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© Introduction to the Fourier spectral method
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Function approximation in the frequency space
Let f(v) be a function defined on R3. Since
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Function approximation in the frequency space
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Llntroduction to the Fourier spectral method

Function approximation in the frequency space

Let f(v) be a function defined on R3. Since

1

o) = s | e
we can approximate f(v) by
;X
)~ In@) = G5 k:Z_N f(€)e AL,

where &, = A¢k.

However, fy is a periodic function, while f is not.
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Example

> f(v) =exp(—(v—3)%) + 0.7exp(—2(v + 2)?)
> f(€) = VTe €/ e ¥ 4 0.7\ /m]2e /8 e
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Example
> f(v) =exp(—(v—3)%) + 0.7exp(—2(v + 2)?)
> f(€) = VTe €/ e ¥ 4 0.7\ /m]2e /8 e
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(c) A =0.5 'B (d) A& = 1.0
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For

Discrete Fourier transform (DFT)

L
Iu(v) = (2m)3

frel€sv AL
k=N
the period is [—L, L]® with L = 7/ A¢.

Y
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Discrete Fourier transform (DFT)
For

fn(v) = !

k——
the period is [—L, L?.
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Discrete Fourier transform (DFT)

For

1 =
fn(v) = oLy k_ZN Freimev/L

the period is [— L, L]*. The coefficients fk can be computed by

3 N—1
O B o
¢=—N

where
1, kk=-N+1,...,N —1,
Ck = Cky ChyChs ) Chi = {27 k; = £N.

The equation (*) is called the discrete Fourier transform of f.
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Inverse DFT and fast Fourier transform (FFT)
The inversion of the DFT is given by

LL
(5

N
1 £ ik
>: (2L)° D e l= =N, N
k=—N
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|—Introduu:ticm to the Fourier spectral method

Inverse DFT and fast Fourier transform (FFT)
The inversion of the DFT is given by

¢L R
_ Foimk£/N _
f(N) (2L) > Jre , £=-N,...N.
k=—N

Fast Fourier transform (FFT): The DFT and IDFT can be
computed in O(N?log N) operations using the FFT algorithm!

¢ Metropolis Algorithm for Monte Carlo

¢ Simplex Method for Linear Programming

 Krylov Subspace Iteration Methods

* The Decompositional Approach to Matrix
Computations

* The Fortran Optimizing Compiler

¢ QR Algorithm for Computing Eigenvalues

¢ Quicksort Algorithm for Sorting

* Fast Fourier Transform

* Integer Relation Detection

 Fast Multipole Method
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i
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LIntroduction to the Fourier spectral method

Application of FFT: convolution

Let f(v), g(v) be 2L-periodic, and define
(Fro@)i= [ o= wylw)dw
[—L,L]?’
For full Fourier series (all modes k € Z3):
_ 1 ¢ irkw/L o 1 ~irtk-v/L
f(v)—Wkae , g(’v)—(QL)3 > e :

keZ3

Then

—

(f* ) = fr 0r.

In computation we approximate f and g by fy and gy,
containing only a finite number of modes k € {—N, ..., N}3.
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;

Application of FFT: convolution
Assume

G L T Z
Define

hN (’U) =
Then
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LIntroduction to the Fourier spectral method

FFT algorithm for convolution

FFT-based algorithm:
1. Compute fk and g from sampled values by FFT using
*x
2. Form hy, = frg for each k € {—N,... N}?;

3. Recover hy by inverse FFT if physical-space values are
needed.

The coefficient multiplication costs O(N?), and the overall
complexity including FFT and inverse FFT is O(N?log V).
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© Fourier spectral method for the Boltzmann collision
operator
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LFourier spectral method for the Boltzmann collision operator

Review of the Boltzmann collision operator

Collision operator: given a distribution function f(v),

ar.nw = [ [ 5 (oo B2
< P01 (0) — F(0) 1)) de o

where

, vt |'v—'vl|w v,_’U+U1_|’U—’Ul|w
2 2 o2 2 ’

and B is the collision kernel.
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Fourier transform of the collision operator
Fourier transform of Q(f, f):

K(£—¢,¢) — K(=¢,Q)f(6-¢)f(¢)d¢,
C(&~— CC

QUL T)E

where

K(’rl? C) = / / B <|g|7 u) e_%(’?—C)'ge—%ngnﬂ-C)-w dw dg
R? Js? 9]
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Fourier transform of the collision operator
Fourier transform of Q(f, f):

S 1 . .
QUTNE) = e [ Ute = 6.0 —Kogfe-0fo

where

K(n.¢) =/ / B (\g|7 M) e~ =096 laln+0 4u, dg.
R3 /52 gl

Numerical approximation:

