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@ Introduction to rarefied gas dynamics



Lecture 1: Boltzmann equation

LIntroduction to rarefied gas dynamics

Gas dynamics
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Rarefied gas dynamics

Two scenarios for rarefied gas dynamics:
@ Low density, usual characteristic scale (space vehicles)

@ Usual density, small characteristic scale
(micro-electro-mechanical-systems)
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LIntroduction to rarefied gas dynamics

Rarefied gas dynamics

Two scenarios for rarefied gas dynamics:
@ Low density, usual characteristic scale (space vehicles)
@ Usual density, small characteristic scale

(micro-electro-mechanical-systems)

Characterization of rarefaction:

(Average distance between gas molecules)
(Characteristic length)
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LIntroduction to rarefied gas dynamics

Rarefied gas dynamics

Two scenarios for rarefied gas dynamics:
@ Low density, usual characteristic scale (space vehicles)

@ Usual density, small characteristic scale
(micro-electro-mechanical-systems)

Characterization of rarefaction:

Mean free path

(Characteristic length)
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Llntroduction to rarefied gas dynamics

Mean free path

The mean free path of the gas is the average distance the gas
molecule travels between two successive collisions.
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Llntroduction to rarefied gas dynamics

Mean free path

The mean free path of the gas is the average distance the gas
molecule travels between two successive collisions.

Mean free path of atmosphere:
@ Sea level: 0.07um
o Altitude 70km: 1mm
o Altitude 85km: 1lcm
@ Altitude 100km: 16cm
o Altitude 300km: 20km
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Description of the gas flow

Continuum hypothesis:

The gas flow completely fills the space it occupies
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LIntroduction to rarefied gas dynamics

Description of the gas flow

Continuum hypothesis:

The gas flow completely fills the space it occupies.

Physical quantities describing the gas:
@ Density (p): mass per unit volume
@ Velocity (u): local motion of the gas

@ Temperature (T'): internal energy per mass

(Mass in a volume Q) = / p(x) de
Q
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Llntroduction to rarefied gas dynamics

Continuum breakdown

Models based on the continuum hypotheses are no longer
accurate for rarefied gas flows:
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Figure from [D. Cinquegrana et al., Aerosp. Sci. Technol., 88, pp. 258-272]
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Llntroduction to rarefied gas dynamics

Using a particle system to describe the gas flow

Systems with a large number of particles:

@ Each particle has a

position and a velocity. A .
@ Particles travel at their \};: \L 4
own velocities. Pt L
@ The particles can interact - ;\‘i\~\/\

with each other.
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Llntroduction to rarefied gas dynamics
:

Molecular dynamics
Equations of motion: forall k =1,---, N,
dxk — o
dt — VYL,
dvk 1

i

.. 7$N)-
The number of molecules NV can be huge:

Vv
V2rd2\
For the argon gas, d ~ 4.17 x 1071%m.
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© A 2D Broadwell model

DA
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A two-dimensional four-velocity model

Assume that

@ We live in a 2D space. 9 - 1
@ Particles have only four B S
velocities: -
~o - ->
(17 O)Ta (_17 O)T’ ? - ?
0,17, (0,—-1). - 1

@ Only two types of collisions can take place:

{(17 O)Tv (_17 O)T} — {(0’ 1)T’ (Oa _1)T}7
{(0> 1)T7 (07 _1)T} — {(1> 0)T7 (_17 O)T}
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Interaction between particles
Before collision: Before collision:

= (=
=0 °

After collision: m

: i
| |

L o

’” After collision:

? -—o
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Distribution functions

Define
e u(x,t): number density of particles w/ velocity (1,0)7:

(# of particles with velocity (1,0)” in Q at time t)

_ /Q u(e, 1) da.

e v(x,t): number density of particles w/ velocity (—1,0)7.
e w(ax,t): number density of particles w/ velocity (0,1).
@ 2(z,t): number density of particles w/ velocity (0, —1)7.

These functions are called distribution functions.
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Collision-only dynamics

Assumptions:

@ The system is spatially homogeneous, i.e. u,v,w, z are
independent of x.

@ Particles interact only through collisions (short-range
interactions).
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Collision-only dynamics

Assumptions:

@ The system is spatially homogeneous, i.e. u,v,w, z are
independent of x.

@ Particles interact only through collisions (short-range
interactions).

Collision-only dynamics:
uw(z,t +dt)de = u(z,t)de + S — S,
v(z,t +dt)de = v(z,t)de + S — S, ,
w(x,t+dt)de = w(z,t)de + S} — S,
z(x,t +dt)de = z(x, t)de + S - S, .
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Collision-only dynamics

Assumptions:

@ The system is spatially homogeneous, i.e. u,v,w, z are
independent of x.

