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informations :-2x24/weekresday
8h15-Pons

- exercise sessions just after .

- 2x G = 12 weeks
.

partiol exam 19-23 oct.
.

exam 14-18dea

holidays 26-30 oct.

- source : book by Jean-François Le Gall
- hand writte."Measure Theory , Probability, and Stochastic Processes"

objective : learn all the basics of probability theory and discrete time stochastic processes
} b

dam varichlesrandom varichles and objects sequences of ranXc)nEn.×

contents : 1. Foredations of probability theory-
2. Conditioning.

3 Convergence of sequences of random varihles.

. Martingules I

5. Markov chains.

Chapter1 : Foundations of probability theory.
1

. Probability spaces.

In order to model an experiment with random outcome
,

one can use Lebesque
theory of measure :

Definition (Probability space).



* probability space isa triplet (2
,

F
,

D) where
:

⇌

- - is a set (all the possible outcomes of the experiment) .

- F isa o-field or oolgebr an 2 :

· FcB(2).
· 4 ,

2 E F.
.

·If AE T \

A-2A &F (stable by complementation
· if (Anna is a sequence of measurable subsets with AEㅣ

then Uew andRw An are ulso measurable (i. e
.

in7).

Co-stability).
The elements of Fare uso called events. One should think of them
as the subsets A Cr2 for which one is uhle to answer afterthe
experiment : "did A occur or not ?"

-

P
:
F-> R is a probability measure

,

which means :

·P[ ¢] = 0, P[-2] = 1.

· if (Ailizt is a countable set of disjoint measurable'

subsets
,
then P[W1 :] -[PLAI

(countableAdditivity).
This implies that P is non decreasing wirt . inclusion

,
and that PSA) = 1PA).

Often, one has onl access to certain observables of the random experiment.

Definition (Random varihle
,

kaw)
-

Given a probability space (2 ,

F
,
P)

,

a random variable defined a this space



is a measurable map
X : (2

,

F) -> (E
,

E) towards mother
measurable space : VBEE

,

x
*(B)=F.

Ther
,

X induces a probability measure (x on (E
,
E) called the law or

distribution of X :

PCB3 (XxP) (B ) -
PCX"CB)] UBGE

←

image measure

Fundamental example : The dice throw

Conside a bulanced 6- frees dice .

- - [all the parameters of athrow : speed ,

orientation
, height of the table

,etc
= - some o which makes the~

algebre parameter maps
W-> speed (throw w) & R3

-> orientation (throw w) E$2
etcc. measurablee.

P
= some probability measure on (me

,
F)

, difficult to describe.

One has only access to the random varible
X : ~2 x K1

,
6D.

.

w> resultof the throw w.

and are expects that Px = uniform lawon $1
,
67.

Px [k]= tkE 71
,
6D.

~ one can mostly forget aboutthe initial probabilityspace (2,
F,),

and focus on the space
inducedby X :

(K1,6 B
, BCK1 ,

63), uniform low).



2. Tools and constructions

① the odlgebra
Definition Let-2 be a set and C CPC2) bea class of subsets.

There isa smallest o-algebra-on -2 /farther inclusion) which contains
the class 2

.
It is called the o-algebra spanned by 2 and is

denoted F= o(2) .

Proof : Or-algebrus are stable by intersection. Just take the Inon-empty) intersectionofall o-olgebors containing 2.

Example : me = topological space endowed with T= family ofopen
subsets.

8(-2) = Barelodgebrsof-2 = o(T).

Ifthe
metric

setof outcomes of
struckure, itwould

the rndom
be
crazy

experimentisendowedwith s topologioald
not to tokeJ. DC2), or.

Particular case :
- endowed with an observable X : -2- (E

,

E).
オ
- 0 (X). σ ({X 'CB) ,

BEE} )
-

> oulgebra spenned by the map X

; { X
'

cB)
,

BEE}

Maregenely, given a family ofobserves(i(E) is

FGa( Xi
,

ief) : σC{ X;

'

(Bi)
,
BicEi

、 ixxy )
-> smallest oulgebr which makes allthe maps Ximeasurable.

Example : Consider a sequence of real random variables (Xn)n>:

Xn : (22
,

7
,
P) -> (R

,

BCR))
.



The n-th empirical measure of the sequence is the
w-dependant probability measure

N(w)- ['Sxilu)
如 * ,爽 * 炎

S 112
.