Qk=< ) ZC — &0, &) frefe
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LFourier spectral method for the Boltzmann collision operator

Fourier transform of the collision operator
Fourier transform of Q(f, f):

QTN = s | (€= 6.0~ K¢ f(e-0F ) dc.
Ce~¢.0)

where

K(n.¢) =/ / B (\g|7 M) e~ =096 laln+0 4u, dg.
R3 /52 gl

Numerical approximation: O(NY)

Qk=< ) ZC — &0, &) frefe
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Fourier spectral method for the collision operator
Given f(v), we approximate Q(f, f)(v) by
@ Approximate f by f such that supp f C {v | |v] < R}.

@ Periodize f to obtain a 2L-periodic function fper, where
L > R.

© Compute fk from sampled values of fper by FFT.
Q Compute Qx by

. 1\* & A
Qr = (ﬁ) D Cl& — & ko) fuehe
=N

© Recover the approximation of Q(f, f)(v) by inverse FFT.
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Fourier spectral method for the collision operator
Given f(v), we approximate Q(f, f)(v) by
@ Approximate f by f such that supp f C {v | |v] < R}.

@ Periodize f to obtain a 2L-periodic function fper, where
L > R.

© Compute fk from sampled values of fper by FFT.
Q Compute Qx by

. 1\* & A
Qr = (ﬁ) D Cl& — & ko) fuehe
=N

© Recover the approximation of Q(f, f)(v) by inverse FFT.
This method does not produce reliable approximations!
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|—Fourier spectral method for the Boltzmann collision operator

Aliasing error
For f satisfying supp f C {v | |v| < R}, we have

supp Q(f, f) C {v | [v| < V2R}.

However, supp Q(foer; fper) could be R3!
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Dealiasing

Dealiasing:
» Eliminate all collisions with relative speed greater than
2R.
» Choose a sufficiently large L such that particles with
velocity in different periods do not collide.
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LFourier spectral method for the Boltzmann collision operator

Dealiasing

Dealiasing:
» Eliminate all collisions with relative speed greater than
2R.
» Choose a sufficiently large L such that particles with
velocity in different periods do not collide.

Collision term:

QN = [ [ 50wl B0
< P (0) — £(0) )] de o
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LFourier spectral method for the Boltzmann collision operator

Dealiasing

Dealiasing:

» Eliminate all collisions with relative speed greater than
2R.

» Choose a sufficiently large L such that particles with
velocity in different periods do not collide.

//B<‘ )

)f(vy) = f(v)f(v1)] dw doy,

Collision term:

where B(g, cosf) = B(g,cos8)1,<apy.
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LFourier spectral method for the Boltzmann collision operator

Fourier transform for the truncated operator

Fourier transform of Q%(f, f):

g =

g - <<> K*(=¢,Q)f (€ - O f(O) d¢,

where

K"(n,

/ / <|g| | | )e ;Tl C)ge zlg‘(n+C)wdwdg
B(2R)
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LFourier spectral method for the Boltzmann collision operator

Fourier spectral method
Given f(v), we approximate QZ(f, f)(v) by
© Approximate f by f such that supp f C {v | |v| < R}.

@ Periodize f to obtain a 2L-periodic function fper, where
L>2R.

© Compute fk from sampled values of fper by FFT.
@ Compute QF by

3 N
lej - (%) Z CR(€k - éévﬁﬁ)fk*lfl'
L=—N

© Recover the approximation of Qf(f, f)(v) by inverse
FFT.



Lecture 2: Numerical Methods for the Boltzmann equation

LFouner spectral method for the Boltzmann collision operator

Spatially homogeneous Boltzmann equation
5 = QUL

The spatially homogeneous Boltzmann equation is given by
of

f(()?v) = fO(v)'
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LF!:)urier spectral method for the Boltzmann collision operator

Spatially homogeneous Boltzmann equation

The spatially homogeneous Boltzmann equation is given by

of
SN F00) = fifv).

