQE(fijafz]) _'_glm
¢

ZSO(’U@) (M

Y2

|Uylf|
Ax * Ay

) M+ (s — My

m]

= Z P (ve)ge ij
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Step 1: fg?) — MS)
Let

v
Then

|vf?

Vs vyl 1
(et B oy = 2Qut0 1) + 00

4
Z Pp(ve) (M
)

|vyel
Ax * Ay

) MG + U - M)

m]

=

= o(ve)ges;
4
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. £(n) (+)
Step 1: f;;" — M;;
Recall that
ME) = exp (o)) + 85 ve+ 9 loel?)

() gl () v
We can solve «;;", B3;;, and 7;;” by Newton’s method from

|Um Z| |U ,Zl * n n
St (st ) g+ 51— )
= o(ve)geis-
£
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Step 2: /\/lw — an

Fixed-point iteration

|Ux,€ | |vy,ﬂ | 1 (n) (n+1)
( Ax + Ay Uy, 17 fl 3iJ
1

_€Q (fzg 7f(n))+gllj+ VE

f(")

Lij°
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Step 2: /\/l,f;k f (n+1)

Fixed-point iteration:

[Vl | Jonel 1 o) p)
(A.T + Ay lzj flzg

1

Improved iteration:

’Ux,e| , (n+1)
(A—ﬂ Ay * 2t ) fi

1 1
= 5Q (fzg 7.f(n)) + geij + Eyézg(fé,z] Mlz] + M

n 1 n) p(n
= gQ (fzg 7f( )) + 9eij + gué,zzféﬂ;

(%) )

i)
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Summary

Iterative methods for the Broadwell model:
» Fixed-point iteration — slow convergence for large o
» Symmetric Gauss-Seidel method
» Accelerated inner iterations

Iterative methods for the Boltzmann equation:
» Symmetric Gauss-Seidel method

> Accelerated inner iterations
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