Denote M"(R) = & probability measures on (R
,
PCR)J.

One would like to seep as a random variable defined on (2
,

F
,
P)

and with volues in MT(R) (random measure).
which o-ulgebro a MCR) ?

E = o(T
,

AE8(R) with T(p) = p(*) .

Them
, pn is indeed a measurable map (2,

5 ->/MTR)
,

2) :

pe measurable = FAEBCR)
,
T · pm :

(2
,
F) - (R

,
BCR)

is measurable.

ButThopm *
(X: (w)EA)

is a linear combination

of measurable maps.

: actually ,

there is a nice metric structure on MTCR) s .

t.
E - B(M:

(R)).

Other importan case : product of speces
If (E, ElizI is a family of measurable spaces ,

then

== Ei is naturally endowed with Q E:

iEI

- old TTi: E-> ti projection mapy).



X - (XilisI with veres in Fis measurable the Xiaremeasure.

② the probability measure.

Recall the monotone class lemme :

- some set
;
C

= some closs of subsets ,
containingand-.

M
= monotone class spanned by 2 : stible by complementation and

increasing countable union.

If2 is stable by simple intersection : A
,

BEC => AnBE2
then M-o (2)

.

This is often used t prove
the unicity of a probabilitymeasure with certain properties :

Lemnea :

# 2 is andgebra of subsets and P
, & We probability measures

on (-2
,
o CC) such that Pe = Q2 ,

then in fact P=

Proof : Let M Co(2) bethe setof subsets on which Pand agree
· by assumption ,

CCM.

. ofPC 6 ],QC
8

],thenPC] . 8.PC8 ],8QC8 ] :Q[
8]

=> stability by complementation.
· ifUTA is an increasingunia of subsets s .

t. P[A]=A
FrEN

,

thenpC tAn] . 名lim tflu)ipcdu]
-

lim 4 /m *An(u) P[dur]Cmaotoneconvergencal
; li识PCAr ] , , 典Cn.] .



So Mis a monotona class =>
M

= o(2) ㅱ

The onl non-trivial construction of measure thatwe shulluse : productof
probabilitymeasures

'

Cr
.

F
.. P) : I family of probability speces with arbitrary cardinality.
->>TIZi .

TTs olcylinders"th."?
:i,"

)

the Ajk E Fjle .

There isa unique probability measure P=. P on the product space
such that for any cylinder ,

PC Aj" jri]. P: jo?.. I :[ Ajn] .

Sketch ofproof : · the unicity is immediatefrom the monatare class lemma.
· the existence is a particular case of the Kolmogorov extensiontheorem

,
which is itself an application of Catheodory- Huhn

extension (Msoused in the construction ofthe Lebesquemeasure).
↳

Igoingfromwodaditive measure on andgebra toutremasee

Carollory We can consider the probability space (20 ,
1)

,

&(20
,
1)

,
Leb) my

any powerof it
my enables almost mything through measurable maps .

÷

3. Classical distributions of random variables.^

Many observables of random experiments are real volved random variables :

X : (2,7 P)->(R ,

&(R))
.

ㅣ

Let us review the interestinglaws IPx which occur.



① discrete random variables with values in 2
'

#NWEZ7 =
1

,
then 15x is entirely determined by the values

1DCK] ,
1P[X(ω) - k] .

Indeed
,
FBE8CR)

,
Px [B] = IP[X(w)=B]

= P[X(w)= BN2]

(countable additivity)=[
We shall also be interested in the followingquantities (if well defined) :

Definition The expectation or mean of a real random variztle X :12
,

7
,
4)-

is

ECxJ-PCda] (well defined if
XEL(2

,
F

,P)
←仅 × RCx].

The variance of X ,

well defined if XEL
P(2

,
F,P)

,
is

var(x) = A[(X-A[XJP]
= #[X2-2XA[X] + E¢X3]
, ¢[X2 ] , ①[x]

^
.

These quantities allow are to easily control the dispersion of X
, through themostimportant inequality of probabilitytheory:

Proposition (Bienzymé-Chebysheul
# Xx 7 C-2

,

F
,
P)

,

then

P[IX(w)- ¢[X]) > 2] <
var(x) FaxO

a2



Indeed
,

LHS = J #x(w)
- ECX3170

IP[dw]

2

=> * IX(w)-[X]Ia
(X(w) - A[X])" P[do]

2

=> [)(x(w) - A[X])"PIdu] =
ver(X). D
②

notations and remarks :

·If AEF,

then 17 is a red random varichlewith expectation[ ] = PCA).