Fourier spectral method:
© Approximate fy(v) by a 2L-periodic function fo,per-
Q@ Compute f,g from sampled values of fo,per by FFT.
© Solve the ODE system
df, 1\° & A .
- = (i) D CME €0 &) feefe,  Tr(0) = fi.
£=—N

@ Recover the approximation of f(t,v) by inverse FFT.
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A fast algorithm for the collision operator
Another form of m) (&):

Qe = G | / K. (9.0.€)I(9,0.€)do dg

5 | B f(¢)dc.

where

Ki(g,0,8) = /2 9*Blg,w - 0)e 2% dw,
S+oo g ‘
K-(¢) = /0 - EB(QMJ -o)sin (g/¢|) do dg,

I(g,0,§) = - f(f - C)eiga'(s_C)/2 . f(C)e—iga"C/Z dc.
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A fast algorithm for the collision operator

Fourier transform of the collision operator

aTne = [ [ Kig.o)lg.0.6)dodg
3 /
27r2/K

= @

- ) f(¢)d¢.
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LFourier spectral method for the Boltzmann collision operator

A fast algorithm for the collision operator

Fourier transform of the collision operator:

— 1 +oo
QU D(E) = o / / K.(3,0,€)1(5,0.€) dodg
-5 [ E-QfE - O
Discretization:

» Discretize g by N points.
» Discretize o by M points on the unit sphere.
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LFourier spectral method for the Boltzmann collision operator

A fast algorithm for the collision operator

Fourier transform of the collision operator:

— 1 +o0
QU D(E) = o / / K.(9.0,€)1(9.0.€)dodg
-5 [ E-QfE - O

Discretization:

» Discretize g by N points.

» Discretize o by M points on the unit sphere.
Total computational cost: O(MN*log N).
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LFourier spectral method for the Boltzmann collision operator

A fast algorithm for the collision operator

Fourier transform of the collision operator:

— 1 +o0
QU D(E) = o / / K.(9.0,€)1(9.0.€)dodg
-5 [ E-QfE - O

Discretization:

» Discretize g by N points.

» Discretize o by M points on the unit sphere.
Total computational cost: O(MN*log N).

Can you complete the details of the fast algorithm?
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© Fix the physical properties
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LFix the physical properties

Properties of the truncated collision operator

O f o e S5

)f(vy) — f(v)f(v1)] dw do,

» For any 2L-periodic function f, Q%(f, f) is also
2 L-periodic.

» Mass conservation: / QY (f, f)(v)dv = 0.
[_L7L]3
» H-theorem: / QE(f, f)(v)log f(v)dv < 0.
[_LvL]g

» No momentum and energy conservation!
» The numerical scheme does not preserve the positivity!
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Fix the physical properties by postprocessing

© Prepare initial Fourier coefficients f,g by FFT. Let 7 = 0.
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Fix the physical properties by postprocessing

© Prepare initial Fourier coefficients f,g by FFT. Let 7 = 0.
@ Solve the ODE system for f;, from time jAt to (j +1)At.
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LFix the physical properties

Fix the physical properties by postprocessing
© Prepare initial Fourier coefficients f,g by FFT. Let 7 = 0.
@ Solve the ODE system for f;, from time jAt to (j +1)At.

@ Apply inv FFT to obtain f;™, £€ {~N,--- /N —1}3,
which approximate f(t,£L/N) at time (j + 1)At.
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LFix the physical properties

Fix the physical properties by postprocessing
© Prepare initial Fourier coefficients f,g by FFT. Let 7 = 0.
@ Solve the ODE system for fy, from time jA¢t to (7 + 1At

@ Apply inv FFT to obtain f;™, £€ {~N,--- /N —1}3,
which approximate f(t,£L/N) at time (j + 1)At.

Q@ Perturb fJ™ to f]* such that £/ > 0 and
Z(l Ll =) (Le e f.
¢
Zf”“ log f77 < ng log f;.
¢
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LFix the physical properties

Fix the physical properties by postprocessing
© Prepare initial Fourier coefficients f,g by FFT. Let 7 = 0.
@ Solve the ODE system for fy, from time jA¢t to (7 + 1At

@ Apply inv FFT to obtain f;™, £€ {~N,--- /N —1}3,
which approximate f(t,£L/N) at time (j + 1)At.

Q@ Perturb fJ™ to f]* such that £/ > 0 and
Z(l Ll =) (Le e f.
¢
Zf”“ log f77 < ng log f;.
¢

@ Apply FFT to fJ™' to obtain f”l.
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LFix the physical properties

Fix the physical properties by postprocessing
© Prepare initial Fourier coefficients f,g by FFT. Let 7 = 0.
@ Solve the ODE system for fy, from time jA¢t to (7 + 1At

@ Apply inv FFT to obtain f;™, £€ {~N,--- /N —1}3,
which approximate f(t,£L/N) at time (j + 1)At.