@ Particles interact only through collisions (short-range
interactions).

Collision-only dynamics:
uw(z,t +dt)de = u(z,t)de + S — S,
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Collision-only dynamics

Assumptions:

@ The system is spatially homogeneous, i.e. u,v,w, z are
independent of x.

@ Particles interact only through collisions (short-range
interactions).

Collision-only dynamics:
uw(z,t +dt)de = u(z,t)de + S — S,
e S;': number of collisions that generate particles with
velocity (1,0)7.
@ S, : number of collisions that consume particles with
velocity (1,0)7.
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Count the collisions

uw(x,t +dt)de = u(z, t)de + S — S,

Loss term:

S, = (the number of binary collisions

that consume particles with velocity (1,0)" at x)

Questions:

© Given a particle with velocity (1, O)T, from ¢ to t + dt,
how many particles with velocity (—1,0)% will collide with
this particle?

@ How many particles are there with velocity (1,0)7 at x?
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Count the collisions

Q1: How many particles with velocity v; = (—1,0)7 will
collide with the particle with velocity v = (1,0)7?

Frame of reference: The particle with velocity v = (1,0)%.

Illustration:

L <|v—v|dt |

v — v

Answer:

d lv—vq|dt
/ / o(@, £) AL db,
—d JO0

where d is the diameter of the particle.
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LA 2D Broadwell model

Count the collisions

Q2: How many particles are there with velocity (1,0)7 at x?
Answer:

u(ax, t) de.



Lecture 1: Boltzmann equation
LA 2D Broadwell model

Count the collisions

Q2: How many particles are there with velocity (1,0)7 at x?

Answer:
u(ax, t) de.

Number of collisions: The total number of collisions
{(17 0)T7 (_17 O)T} — {(07 1)Ta (07 _1)T} Is

d [lv—v1|dt
S, = (/ / v(x,t) deb) u(x,t) de
~daJo

= 4dv(zx, t)u(x,t) dt de.
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Loss terms

Other loss terms can be calculated similarly:

S, =4dv(x, t)u(x,t) dt de,
S, =4du(zx, t)v(x,t)dtde,
S, =4d z(x, t)w(x, t) dt do
S, =4dw(z,t)z(x,t) dt de.
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Gain term

u(z,t +dt)de = u(z, t)de + S - S,

Gain term:

S = (the number of binary collisions

that generate particles with velocity (1,0)” at x)

The type of collision that generates the velocity (1,0)% is
{(0,)F, (0, -1)"} — {(1,0)", (—=1,0)"}. Therefore,

S+
= (# of collisions {(0,1)”, (0, —1)"} — {(1,0), (=1,0)"})
=S, (or S)) =4dw(x,t)z(x,t) dt de.
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LA 2D Broadwell model

Collision-only equations
Equation of u:

u(x,t + dt) de = u(x, t) de

+4dw(x, t)z(x,t) dt de — 4dv(x, t)u(x, t) dt de
st se
4
0
8_:: =4d (wz — uv).
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Collision-only equations
Equation of u:
u(x,t + dt) de = u(x, t) de
+4dw(z, t)z(,t) dt dx — ddv(e, tu(w, t) dt dz .

St Su
4
0
a—? =4d (wz — uv).
The complete system of collision-only equations is

ou ov
Ty _ e _
T d(wz —uv), 5 d(wz —uv),
ow 0z
=4 — — =4 — .
5 d(uv — wz), T d(uv — wz)
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Properties of the collision-only equations

@ Mass conservation:

2(u+v—|—w—|—z):0.

ot
@ Momentum conservation:
%(u—v) =0, %(w—z) = 0.

e Energy conservation (identical to mass
conservation):

0
a(u+v+w+z)—0.
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Properties of the collision-only equations
e Equilibrium: as ¢t — oo,

_, [w(0) +w(0)][u(0) + 2(0)]
u(0) +v(0) + w(0) + 2(0)’
]
)

_, [w(0) + w(0)][v(0) + 2(0)
u(0) +v(0) +w(0) + 2(0
[w(0) + u(0)][w(0) + v(0)]
u(0) +v(0) + w(0) + 2(0)’
_, [2(0) + u(0)][z(0) + v(0)]
u(0) +v(0) + w(0) + 2(0)
e H-theorem: let H(t) =ulnu+vlnv+wlhw+ zIn 2.

Then H'(t) <0, and the equality holds if and only if the
system is at equilibrium.
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LA 2D Broadwell model

Transport-only equations

Assumption: The particles do not interact with each other.
They just travel at their own velocities.
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Transport-only equations

Assumption: The particles do not interact with each other.
They just travel at their own velocities.