· #2 . 7 =(. (w) PLdw)
,

so all that is true for intages is ingenerative
forexpectations.

-> additivity , linewity, manotanicity .

-> monotone convergence theorem ,
dominated

convergence
theorem

,
Foto.

· One often considers real random variables in a LP space ,

whence
,
defined up

to

modification on a event with P-probabilityO.
One

says
that something holds almost surely ifPsomething] = 1

.

Thus
, if X= Yalmost surely ,

then the random varichles are considerequal
· One often forgets the olwx in the notations

,
so far instance

,

P[XEB] = P[[X(w) = BY] ·

Thisagreeswiththegeneraphilosophy,Disageee e

For discrete random variables,[X] = [[[nzz #kzx]
[ICD) [kzz k Px[k].



If XEN 2 . s
.,
the distribution of X is entirely encoded in the generating

series

Gx$ =K[s
*
] = [ Px[k) sk,

s & D(0
, 1)

(otheast).

KE4

#[K] =at G(z)m dz for my contour around 0.

γ Z

* uniform distribution on KG+1, bB : 1[k]=sksb

b-a

¢[X] , axb ☆ :∝(x) : ⑤, a )
㎡
,

1

bal 12
4Cs

×

] . 品 (
'

;
';

Xm U(K2+1, bJ).

*Bernoulli distribution witte parameter p: X-&Cp). px(0 ,
1).

RCX3 ,

p : IBCO3 ,
8

p
.

#[x7 = p ;
var(x) = p(1-p). #[sY] = 1 + p(s-1).

* geometric distribution with parameter p. . (Xrlns sequence of independent
Bernoulli random varirbles& Sp).

G = ief(2n= 1 Xn = 14).
PCG 3 KJ .

PEX
.

- X
α

- …
.Xk

,

O }

#
↳
P[Xi = 0] = (1-p)4-.independence

,

is ,

to be introduced later

So OK,
6
,POCK 3

,IPCGK } 1{6 ,kxx} } ←
p (rp
)

k".

#1G3 -En]kp (1-p)
**

-P(iFz)'lz---p *

SDR=*



¢C ,

6 ] , Ʃup [ o,p )h
…
sh ,

ps.
P -Cop) s

* Poisson distribution with parameter). XwPoi(s)
.

P
x
[k> 0] =e. (to be explained later ...) .

x,Ʃ
n :×綠晶x.

4[s

× ] . e' ∞」 - e

( s. o )
'

exercise : how to recover $[X] and var (X) from #[SX] ?

②continuous random variables with values in He

To describe a more general low of a real random variable
,

ae can use :

Definitio The crmulative distribution function of a random variable X is

Fx : R -> [0,1]
E I> 父16). PCX56] .

It determines entirely the law Px because C = [(-s ,
+> is an olgebr

of subsets which generates the 'o-field BCR).

Proposition : The following are equivalent :

& F : R -> 50
,
17 is the CMFof a random variable.

& F is non decreasing , right continuous ,

with

line 5(6 ) , 8
; lim F(6) , 0

.

t- > + o t->>o



Proof : 0 = @. Ifst ,

then [X = GCEXsty
,

so

#x(s) = P[Xss] = P[Xst] = FxH)
.

If tyt ,

then EXstY = ne[Xxtmy ,
so bymonotone

convergences

P[Xst] = lim PSXst] => right continuity.R-> + C

line 1F(n) = lime P[Xxn]Finally , I1) Frandering) not n-> + cs

= PC.T[XIng] = PLe] =
1
.

lim F16 ) -li$( n )
.PCn{Xsng] ,PC$] , 0.

↓- > - c

_

ー.

_
>

ㆁ

② => We define the pseudo-inverse :

F-
+ /v) = if + ER 1 FH) = UG) for Elo,

1)
.

。 ^

Since Fis non decreasing ,

Au is a right interval of the form (FIT ,
+c)

line FIt) = 011 or [FIU)
,
+o

6-xres

Since F is right continuous ,
F-(c) = Au

,
so Au-[FT

,
+os) .

Consider the probability spece (10,
1), 840,

1), Lebesgre measure).
The law of5E (2 ,

F
,
P) is uniform a 10

,
1)

.