Q@ Perturb fJ™ to f]* such that £/ > 0 and
Z(l Ll =) (Le e f.
¢
Zf”“ log f77 < ng log f;.
¢

@ Apply FFT to fJ™' to obtain f”l.
Q Let j =7+ 1 and go to step 2.
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LFix the physical properties

Fix conservation and positivity by optimization

Idea: Minimize the distance between fi*1 and fi*!, subject
to the constraints of conservation and positivity:

mlnz |fj+1 J+1|2

subject to Z(l e P f; I+ = 2(1 2| )fe
¢ ¢

41
720
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LFix the physical properties

Fix conservation and positivity by optimization

Idea: Minimize the distance between fi*1 and fi*!, subject
to the constraints of conservation and positivity:

mlnz |fJ+1 ]+1|2

subject to Z(l L) f; S = 2(1 2| )fe

) ¢
j+1
;20
Question: How to solve an optimization problem in the form
. 2
min ||z — y|
xr

subjectto Ax =band x > 07
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LFix the physical properties

Solving the optimization problem

Define
Lz A) = |lz — y|* + AT (Az — b) + 6, (),
where
0 x>0
(5 — 9 = 9
+(@) {+oo, otherwise.
Then

—y||?, fAz=bandx >0
maxL@;A):{”m yl*, Az =band x>0
A +-00, otherwise.
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LFix the physical properties

Solving the optimization problem

Define
Lz A) = |lz — y|* + AT (Az — b) + 6, (),
where
0 x>0
(5 — 9 = 9
+(@) {+oo, otherwise.
Then

|z —yl?, fAz=bandx >0,

+-00, otherwise.

max L(x; M) = {

We just need to solve the unconstrained saddle point problem

min max L(x; \).
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LFix the physical properties

Solving the optimization problem

Define
Lz A) = |lz — y|* + AT (Az — b) + 6, (),
where
0 x>0
(5 — 9 = 9
+(@) {+oo, otherwise.
Then

|z —yl?, fAz=bandx >0,

+-00, otherwise.

max L(x; M) = {

We just need to solve the unconstrained saddle point problem

max min L(x; A).



Lecture 2: Numerical Methods for the Boltzmann equation

LFix the physical properties

Solving the optimization problem
The inner minimization problem can be solved by

min L(x; A)
= minlz — y[* + X" (Azx — b) + 0. (x)
2 1 2
= min ||z — (y——AT)\> - Hy—iATA +lyll>P=ATb
LT ’ 2 T
= max < 0,y — §A A + |yl =A'b.
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LFix the physical properties

Solving the optimization problem
The inner minimization problem can be solved by

min L(x; A)

xr

= min ||z — y|*> + AT (Az - b) + 5, (x)

1
—(y—=ATX
w(v-342)

L+
max O,y—EA)\

We just need to solve

2 2

+yl* = Ao

= min
x>0

1
—lly—=ATx
=

2
+lyl* = ATb.

2

—A'b.

1
max O(A), with &(A) := — ‘ max {O,y - EAT)\}
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LFix the physical properties

Optimality condition for the dual problem
Define
LT
z(A) :=max< 0,y — §A A
Maximizing @ is equivalent to solving
FA):=Axz(A\)—-b=0.

Since @ is concave and piecewise quadratic, its maximizer A*
satisfies
1 Tyx*
A max O,y—EA A"y =b.

Then recover the primal solution by

1
x* = max {O,y — §ATA*} .



Lecture 2: Numerical Methods for the Boltzmann equation
I—Fix the physical properties

Semismooth Newton method

FA) =0
Newton’s method:

AFFD = XB) o oA

JA)AR = —F (X))
where J(AK)) = v, F(AW).
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LFix the physical properties

Semismooth Newton method

FA) =0
Newton’s method:

AED = AB) L sA® 0 JAE AR = — F(AW)
where J(AK)) = v, F(AW).

However, F' is not differentiable for some .
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Semismooth Newton method

FA) =0
Semismooth Newton method:

AFFD = XB) o oA

JA)AR = —F (X))
where JA®) € 9F (A1),
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LFix the physical properties

Semismooth Newton method

F(A) =0

Semismooth Newton method:
AEED — A g sA® gAY AR = — (AR,
where JA®) € 9F (A1),
Generalized Jacobian:
OF(X) = conv { lim VEQA®) | A® - A, A0 ¢ SF}

Here SF is the set of non-differentiability points.
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LFix the physical properties

Generalized Jacobian for this problem

For )
F(A) = Amax {0, y— §ATA} — b,

its generalized Jacobian is
1
JA) = —§AD(>\)AT,
where D(A) = diag(dy, ..., d,) with

"0, wi—3(ATA) 0.
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LFix the physical properties

Generalized Jacobian for this problem
For
F(A) = Amax {0, y— %ATA} — b,
its generalized Jacobian is
JA) = —%AD(A)AT,
where D(A) = diag(dy, ..., d,) with

"0, wi—3(ATA) 0.