Transport-only equations:

o w_ o w e
o or ot or
ou w0 o
o oy o Jy
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Transport-only equations

Assumption: The particles do not interact with each other.
They just travel at their own velocities.

Transport-only equations:

ou N ou 0
ot ox
ow N ow 0
ot oy
The exact solution is
u(wy, xe,t) = u(xy — t, 9,0),
w(xy, xe,t) = w(xy, x2 — t,0),

v v

ot ox

0z 0z

ot oy
v(xy, 29,t) = v(x1 + t,29,0),
z(xq1, 29, t) = z(x1, 29 + t,0).
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LA 2D Broadwell model

Two-dimensional Broadwell model

For simplicity, we let ¢ = 4d. Then the complete equations
including both transport and collision are

s = gz —w), S0~ 2 = oz ),
6t ax = o\wz uv 8t 81‘ = o\wz uv
8_w+8w (uv — wz), 0z 0z _ = o(uv — wz).
at oy CNMTYE 5 T oy

This model is called the Broadwell model.
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Two-dimensional Broadwell model

For simplicity, we let ¢ = 4d. Then the complete equations
including both transport and collision are

T 2 = wz—w), O~ 90 = 0wz —w)
5 T gy = owz—w), o — oo =o(wz—w),
dw v _ (uv —wz) 0z 0= _ (uv — wz)
at "oy ° ot oy C '

This model is called the Broadwell model.
Example:
@ Domain: 2 =(0,1) x (0,1).
@ Boundary conditions:
U(O, y) - ub(y)7 U(17 y) - Ub(y)u
w(w,0) = wy(@), 2z, 1) = 2(x).
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:

© From Broadwell model to Boltzmann equation




Lecture 1: Boltzmann equation

I—Frcnm Broadwell model to Boltzmann equation
:

Distribution function

Distribution function: f(x,v,1)

Given 2 € R? and ¥ € R3, the quantity

/Q/Ef(:l:,'v,t) dvde

is the number of particles locating in €2 with velocity in ¥ at
time ¢.

m]

=

N
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LFrom Broadwell model to Boltzmann equation

Collision-only dynamics
Assumptions:
@ The system is spatially homogeneous, i.e. f is
independent of x.
@ Only binary interactions take place.
e Particles interact by “collision” (short-range interaction).

@ Molecular chaos: the values of f for different velocities
are independent.
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LFlrom Broadwell model to Boltzmann equation

Collision-only dynamics
Assumptions:
@ The system is spatially homogeneous, i.e. f is
independent of x.
@ Only binary interactions take place.
@ Particles interact by “collision” (short-range interaction).

@ Molecular chaos: the values of f for different velocities
are independent.

Collision-only dynamics:
f(z,v,t +dt)dedv = f(x,v,t)dedv+ ST - §".

@ ST: Some particles get velocity v during the collision

@ S7: Some particles with velocity v change the velocity
during the collision
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LFrom Broadwell model to Boltzmann equation

Broadwell model vs Boltzmann equation
Broadwell model:
@ Only particles with velocity —v can collide with the
particle with velocity v.

Boltzmann equation:
@ Particles with any velocity v; can collide with the particle
with velocity v.
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LFlrom Broadwell model to Boltzmann equation

Broadwell model vs Boltzmann equation
Broadwell model:
@ Only particles with velocity —v can collide with the
particle with velocity v.
@ The collision of two particles with velocity v and —v
always generates two particles with velocity v+ and —v+.

Boltzmann equation:
@ Particles with any velocity v; can collide with the particle

with velocity v.
@ The collision of two particles with velocity v and v; can
generate any velocity v’ and v/ that satisfy

v +v; = v +v], (momentum conservation)

0| + |v1|* = [']* + [v}|*>. (energy conservation)
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LFrom Broadwell model to Boltzmann equation

Binary collision

In a binary collision (v,v;) — (v, v), there exists a unit
vector w such that

, vHv |v— v
v = w
2 + 2 ’

[
vl_

vtu v — v
2 2
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I—From Broadwell model to Boltzmann equation

Binary collision

DA
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LFlrom Broadwell model to Boltzmann equation

Collision-only Boltzmann equation

0f(sc v, t)
/ / (\'v ( vi) w) flz,v' 1) f(z,v],t) dw dv,
R3 Js? v — vy

gain term
—/ / B<|v—v1|,W> flx,v,t) f(x,v1,t) dw dovy,

R3 JS2 v — v
loss term
where
v+v vV—v v+v v —v

o — +1+\ ﬂw’ o, = tor | 1!%

2 2 2 2

and B(-,-) is the collision kernel, which depends on the type of
interaction between particles.
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Properties of the collision-only Boltzmann equation
e Mass conservation: (m is the mass of a particle)

0 0
5 (x,t) = 5 3771]‘”(:13,1),75)d'v—0.