Set X = F(8) . Fis measurable (0
,
1) -> R

.



PCXSLJ . PETGFEJ .PCFLED 3EJ..照

=nmanyinteresting sases,isactuallycontinuousand loaly Lipschit
e
chore

KH) - (
*

Ex(s) ds.

The law is thenabsolutely continuous with respect to the lebesque measure,
with Radon - Nikooym derivative (s) = Ex(s)3..

We have (fx(s) ds = 1
· Fx is the density of the variable X-

R

* uniform (continuous) distribution on [2 ,
b7 : x-U([r, b])

P

fx( s) , Asoca.

b]

b2.

" ba

* 6 ) :{筑:b
①CX] , 奖

ㅣ

1 if bit .

vor (x)-d?
* exponential distribution with parameter/0 : XmExp(d).
ExCs) = Asso ded5.

↓ -

7

* ) . {感品70ct .

¢Cx] , ☆
vor(x)=2

.



* Gaussian (or normal) low with mean mEIR and variance ofER.
X ~ N(ne

,
02).

fx(s) -
d

e

'

(s .maos

↑a.roz

#[X7 = me ;
var/X = o2
'

Lby using change of varistles ; one on ㎡

5

ly
needs to know tha Jedx =&)

R

These varichleswre deeply connected with another description of probability measures

on R :

Definition Let p bew probability measure on R. Its characteristic function
or Fourier transform is the continuous function

( §) . ' oldx ).④CeS× }ifX ~ p .

example : If X - N(m
,

o)
,

then

GCe
'S× } . Spe{

x -感
品 ↑

でS" /pe
" {oy

-

段装
y=

m, x =

mxoy

The
mop g(3) = (e

:93-d is smooth
,

with g(0) = 1
,

and

gkgl . fig
-i9t ‰ - ifly - if) e

悲iss]io )

- { g ({): {ye
9).

=> g2g) =
e

So
,
ETa'54] -

eSm-09

Proposition The characteristic function [x(5) = #Le
:5] entirely determines thekwIPX-

We shall prove this during ChapterIII.



* Cauchy distribution : varichle with density fx (s) = Th s 2)
The ormulative distribution function is Fx(-Sist ds -artant +1
* X Carchy does not have any

moment of order ->1.

Fourier transform ?

Kdeix9]
= / e dx = plimsReis, dxR TT (1 +x2)

{
This is the integral on the real interval [R

,
RJ

.
We can complete it

with the complex integral
~. ea dz

- R R

z = Reio
,

07 (a
,T) ;

leiRe
:

05
-
e-Rsine

1)edz = )e-RsinO Rd8 -
O

. if BoR2-4 R-> + c

i 8S
So

,
Ide

*] = ps de =
di Resize

-
ees .

Similarly , by taking the complex integral -> if $10 ,
one gets :

#Ce"5] =
et191 VEER

③ Extension to vector-valued random varicles
.

Since P(R") = 8(R)
,

a map X : (2
,
F

, P) -> R is measurable

if all its coordinates Xx, ...,
X are measurable

random vector X = collection (Xs, ...,
X

.) of real rondom varideles.



Preposition The law I of a random vector X is entirely determined by
X ..…、6 . )

.PE 6 S
… X
. ← b]

.

If IPx isabsolutely continuous w . r .
t. Lebesgre measure a IR"

,

the Ruda
- Nikodym derivative fx (s1 ,..., Sn)-Dx( ,..., se) is the

joint density of <Xx, . . .,
Xc).

PCXEA) =(5x(1 ,...,
Su) dsy ... dsm

.

Then
, by Fubini Tonelli , (p--fx/ ... sn)ds, ... d ... dsn converges

si ER
.for almost every

P[XiEAi] =S fx(ss... Sr) ds, ... dsm

Ri" , AixIR
" i

= Sx.
d: (Sf( ... sn) dse ... d5i ... dsn)

ㄡ

So each Xi has a density given by :

[x;
(si) = (Rr-1fx(s1 ... sn) dsy ...

d
; ...

dsn
. 2. e aR.