For our application, A is a 5 x (2N)3 matrix, and J(A) is a
5 X 5 matrix.
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L Fix the physical properties

Algorithm for fixing conservation and positivity

Algorithm 1 Algorithm for fixing conservation and positivity

1:

N gk b

10:

Input: Vector y, matrix A, vector b, tolerance ¢
Choose an initial multiplier A© and set k < 0

2™ = max {o, y— %ATA(’“)}, r® = Az® — b
while |r®)|| > ¢ do
Form D, = diag(d™) with d¥
Solve AD;AToA®) = 27
Choose ay, € (0,1] and update AFFD = A®) 14, 52"
Set k < k + 1 and compute:
x®) = max {O,y - %AT)\(]“)} , r® =Ax® —p
end while
Output: =* = z!

k)
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LFix the physical properties

Fix the entropy inequality

1
We now have f7+ > () that conserves mass, momentum, and

energy. How can we ensure the entropy inequality

Z 1 og [t < Zfé log f] (*)
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L Fix the physical properties

Fix the entropy inequality

We now have f;*' > 0 that conserves mass, momentum, and
energy. How can we ensure the entropy inequality

Z M og f1H <> fllog f17 (*)
£

Q If (*) holds, do nothing.

*)
@ If (*) is violated, find o € [0, 1) such that
D lofi 4 (1= o) Mylloglo f ™ + (1 — o) M)
¢

-~

updated solution — E fg IOg fé’
£

where M7 is the maximum entropy distribution function
with the same mass, momentum, and energy as f7.
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|—Fix the physical properties

Solve for M/:

The maximum entropy distribution

i Mlog M

14

subject to > (1,£,[€)Mj=> (1,£,[€7)f]
£
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LFix the physical properties

The maximum entropy distribution
Solve for M:
: i1 J
Iﬂ?gMe og M,

subject to Z(l,ﬁ, €)Y M3 = Z(l,f, |£|2)fg'

£ £

Solution: ‘
M, = exp (a+,3-£+7|£|2),

where o € R, 3 € R3, and v € R are Lagrange multipliers
determined by the constraints, which can be solved by
Newton's method.
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L Fix the physical properties

Algorithm for fixing the entropy inequality

Algorithm 2 Fix the entropy inequality using bisection

1:

=N

® N oa

10:

Input: f7*, f], ¢
Compute Hi+!' =", f7*! log 7 and HI =3, flog f}
If H/*! < H, output fe and stop
Compute M5 = exp(a + B - £ + v|€|*) with the same
moments as [’
Set o, + 0, og < 1, and ge(0) = o f; 7 + (1 — o) M,
while o — 0, > ¢ do

o4 (o +0Rr)/2

If >y 9e(0)log ge(0) > HI, set o < o; otherwise set
o < O
end while
Output: f]Jrl — O'LfZJrl +(1- UL)MZ
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:

o Generalization to spatially inhomogeneous Boltzmann
equation
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|—Generalization to spatially inhomogeneous Boltzmann equation

Boltzmann equation:
of
ot

Time-dependent Boltzmann equation

+v-V,f = Q(ﬁ f), f(O,iB,'U) = fo(m7v)
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Time-dependent Boltzmann equation
Boltzmann equation:
of
E""’v'vmf:Q(ﬁf)a f(07m7v):f0(m7'v)‘
Operator splitting: One time step from t; = jAt to
ti+1 = (j + 1)At consists of two steps:
@ Solve the transport step

Of +v Vaf =0

from t; to ;41 on a spatial grid for every velocity
Ve = EL/N
@ Solve the collision step

atf:Q(fuf)

from ¢; to ¢, for every spatial grid point.
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Time-independent (steady-state) equation

Steady-state Boltzmann equation:

with some boundary conditions.
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Time-independent (steady-state) equation

Steady-state Boltzmann equation:

with some boundary conditions.
Fixed-point iteration:
v Vg fEFD 4 ) plk+D) — Q(f(k) f(k)) + ) fk)

where v(¥)(z) is chosen such that the right-hand side is
nonnegative.
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In the next lecture

» The fixed-point iteration is slow when the gas is dense.

» A new iteration scheme will be introduced to accelerate
the convergence.
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Summary

Fourier spectral method:
» Discretization for functions on unbounded domains

» Dealiasing for the collision operator

Structure-preserving post-processing;:
» Fix conservation and positivity by solving an optimization
problem
» Fix the entropy inequality by a convex combination with
the maximum entropy distribution
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