@ Momentum conservation:

0 0
815[ p(x, t)u(x,t)] = 5 mvf(a:,v,t) dv = 0.

e Energy conservation: (kg is the Boltzmann constant)
0 (1 3kp
5 (3ot i@l + 32070

gt/ L o2 f(z, v, 1) dv = 0.
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LFlrom Broadwell model to Boltzmann equation

Properties of the collision-only Boltzmann equation

e Equilibrium: as t — oo, f(x,v,t) converges to the
Maxwellian distribution

o) mlv — u(@)?
M, v) = s T ) )i &P (_ 2%kpT () ) ’

where p(x), u(x), and T'(x) are the density, velocity, and
temperature of the gas at @, which are independent of ¢
and can be computed from the initial distribution.

@ H-theorem: let
H(xz,t)= | f(x,v,t)In f(x,v,t)dw.
R3

Then 0,H(x,t) <0, and the equality holds if and only if
the system is at equilibrium.
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LFrom Broadwell model to Boltzmann equation

Transport-only Boltzmann equation

Assumption: The particles do not interact with each other.
They just travel at their own velocities.
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LFrom Broadwell model to Boltzmann equation

Transport-only Boltzmann equation

Assumption: The particles do not interact with each other.
They just travel at their own velocities.

Transport-only Boltzmann equation:

Of (x,v,1)

o +v-Vyf(z,v,t)=0.
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LFrom Broadwell model to Boltzmann equation

Transport-only Boltzmann equation

Assumption: The particles do not interact with each other.
They just travel at their own velocities.

Transport-only Boltzmann equation:

Of (x,v,1)

Y +v-Vyf(z,v,t)=0.

Exact solution:

f(@,v,t) = f(@ - vt,0,0).
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LFrom Broadwell model to Boltzmann equation

Complete Boltzmann equation
Boltzmann equation:

of

where Q(f, f) is the collision operator, given by

WA // (0o 20

f(x, v t)f(x,v],t) — f(z,v,t)f(x,v1,t)) dwdv;
with

, vt |'v—'v1|w v,_v+vl_|fv—v1|
2 2 b9 2
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:

@ Fourier transform of the Boltzmann collision operator
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LFourier transform of the Boltzmann collision operator

Fourier transform

Given a function f(v), its Fourier transform is defined as
f&) =] flwe™dv.
R3

Also, f(v) can be recovered from f(ﬁ) by the inverse Fourier
transform: )

iv-&
@ L, foemeae

flv) =
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LFourier transform of the Boltzmann collision operator

Fourier transform

Given a function f(v), its Fourier transform is defined as
f&) =] flwe™dv.
R3

Also, f(v) can be recovered from f(&) by the inverse Fourier

transform: )

iv-&
e IIGERTS

fv) =

Theorem
Let h(v) = f(v)g(v). Then the Fourier transform of h is

he) = G [ [€=0aQ)dc.
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Fourier transform of the collision operator
Collision operator: given a distribution function f(v),

// (ool 20)

v
V') f(v)) — f(v) f(v1)] dw dv,.
Fourier transform of Q(f, f):

ATDEO = s [ KE-C.O-K(-¢.0lfE-OFO &,

where

kmo=[ [ 5(a9

)e 3(M=C)9,— $1gl(n+¢) “ dw dg.
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LFourier transform of the Boltzmann collision operator

An alternative form
It also holds that

— 1 +o0

Q(f, 1)(&) =

0,§)1(g,0,§)dodyg

- L / K (Q)f(€-Of(C)dc.

where

K. (9,0,8) = / ¢*B(g,w - o)e —396¢ g,
+o0
/ Y B(g,w - &) sin (g|¢]) do dg,
sz [€]

1(g,0,¢) = /R ) F(& = )6l €02 f(¢)emioms/2 g,
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LFourier transform of the Boltzmann collision operator

In the next lecture

These two forms of the Fourier transform of the col-
lision operator will be used to design fast algorithms
for computing the Boltzmann collision operator.
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:

© Summary

DA
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LSummary

Summary

Broadwell model:
@ Derivation of the Broadwell model

) Properties: mass, momentum, and energy conservation;
equilibrium; H-theorem

Boltzmann equation:
@ Generalization of the Broadwell model

@ Properties: mass, momentum, and energy conservation;
equilibrium; H-theorem

@ Fourier transform of the collision operator
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