Cmarginal density).
* conversely , knowing the marginal laws PX: / their densities does
not enable one to reconstruct the law Px in a unique way

.
Fouriertransform of X-IR" :

OX (§ER
" ) : ④Cei < X ' {' ] .④ Ce

'( {ot … o *nq) ]
We shall see later the generalisation of the 1-dimensional result :

* E CCR"
,
C) entirely determines the law DX



4. Independent o algebros and random varichles
N- common assumption on events A

,

B in a probability space (2,
F, ) is

their independence :

P[AnB] =
P[A] PCB]·

(the simplestformula thatone on

k of to simplify
It is convenient to extend this definition to families of events :

things)

Defition Let (2
,

F
,
P) be a probability space ^

(Filizz be a family of o-subolgebras f F:

FiCF ;
Ji stible by complementation and countable

union and intersection
.

The oalgebers Fiare independentif , for my is tet. ... fin EI
ーand for any events AijE

PCY: tij ] . Pctij] .

example : Cr2
,

5
,
P) =J,F,) productof probability

spaces.

Arc Fi = +(5) =

[AiMjy is worsubolgebra oft
TheFare independent :

P[ ( F..] =

i A
: x Aizx ... x Ain xTk2inglej J
←

(definition ofTo j"
"

!"PCHij ]-
"

1PC &
: ]
J



example : If two events A and Bare independent
,

then the corresponding
o-otgebros A

= o(A) = (9 ,

A
,

A,2)
&

-
o (B) = (4 ,

B
,
B? -) are independent -

Definition A family of random variables (Xilie+an a probability space←

(2
,

5
,
P) consists in independent random varistles if the

correspondingo-Ngebros Ji = o(Xi) CFare independent.

Note thatby definition ,
an infinite family of o-ngebras or of random variables

is independent if and only if my finite subfamily is independent. Therefore,
in the sequel we focusan ifite families .

TheoremGivenredom varicles 1,definedowprobabilitye
the following are equivalent :

->X, ...,
Xn are independent.

a) The law Px of X-(X ,
-,) ElEx .xE

,
Ex ...En) is

R . …PX:
3) For

any
bounded measurablefunctions f : E- R, ..., f : ExR

#(f(Xx ... fr (X1) ] =
TT (Cf(Xi)]is ,

4) (if E=..
--En = R) The joint characteristic function factorises :

#Se +.-[x]-Ede5] V ... 3) ER"



Proof : 1[ 2). For eny
measurable subsets AE91,..., An EEr

,
^

RC; ti ]
.PCAIXiEHiGJ

=Cindependence∴ " PCXi 6HiD:RCH? .

assumption ( -殺 PXi )[ffi} .

So
,
Py andX ; agree

an cylinders
is .

By the montane class Lemma ,
they
sree everywhere.

2) => 3). Both sides of the formula are multilinear and continuous w . r. t . 11 . Ilas
.

Step functions are dense in Lo
So it suffices to prove the result for indicatorfunctions fo = AAD1- , fe=Ae

.

But then this is exactl 2) .

↳ => ) is obvious (spliteacheigitiincossXit:si).
a3 ⇒ x

4) says
that Py and Px, have the same Fouriertionsform

so theyare equal by injectivity of p-cp. 口

Several basic and fundamental results from probability theory involve sequences of
independent events and random variables ,

and sums of independentrandom variables.
Let us state three preliminary results.



& Bord-Contelli(v2
,

F
,

IP) probubility space.

(An)nein sequence of events .

* = limsup An=R8,N Ab) = Ganinfinity of Akocu.e.
Canone relate PCA] to the PCAn] %
· if [P[A] <+c

,
then P[A] = O.

~ E IN

· if the An are independent and [P[A] =+o
,
then $2A) = 1

.

nEIN

Proof : Forthe firstcase
,

since the series converge ,
FE0

, [PCAK)E
farm large enough
. Then,

PC8] S IPCWentlk 3 5 条 PCDE3SE . treformypcop. 8.
I the second case

, by complementation ,

P[A] = IP[Unew Mkzn Ak"]
-lim IPC Meon Hi]

'ependenceosTaan
P

. IPCtG])
&-> +CS

-> liming exp)- [k
>
P[Ak]) - O. D

M -> + cS

example : (there is an infinity of successes in a sequence of independent Bernoulli'

experiments with parameter pr)
has probability Oor A according to the value ofPr

② Kolmogorou 0-1 law .



S2
,

F
,
P) probability space ,

(XmInei sequence of random varicles defined are

Fn = 0(Xo
,

Xe, ...,
Xu) ; we have the inclusions of o-dgebras

- {"events measurahdest
F

.
CEC... CF.C ... CF

time rn
" g In filtration ofthe probability space ,moreonthia

Gr = o(Xm1
,

Xnte
, ...,

Xntm
,
... )

; Go) 91) ... (Gn) --

Lemma : If the Xn are independent, then 5 andIn are independent
o-ulgebras.

Proof : Fix on even G = &Xy EBj.... Xntjm - Bjm). EGr.
By assumption of independence ,

FF= &Xist As .... NiefAiely -En
withthe i

s ... ie =n ,

PCFNGJ. PCXOFFi .}. PCXieE fie]IP(Xnj
:EBjoJ.. P [XuygmGBj'm)

IPCF
]

PC6]

The class of subsets FE In such that PCFNG] = P[FJPCG]
is a monotone class containingwn olgebra 2 with o(2) = F

,

so :

*FE Fn
,
P[Fn G] = PCFJP[G]

prop(6) .

Then
,
the class of subsets GEG with property prop(6) is a monotonades

…

=> FFEF
,

FG =Gr ,

P[FnG] = B[F)P[G] A

We consider in this setting the tail or terminal o-algebra :

9=MG.
Theorem If the(Xulnein are independent ,

then Gis independentof itself.



=> FGEG ,

PSG] e90, 13 .

Proof : if GEG ,

then G is in all Fr
,

hence independent of anyeventinFor
Set Fo = o( UTFn) = o(X

,

nENN)
.

nEIN

By the same monotone class argument us before ,

Gis independent of
any
event in Tas.

But Fo >G ,

so G is independent of my
event inG , including ikelf.

Then
,
PCG] = PCGnG] =(P[GJ(2 刀

。

applications -) Consider a sequence (Xnlnew of independent random variables

Mr =Xx+ Xat ...+ Xm

If Mr
c

M
,
then"M is a constant almost surely .

Indeed
,
M is also lim Xkxit ... +Xe

,
so MisGk-measurable.N ->> + CS n

=> Mis measurable with respect to 9=. Gr
So
,
Ht PCMSt] E 20 , 13'

=> Fr is necessarily of the form
=> Misa constant a. s .

>

2) Bernoulli bond percolation on 24.
Ve& set of edges of the lattice &* ,

we consider Ba-Berlp) .

We assume the B independent .

e

Percolated graph :
G = (24

,

(eE 4
P with Be = 1) randomgraph

mmr



9-percolation probability -

$TContrinsoninfinite connected comparent).
XpE(0 ,

1)
, 9 =

0 or q = 1 .

Indeed
,

set bm = K-n
,

nBd and Xm = (Be
,

ex bn, bn-1)
Abr.

The Xn are independent and = Egn .

b

If there is an infinit connected component &,

then the connected components
of C, Cnb,

are in finite number ,
so ore of them is infinite.

③ convolution of probability measures on IR

Consider two independent random real random varicles X
,
Y with laws IPx

,
Py.

By assumption ,
the bw Pcx

,

x) is P
x & Py on R2

1

so the sum

S = X+Y has law Ps = [x(Px& Px) entirely determined by
Ʃ :BR > 及 PXmdPy .

(x,y) --> Xxy
.

Formulafor Ps ?
· if XandYare discrete with values inX

,
then SEX ..s

.,
and :

PCSL 3EIPCXlet S .
k]

eE4

Ʃ PCX.CetYok- e]
CEZ

-> [exz Px [2] Py[h. 2].

In particular , f X ,
Y&A

,

then PsCh) = [x [1] BCh1].



For instance
, if X1Y and XmPai(J)

,
then

B[k] =
é ["19 "WePoir)-(+p) (6xp)

exo 1 Thes ! k!
- SwPoi(t + p).

· if X and Y have densities fx and fy ,

thenfor my positive measurable
function g: R- > R,

(9) Ps[ds) = Adg(X+Y)]
-(g(xxy) (x Afyly) dog

Changeriches s =xx)fx(x)fy(s-x) dxds
=

(Fubini-Touelli) [9(s) (xAfy(s-x) .
Ex ds

x
almost everywhere convergent,

measurablewirts

Taking g = ↑Bord subset
,

we see that B is the probability measure on I

wihdensity fg(s) = (Fx(x(fy(s-x) dx .

For instance
, if X↓ Y and X-Nm

,
%2)

,

then X+YwN)Ym NSM2
,
022


